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1. MEASURES

Folland 1.1.
Folland 1.2.
Folland 1.3.

(a) Let M C P(X) be a o-algebra. If E € M is non-empty it is easy to verify that M(E) = {ANE: A€ M}
is a g-algebra. Furthermore, since M is infinite, M # {Q), X} so there is some E; € M such that neither £y
nor EY is empty. Furthermore, at least one of M(E}) or M(EY) must be infinite since the map

w: M — M(E)) x M(ES) whichsends p: A (AN Ey, AN EY)
is injective (in particular M| < |[M(E;) x M(ES)| = |[M(E41)| - |[M(ES)]). Suppose without loss of
generality that it is M (EY) which is infinite. Then inductively choose E; from M(E{_;) so that M(EY) is
infinite. We have that E; N E;_1 = 0 since E; C Ef ,, and M(Ef) C M. Thus Ey, Es, ... constructed in
this way is a sequence of disjoint, non-empty sets in M.
(b) The map ¢ : 2% — M which sends ¢ : Z + | J, ., E; is injective. Indeed

i€L
pD=pJ) = UE=UE = 1I=7
i€ 1€J

since the E; are disjoint. Thus |M| > |2V] = |R|.

Folland 1.4. If A is a o-algebra there is nothing to prove. Suppose A is an algebra that is closed under countable
increasing unions. Let { A, },en be in A and define B,, = |J"_; A; sothat By C By C ---. Then B,, € A since A is
an algebra (closed under finite union). Furthermore using closure under countable increasing unions:

[j An = [j B, €A
n=1 n=1

Folland 1.5. Let £ be a collection of sets and denote o€ the o-algebra generated by £, we show that M = o€ where
M is defined as
M= U oF.

FCE
JF countable

First M is a g-algebra. Indeed if A € M, then A € ¢ F for some countable F C £. Thus A¢ € o F and so A € M.
Now let {A; }nen be in M. Then each A, € oF;, for some countable 7, C €. Define F = J,,cr Fn- Then for
each n € N we have F,, C F, and thus 0 F,, C o.F. In particular 4,, € o F for each n € N and so UneN A, €oF.
Furthermore, F is a countable union of countable sets and is hence countable, in particular | J,, . An € M.

Now M contains £. Indeed if £ € £, then £ € o{E} C M. By minimality it follows that c& C M. On the other
hand, if £ € M then there exists 7 C & such that £ € o F. ButoF C 0,80 F € 0€. Thus M C o€ and altogether
we have M = ¢€&.

Folland 1.6. As in Theorem 1.9, let (X, M, ;1) be a measure space, N' = {N € M : u(N) =0} and
M={EUZ:E € MandZ C N forsome N € N'}.

It has been shown that M is a o-algebra. We show that the extension i(EU Z) = u(E) is a complete measure on M.
First that &z is a measure. First of all z(0) = p(0) = 0. Now let { A, }en be disjoint in M. Then 4,, = E,, U Z,, for
some £, € M and Z,, C N,, where N,, € . Then (noting | J,, .y N is a null set)

Ua.=JE.L 2% .

neN neN neN
——
CUnen Nn

and since the F,, must be disjoint (otherwise the A,, would not be disjoint)

f(Ua)-u(Us) - Tum- T

neN neN neN neN



Now we show 7i is complete. Let A = EU Z (where Z C N and N € N) be anull set in M, then 0 = 1(A) = u(E).
In particular E is a null set in M. Furthermore, E'U N is a null set containing A. Now take an S C A, since ) € M
and S C EUN € N we can write S = ) U .S and so z(S) = u(0) = 0.

Folland 1.7. Define 1 = >°7_, a;p;. Then p() = 377 ajp;(0) = 37, a;0 = 377, 0 = 0. Furthermore, for
disjoint {A;, },en in M we can use Fubini to write

(U = Yo () = S St = 330 = st

i=1 j=1
Folland 1.8. Recall the definitions of lim sup and lim inf for a sequence of sets { 'y, } nen:
limsup E,, = ﬂ U E, and  liminfE, = U ﬂ Ej.
n n>1k>n " n>1k>n

Define the sets
Ap=|JEx and B,=[)E

k>n k>n
First of all B,, C Ej, for all k > n, thus u(B,,) < u(Ey) for all k > n, and taking the infimum yields

1(Br) < inf (1(Ek).

Furthermore notice that By C By C -- -, and so by continuity from below:

n— oo n—oo k>n

I (limninfEn) =pu <U Bn> = lim p(By) < lim inf pu(Eg) = hnH—l>1<£fM(En)

n=1

On the other hand A,, D E}, for all k > n, thus p(A,) > p(Ey) for all k£ > n, and taking the supremum yields

11(An) > sup pu(Ey).
k>n

Now since A; D Ay D -+ and by assumption ;(A;) < co we use continuity from above to write:

1 <limsup En> =pu (ﬂ An> = lim wp(A4,) > lim sup u(Ex) = limsup u(E,).
n n=1

n—co N—=00 k>np n—00

Folland 1.9. We can write the disjoint unions

E=(ENnF)U(ENF° F=(FNE)U(FnNE° EUF=(ENF)U(FNE)U(ENF).
Hence
w(E) = w(ENF)+u(ENF°) w(F) = u(FNE)4+u(FNE°) w(EUF) = u(ENF)4+p(FNE®)+pu(ENF).
Finally we can write:

wE)+u(F)=wENF)+u(FNEY+uw(ENF)+wWENF)=u(EUF)+u(ENF).

Folland 1.10. First of all g (0) = (0 N E) = pu(0) = 0. Now let {A, },en be disjoint sets in M. Then

e (U An) u(Eﬂ UAn> u(U(AnﬂE)> =Y WALNE) =Y up(An).

n=1
Note that (4, N E) N (A NE) = (A, NA,)NE=0NE =0form > n.

Folland 1.11. If p is a measure then there is nothing to prove. So suppose p is a finitely additive measure and is
continuous from below. Let { A, },en be disjoint sets in M. Define B,, = J;._; so that By C By C ---. Then

oo

1 <U An> =p (U Bn> = lim pu(B,) = nILrI;OZN(Ai) = u(Ay).
n=1 n=1 =1

=1



On the other hand suppose w is finitely additive and continuous from above, it suffices to show that y is continuous
from below. Let 1 C Ey C -+, and define F,, = X \ E,, so that u(F},) = u(X) — p(E,,). Then

1 <U En) =p (U (X\ Fn)) = (X) - p (ﬂ Fn) = u(X) = lim p(Fy) = lim p(E,).

n=1 n=1 n=1

Folland 1.12. Recall the notation AAB := (A \ B) U (B\ A) is the symmetric difference

(a) We have
0= W(EAF) = p((E\ F)U (F\ E)) = u(E\ F) + u(F \ E).
Hence both
W(E\ F) = u(F\ E) = 0.
In particular

wE)=wENFE)+pu(E\F)=wENF)=uFNE)+u(F\E) = uF).
(b) We verify the requirements of an equivalence relation.
e £~ Esince y(EAE) = pu((E\E)U(E\ E)) = n(0) = 0.
e F~F — F ~ Esince EAF =FAFE
e If E~ Fand F ~ G, then E ~ G since EAG C (EAF)U (FAG) and so

WEAG) < p(EAF) + w(FAG) = 0.
(c) Write it out:
p(E,G) = w(E\ G) + u(G\ E)
=u(ENFING) +pu(ENF)\NG) +p(GNF)\E) +p(GNF)\ E)
Su(ENF) +u(F\G) +w(G\ F) + u(F\ E)
= p(E, F) + p(F, G).
Folland 1.13. Let p be a o-finite measure on (X, M), we seek to show that 4 is semi-finite. Since p is o-finite there

exists a disjoint sequence {A,, },en in M with (2| A, = X and p(A,) < co. Let E € M with u(E) = co. Let
E, = A, N E, so that

UE.=JA.NnE=XNE=E.
n=1 n=1
In particular (note that £, are disjoint since A,, are)

00 = p(E) = p (U En> = ul(Ey)
n=1 n=1

We know that p(E,,) < p1(A,) < oo and that u(E,,) cannot be zero for all n or else the sum wouldn’t diverge. Thus
there is some E,,, C E such that 0 < pu(E,,) < oo as required.

Folland 1.14. Suppose not. That is, suppose there is some C > 0 such that for all F' C FE, either u(F) = oo or
u(F) < C. Since p is semi-finite and p(E) = oo there exists F1 C E with 0 < pu(Fy) < oo. If u(Fy) > C
we’re done so assume that p(Fy) < C. Then u(E \ F1) = co and by semi-finiteness there exists G C E \ F; with
0 < u(G) < oo. Notice that F; and G are disjoint and so

WFLUG) = u(Fy) + u(G) > p(F).
Furthermore Fy UG C F so u(Fy UG) < C. Let F5 = Fy U G, and iteratively construct a strictly sequence
,u(Fl) < ,u(Fg) < ,u(Fg) < - < Ol

This is a strictly increasing sequence bounded above so it converges to some limit L < C. Let F' = |J;2, F;, then by
continuity from below
p(F)= lim u(F,) =L <C < 0.
n—oo

In particular u(E \ F) = u(E) — u(F) = co. By semi-finiteness there exists A C E \ F with 0 < pu(A4) < oo, but
then u(FU A) = L + p(A) > L. But u(F U A) < oo and therefore u(F U A) < C so F'U A would have been
contained in our sequence, contradicting the fact that L was in fact the limit.



Folland 1.15. Let o (E) = sup{u(F) : F C E and pu(F) < oo}.

(a) We should first show that p is a measure. First of all the only subset of the empty set is the empty set itself

(b)

()

po(0) = sup{u(0)} = 0. Now let { E; };cn be disjoint and let E = [ J;2 | E;. Our goal is to show
po(E) = po(Es).
i=1

Take any F C E with u(F) < oo and set F; = F N E;. Then | J;2,| F; = Uie,(FNE;)) = FNE =F.
Moreover (1) the F; are disjoint and (2) F; C E; with u(F;) < u(F) < oo so

W(F) =" u(F) <Y po(E).
i=1 i=1
Since F' C E with p(F) < oo was arbitrary we can take the supremum over all such ' to obtain

po(E) < Z po(Es).

On the other hand if po(E) = oo then po(E) > 357, p10(E;) holds immediately. So assume jp(E) < oco.
Notice that 1 (E;) < po(E) < 00, so lete > 0 and choose F; C E; such that pi(E;) — /2% < pio(F;). Then
notice that | J;_, F; C F and has finite measure, moreover the F; are disjoint. Thus

po(E) = p <U Fz) =) u(Fi) > ZMO(Ei) - Z %

i=1 i=1

Letting n — oo yields
po(E) > > po(Ei) —e.
i=1

Since € > 0 was arbitrary we conclude the desired result.

That g is semi-finite is immediate. Suppose po(E) = 0o, then by definition of the supremum for all n € N
there is F' C E with p(F') < oo such that (F') > n > 0. In particular pu(F') = po(F) so o is semi-finite.
If u(E) < oo, then immediately p(E) = po(E). If u(E) = oo, then by Problem 1.14 for any C' > 0, there is
some F' C E with u(F') < oo such that p(F') > C. In particular

po(E) = sup{u(F): F C E and u(F) < oo} = o0.

0 if F is o-finite
v(E) = . .
oo if E is not o-finite

Define

where E being o-finite means it can be written as the countable union of finite measure sets. Now we show
that v is a measure. v(()) = 0 since the empty set is o-finite. Now let E = |J7-, E,, be a disjoint union. If
each E,, is o-finite then so is E and so v(E) = 0 = Y_>° | v(E,). If any one of the E,, is not o-finite then
neither is . (If 2 was o-finite then F/ = Uj’;l F; where F); have finite measure and then
o0 o
E,=E,NE=E,nN UFj = U(Eanj)
j=1 j=1
and p(E, N Fj) < oo so E, is o-finite, a contradiction). Hence v(E) = 0o =Y ", v(E,).
It just remains to show that u = po + v. If u(E) < oo or if E is not o-finite then this is obvious. If
1(E) = oo but E is o-finite exercise 1.13 guarantees p is semi-finite with respect to E and exercise 1.14
guarantees arbitrary large finite measure subsets of E. In particular po(E) = co. In summary:

w(E)+0  wFE)<oo
WE)=<00+0 u(E) = coand E is o-finite = po(E) + v(E).
to(E) + 00 p(FE) = ooand E isn’t o-finite



Folland 1.16.

(a)

(b)

©)

(d)
©)]

®

Let X = [ J°°, be a disjoint union with ;u(E,,) < cc. Let E' € M. Then by local measurability £ N E,, € M
and so

o0 o0
E=EnX=En UEn: U(EmEn)eM.
n=1 n=1

Mis non-empty since M is non-empty. M is closed under complement since if £ € M we have
E‘NA=(E°UA)YNA=(ENA)NAeM

forall A € M with ;1(A) < co. M is closed under countable union since for { E,, } ey in M we have

(GEOHA_GUQQMEM

n=1 n=1
for all A € M with u(A) < co.
First we show that £ defined on M by

A(E) = {M(E) EeM

00 otherwise

is a measure. Immediately ji(#) = u(f) = 0. Now let B = [J°°, E,, be a disjoint union in M. If E is
measurable with p(E) < oo, then by local measurability of F,, we have E,, = F,, N E € M and so

A(E) = p(E) = ZN(EH) = Zﬂ(En)

If all the E,, are measurable then so is F, so assume that at least one of the F,, is not measurable. If F is
measurable with y(E) = oo or if E is only locally measurable we have i(E) = co = - | ji(E,). Now we
show that /i is saturated. Let £ C X be such that E N A € M for all A € M with ji(A) < oco. By definition
of /i this is equivalent to E N A € M forall A € M with u(A) < co. Since EN A € M we can use local
measurability to intersect it with A to obtain (E N A) N A = EN A € M, or in other words F € M.

Let N € M with ji(N) = 0. By definition of /i we have N € M and p(N) = 0. By completeness of 1 we
have Z € M forany Z C N. Finally since M C M we have that Z € M and so [1 is complete.

Notice that p is exactly the semi-finite part of ji. Indeed

u(E) =sup{u(A): Ac Mand A C E} = sup{ji(A) : A C Eand ji(A) < oo}

This is clear if for all A C E we have u(A) < oo. But even if there is A C E with p(A) = oo, by semi-
finiteness there exist /' C A C E of arbitrarily large finite measure. Hence the supremum will still agree. In
particular as the semi-finite part of a measure we have that s is a measure. u extends p since for £ € M

u(E) =sup{u(A): Ac Mand A C E} = u(E).

Finally  is saturated since forany £ C X with ENA € M forall A € M with 1(A) < oo we can consider
any A € M and note that y(A) = pu(A) < oo and since EN A € Mwehave (ENA)NA=ENAecM

forall A € M with u(A) < oo. In particular E € M.
First 4« is a measure since p(0) = po(0 N X1) = po(0) = 0 and for E = |J, -, E,, disjoint in M we have

u(E) = po(E N X1) = po (U (En mX1)> = (BN X1) =Y u(Ey)
n=1 n=1 n=1

since E,, N X, are disjoint and pq is a measure. Let £ C X and A € M with u(A) < oco. Then either A or
A¢ is countable. However, notice that 1(A) = po(ANX;) < 0o, so the portion of A residing X is finite. But
then X \ A is uncountable and so A° cannot be countable. If A is countable so is FNA and hence ENA € M.
Now finally, consider £ = X5. We have E¢ = X; so E ¢ M since neither E nor E° are countable and hence
f(FE) = oo. But on the other hand all subsets of E are disjoint from X7 so u(A4) = po(ANX1) = pe(@) =0
for any A C E, hence u(E) = 0.



Folland 1.17. Let A = [ J7Z, A;. Then by subadditivity we have

w(ENA) =u* U (ENAj)

”M8
Dj
D)
m.

On the other hand, let F; = EN U:OZJ Ay. Then
p*(Fy) = p (ENAj) + p*(Fjt1)

and F; = E N A, so recursively we obtain

n n
PHENA) =Y (ENA) +p (Fusr) 2 > p (ENA)
Jj=1 j=1
for any n € N. Letting n — oo yields the desired result.
Folland 1.18. First recall the definition
= inf {ZMO(AH) tEcC|JAnand 4, € A}
n=1 n=1

(a) By the definition of infimum there exist { A,, },,en in A such that

(E) =) po(An) = p(Ay) > pt <U An>,

where the last inequality follows from subadditivity. Hence Let A = UZO:1 A, € A,
(b) Suppose E is p*-measurable. Let A,, € A, be such that pi*(A,,) < p*(E)+1/n. Let B =", A, € Ays.
Then since F C A, for all n € N, we have & C B also. Then since F is p*-measurable:

pH(E)+1/n =z p*(An) 2 p*(B) = p* (BN E) + p* (BN E®) = p*(E) + p*(B\ E) VneN.

Then since p*(E) < co we have 0 < p*(B\ E) < 1/nforalln € N, and so p*(B \ E) = 0. On the other
hand suppose there exists B € A, with E C B and p*(B \ A) = 0. It suffices to show that

P (F) = p*(F N E) + p*(FNE°)
for all F C X with u*(F') < oo. Since B € A, it is u* measurable and so
W (F) = w*(F O B) + " (F 0 B) > p* (F N E) + " (F 1 BY).
Moreover, since £ C B, we can write E€ = B°U (B N E°) so
Wt (F A ES) = i (F 1 (B°U (BN %)) < " (F 0 B) + o (F 1 (B 1 EY)) < (F 1 BY),

<u*(BNE<)=0

So we see that
p(F) 2 p(FNE)+ p*(FNE)
as desired.
(c) If pg is o-finite, write X = U;’;l X; where each X has finite ;1o measure. Let E; = E'N X; which has finite
©* measure and £ = Uj’;l E;. Fix n € N and choose C; D E so that

* 1 * * * 1
p(B) + 2 () = it (By) 4 (G5 \ By) = i (G \ By) <
Let B, = U;2, Cj € A, and notice that E° C E. Now
* * - C * N C - * 1
(B N\E) =pr | J@nE) | <p [ G nE) SZM(Oj\Ej)SE'
j=1 j=1 j=1

Now let B = (), B, € Ay so that p*(B \ E) < p*(B,, \ E) < 1/n for all n € N. In particular
w*(B\ E) = 0. For the other direction we did not need p*(F) < oo.



Folland 1.19. If F is u*-measurable then
pH(X) = p*(E) + p*(E°) = p*(E) = p"(X) = p* (E°) = po(X) — p*(E°) = p(E).

On the other hand if p*(E) = p4(E) choose A,, € A, sothat E C A, and p*(A,,) < p*(E) 4+ 1/n. Notice that A,
is p*-measurable, so

Wt (B9) = i (BS 0 Ay) + i (B° 1 AS) = (A \ E) + u*(AS).
Moreover since p*(F) = puy(E) and A,, is p*-measurable:
P(E) = pe(E) = p(X) = p*(E°) = p*(An) + p* (A7) — w* (E°).

Taken together we have

S|

P (An \ B) = p*(E°) — p*(A7) = p*(4,) — p*(E) <
Now let B =, A,, € Ays so that

P (A\NE) <p*(An\ E) <

S|

for all n € N. It follows that p,*(B \ E) = 0 for some B € A, and so by 1.18 (b) we have that E is 1*-measurable.
Folland 1.20. First write the definition

pt(E) = inf {ZN(A,L) | JAnand 4, € M*} .
n=1 n=1

o0

(a) Lete > 0. By infimum properties there exists A = J,_; A, D FE such that

pHE) +e> Y Ti(An) =D pH(An) > p*(A) > i (EB).

Moreover, if there is an A € M* with A D E and p*(A) = p*(E) then
p(E) <a(A) = p*(A) = p*(E).
And if y* (E) = p*(E) then by properties of infimum there exists {4;}32, such that

S ) < (B + L.
=1
Now set A, = (Jj=, A4; so that

)

PH(AR) Dt (Ay) = D E(Ay) < p(E) +
j=1

<

Finally let A = (2, A,, so that
i (A) < pH(An) < pT(E) + —,

for all n € N. It follows that u*(A) < pu*(E) = p*(E). Moreover, E C A and so pu*(F) < p*(A) and
therefore we have u*(E) = p*(A).

(b) Let E C X, we already have u*(F) < ut(E). Lete > 0 then by 1.18 (a) there is A € A, such that A D E,
Ae A, C M*and p*(A) < p*(E) + . Hence

P (E) > p*(A) —e =[(A) —e > p*(E) .

(c) P(X) = {0,{0},{1}, X}. Let u*(0) = 0, u*({0}) = p*({1}) = 2 and p*(X) = 3. This defines a valid
outer measure. But then {0} and {1} are not y*-measurable. Hence ™t ({0}) = p*(X) =4 # 2 = p*({0}).



Folland 1.21. Let M be the ;*-measurable sets. Let ' € M, namely E N A € M forall A € M with Ti(A) < oo.
We must show that E is p*-measurable. Let F' C X with y*(F) < oo. Lete > 0. Then by 1.18 (a) there exists
A D Fwith y*(A) < p*(F) + . Moreover, A is ;i*-measurable with finite outer measure and since £ € M we have
E N Ais p*-measurable. Thus

wr(F) +

| \/

*(A)
(AN(ENA) +p (An(ENA°)
(ANE) 4+ p (AN (E°U A9)
(ANE)+ p*(ANE°)
(FNE)+ p*(FNE°)

*(FNE)+ p*(FNE° and so E is p*-measurable as desired.

o
o

I
7
> u

Since ¢ > 0 was arbitrary, we see that pu*(F) > pu

Folland 1.22.

Folland 1.23.

Folland 1.24.

(a) First notice that
(AA\B)NE=(ANB)YNE=(ANE)NB*=(BNE)NB*=1.
And similarly (B \ A) N E = (). Hence AAB C E°. In particular
p(X) = p*(E) < p* ((AAB)°) < p*(X),
from which it follows that p*((AAB)¢) = p*(
p(X) = p*(AAB) + p*(
So u(X) = u(AAB) + pu(X) and therefore
1(B).
(b) The collection My = {ANE : A € M} is a g-algebra on E. It is non-empty since M is non-empty.
The complement of AN E in E is A°N E. Finally | J)~ (4, N E) = (U;—, A») N E. Now to show that
v(ANE) = p(A) is a measure. First v()) = v(0NE) = u(P) = 0. Now for a disjoint collection { A,,NE},en

of sets of in Mg we may not have the {4, },,cn be disjoint in M, so let B,, = A, \ UZ;ll A} which are
disjoint and | J,;~, B, = {J,—, A,. Moreover

w*(X). Moreover, since AAB is p*-measurable, we write
(AAB)) = u*(AAB) + 1 (X).
(AAB) = 0. Then by problem 1.12 (a) we have that y(A) =

n—1
ByNE=(A,NE)\ |J(ANE)=A4,nE
k=1
since the Ay N E are disjoint. And so finally

I/<U(AnﬂE)> :l/<U BnﬂE> :/~‘<U Bn> => w(By)=> v(B,NE)=> v(A,NE).

n=1 n=1 n=1

Folland 1.25. Recall Theorem 1.19: If £ C R the following are equivalent.

(@ EeM,
(b) E=V\ N where VisaGssetand u(N) =0
(¢) E = HUN where H is an F, and u(N) = 0.

Folland already proves (a) => (b) and (a) = (c) for finite u(E). Moreover, (a) => (c) implies (a) => (b) since if
E € M, soE°€ M,. Then E°= HUN. Let V = H¢ whichis a G setsince V = (7", H,) = oo, HS =
N,~; Va, and each V;, is open since each H,, is closed. And E =V \ Nsince E = (HUN)* =V NN¢ =V \N.
Now we need just show that (a) = (c) for the case when u(E) = oco. Let E; = E N (j,j + 1] for j € Z. Then
w(E;) < oo and so there exists an F,, set H; and a null N; such that E; = H; U N;. Finally

E=|JE; =|JH;uN;)=HUN,
JEZ JEZ

where H =, ., Hjand N = Notice that H is still F,, and that ;1(N) < p(N;) = 0.

JEZL JEL"



Folland 1.26. Recall proposition 1.20: If E' € M,, and p(F) < oo, then for every e > 0 there is a set A that is a finite
union of open intervals such that u(EAA) < e. Recall also y(E) = inf {Zj’;l w((aj, b)) EC U;’;l(aj,bj)}.
Let ¢ > 0 and denote I; = (a;, b;). By definition of the infimum there exist {; } jen such that

Zu E) +¢/2,

and since p(E) < oo this sum is convergent. So there is NV € N such that Z;’;N u(l;) <e/2. Let A = U;v;ll 1.
Then

5 > €
pANE) S p(I\E)< 5 and  p(ENA <p\A)=p| L | <3
j=N
Taken together we have u(EAA) = u(E\ A) + u(A\ E) <e
Folland 1.27.
Folland 1.28.
Folland 1.29.
(a)

Folland 1.30. Suppose not, namely that there is & < 1 such that for all open intervals I we have m(E N I) < am(I).

Assuming m(E) < co. By the definition of m there is a collection of intervals such that I = (J;Z, I; D F and

Zu < (1+e)m(B).

But then
m(E) =m(ENI) ZmEﬁI <aZm (1+e)m(E).

This is a contradiction if a(1 + €) < 1 or equ1valently ife <1 / o — 1. Such an € > 0 can be chosen since o < 1
implies 1/ac — 1 > 0. If m(E) = oo we use o-finiteness to write £ = J,_; E,, each with (E,,) < co. At least
one must be positive from which for any o > 1 there exists an open interval such that m(E, N I) > am(I). Finally
m(ENI)>m(E,NI)>am(l)as desired.

Folland 1.31.
Folland 1.32.
Folland 1.33.



2. INTEGRATION

Folland 2.1.



3. SIGNED MEASURES AND DIFFERENTIATION

Folland 3.1. Let v be a signed measure on (X, M). Let By C Ey C -+, and write ;2 , E; = E1U [U;’;z(Ej \ Ej_1
Then

oo n

v UEi | =vB)+) v(E;\Ej1) =v(E)+ lim. > v(E;\Ejq) = lim v(Ey).
j=1 j=1 j=1

Now suppose £y D Ey D --- with v(E4) finite. Write F; = E; \ Ej so that F; C F, C ---. Now
Ej = I/(El) —V m Ej
1 j=1

viUE | =v|JENE)|=v|EnN
j=1 =1 j

—

Moreover v(F;) = v(E1) — v(E;). Finally by continuity from below:

v(Ey) — lim v(Ej) = lim v(Fj) =v UFr | =vE)-v|(E|,
and since v(E}) is finite, the claim follows.

Folland 3.2. Let v be a signed measure. Let v = v+ — v~ be its Jordan decomposition and X = P U N be the
associated Hahn decomposition. Namely vt (E) = v(ENP), v~ (E) = —v(ENN),and NN P = {).

If £ is v-null, then [v|(E) = vT(E)+v—(E)=v(ENP)—v(ENN)=0-0=0. Since ENP,ENN C E.
Conversely, if |v|(E) = 0, then for any A C E: |v|(A) < |v|(E) = 0. In particular v+ (A) + v~ (A) = 0 implying
vH(A) =v=(A) =0.Sov(A) =0and FE is v-null.

Suppose v L . Namely there is X = A U B such that A is v-null, B is g-null, and A N B = (). Then by the above A
is |v|-null also (since |v| is a positive measure). So |v| L p.

Now suppose |v| L pu. Namely there is X = A U B such that A is |v|-null, B is pg-null, and AN B = (. Since
[v|(E) =0 = v*(E) =0, we have that A is also v*-null, so v+ L gand v~ L p.

Finally suppose that v+ | gand v~ L p. Namely there are X = A*UB* such that A* is v*-null, B* is py-null, and
A*NB* = (. Then A := AT N A~ is both vt and v -null, hence it is v-null. Moreover, B := A = AT U A~ =
BTUB ispu-nulland ANB=0.Sov L pu.

Folland 3.3. Let v be a signed measure on (X, M). First a lemma. For positive measures i1, 12 and a non-negative

measurable function f
[t ) = [ s+ [ e

Indeed, first we prove the result for simple functions s = Z?:l a;X e, (wl.o.g. assume E; are disjoint). Then

/Sd(m + ) = Zai(MI(Ei) +p2(E;)) = Z aipir (E;) + Zaiug(Ei) = /SdMI + / sdpuz.

For any positive measurable f, there is a sequence of positive simple functions increasing monotonically to f, hence
by the M.C.T.

[ s ) = i [ sud(s + pz) = Jim ( [sudur+ | sndug) — [ fams + [ sae
(a) By definition
L'v)=L'vHNL(v) = {measurablef : / |fldvT < oo and /|f|du_ < oo}.

If f € L'(v), then

[t = [ 1o +07) = [islas+ [ 107 <.

On the other hand if f € L'(|v]), then [ |f|dvE < [|f|d|v| < oc. So L*(v) C LY(|v]) and L*(|v|) C L(v).



)
]/fdu =’/fdv+—/fdu‘ <‘/de ]/fdu < [1lav+ [1710 = [ \riap

(c) Let P, N be the Hahn decomposition such that v7(A) = v(A N P) and v~ (A) = —v(AN N). Then

[xp—xn| < land [pxp—xndv = v(ENP)=v(ENN) = [v|(E) sosup{| [ fdv| : |f| <1} > [v|(E).
On the other hand, for any measurable f with |f| < 1:

[t =\ [ xpi| < [1rxslib < [y = pie).
So sup{| [}, fdv|: |f| <1} < |v|(E) as desired.

Folland 3.4. Let P, N be the Hahn decomposition such that vt (A) = v(AN P) and v~ (A) = —v(A N N). Then
MA) > ANANP)=v(ANP)+u(ANP)>v(ANP)=vT(A)
w(A) > p(ANN)=XMANN)—v(ANN)> —v(ANN)=v"(A).

Folland 3.5. vy + v = v{” — v +v5 —v; isasigned measure, and ;" +v3 and v;” +v; are two positive measures
satisfying the conditions of 3.4, hence: I/f_ + u;' > (v1 +v2)Tand vy +vy > (11 + v2)~. Altogether

1+ e = (1 + )"+ (i +12)” Suf g gty =[]+ el

Folland 3.6. For v(E) = [, fdu we have P={reX: f(x) >0}, N={z€ X : f(z) <0}, v (E) =
S it v (E) = — [ " dyt, and [o|(E) = [, | fldps. Here f+ = max{f, 0} and f~ = max{/,0}.
Folland 3.7.

(a) Firstof all: v (E) = v(ENP) < sup{v(F): F € M,F C E}. On the other hand, if F € M with F C E,
then v(F) = vH(F) — v (F) < vT(F) < vT(E). Sovt(FE) > sup{v(F) : F € M,F C E}. Similarly,
v (E)=-v(ENN) < —inf{yv(F) : F € M,F C E}. And on the other hand, if ' € M with F' C E,
then v(F) = v (F) — v (F) > —v=(F) > —v(E). Soinf{v(F): F € M,F C E} > —v~(E) or
equivalently, — inf{v(F): F € M,F C E} <v (E).

(b) Since [v(ENP)|+ |v(ENN)| =vH(E)+v (E) = |v|(E)and (EN P)U (EN N) = E, we have that
[v|(E) < sup{}_] |[V(E;)| : n € N, Ey,..., E, and disjoint, and U?:I E; = E}. For the other direction, let
Ey, ..., By, be disjoint with | Jj_, E; = E. Then

ZIV |<ZIV| = [V[(E).

Since [v(A)| = |[vT(A) — v (A)| < vT(A) + y_(A) = |v|(A). In any case, we see that the supremum over
all such Ey, ..., F, isbounded b |v|(E).

Folland 3.8. Let v = v™ — v~ be a Jordan decomposition and X = P U N be the associated Hahn decomposition.
Namely v (E) =v(ENP),v (E) = —v(ENN),and N N P = (). (I also assume y is a positive measure).

Let v < pand suppose pu(E) = 0. Then u(ENP) < u(E) = 0,s0vt(E ) = I/(EﬂP) = 0. Similarly, u(ENN) =0
and so v~ (E) = —v(ENN) = 0. Namely |v|(E) = v (E) + v (E) =

Now let |v| < p and suppose p(E) = 0. Then |v|(E) = v (E) + (E) =0 = v (E)=v (E)=0.
Finally if v < pand v~ < p, and pu(E) = 0, then v(E) = V+(E) —v (E)=0-0=0.

Folland 3.9. First suppose that v; L i for all j € N. Namely there exist disjoint sets M, IN; such that M is v;-null,
Njis p-null and M; UN; = X forall j € N. Consider, N = ﬂ;’il N; which is v;-null for all j and so is Zj v;-null.
Moreover M = N°¢ = J;Z, M; is p-null. Hence 3_; v; L p.

Now suppose v; < pu forall j € N. If u(E) = 0, then 3 7% v;(E) = 37770 = 0,50 >, vj < p.

Folland 3.10. Let v be the counting measure and p1 = >, 27" on N. Then u(E) =0 = E = 0sov < p.
However, taking ¢ = 1/2, there is no 6 > 0 such that |v(E)| < 1/2 whenever p(F) < . Indeed for any § > 0, one
can choose n € N so that u({n}) = 27" < dbut [v({n})| =1> 1/2.



Folland 3.11.

(a) Let e > 0. For any function in L*(p) we have | [, f du| < [, |f|dpu =: v(E), here v < by construction.
Moreover v is finite since f is integrable, and so by Theorem 3.5 there is § > 0 such that | / ol d,u| <e€
whenever p(F) < 4. For any finite collection { f4 }nca, there is §, > 0 such that | Jgf du| < ¢ whenever
w(E) < 4. Take 6 = min{d, : a € A}, which exists since A is finite. Hence {fs}aca is uniformly
integrable.

(b) Let {f,}nen be a sequence in L' (y) such that f,, z, f-Namely [y |fn — f|dp — 0asn — oo. Lete > 0,
there exists N € N such that [ |f,, — f|du < €/2 forn > N. By part (a) F := {f} U {f,}2_, is uniformly
integrable. Namely there is § > 0 such that UE fdu’ < £/2 whenever u(E) < ¢ foreach f € F. Forn > N,

/Efndu‘ /E(fnf)du+/Efdu‘§ /E(fnf)du’Jr /Efdu‘S/EIfnfldqu‘/Efdu‘.

The first term is bounded by £/2 and the second term is bounded by €/2 so long as u(F) < §. Hence { f,, }nen
is uniformly integrable (In fact { f} U { f,, }nen is uniformly integrable).

Folland 3.12. Let E = A x B. Since v;, t; are o-finite, and(v1 X vo) < (p1 X pg), v; < pj, we have that all
relevant Radon-Nikodym densities exist. Now by properties of the density and Fubini-Tonelli:

dl/l /dyg ) /</ duldyg >
X)) (F) = d(vg xvg) = dvs | dvy = — —d du; = ——d dpy.
nxna)(B) = [ awxn) = [ ([ am)an= [ ([ L2 a)am = [ ([ 982 au) an

One last appeal to Fubini-Tonelli yields
dvy dvy

v X ) (F) = —
(1 > v2)(E) g dp dps

d(p1 x p2),

and we conclude by uniqueness.
Folland 3.13.

(a) Let X = [0, 1] equipped with the Borel o-algebra. Let m be the Lebesgue measure and p the counting
measure. If u(A) = 0, then A = 0 and m(0) = 0. So m < pu. However dm # fdu for any f. If
m(E) = [ fdu, then 0 = m({z}) = [, fdu = f(z)p({z}) = f(z). Namely f(z) = 0 forall z € X.
Butthen 1 = m(X) = [, fdu = [, 0du = 0, a contradiction.

(b) By way of contradiction suppose ;1 = A + p is a Lebesgue decomposition such that m L A and p < m.
Since p < m, p({z}) = 0. But then A({z}) = p({z}) — p({z}) =1 — 0 = 1. Now since A L m, there is
N [0, 1] such that N is m-null and N€ is A-null. But for x € N° we have {2} C N° and since N¢ is A-null
we have A\({z}) = 0. This contradicts the above unless N = (). But if N® = {), then N = [0, 1]. But then
clearly N = [0, 1] is not m-null since m([0, 1]) = 1.

Folland 3.14. Let v be a signed measure and p a o-finite positive measure on (X, M). We seek to show that if v < p,
then there exists an extended p-integrable f : X — [—o00, oo] such that dv = f du.

(a) First it suffices to assume that g is finite and v is positive. Indeed once we prove the result for this case we can
extend to o-finite p by writing X = U]Oi1 E; as adisjoint union with (E;) < oo. Write p1;(A) = p(E;NA),
so that p = Z]oil ;. Note that each y; is a finite measure so there is an extended j;-integrable f; such that
vi(A) = [, fj dp;. Then take f = fiXp, anduse v =3 v;. Then we can extend the result to signed v by
finding f* such that v+ (A) = [, f"dpand v=(A) = [, f~ dp. Finally take f = f — f~ so that

v =yt -V = T = .
(A) = () — v (4) Af f dp Afw

(b) Under these assumptions we show that there exists an F2 € M that is o-finite for v such that u(E) > u(F) for
all F that are o-finite for v. Let S = {S € M : S is o-finite for v}. S is non-empty since it contains (). Define
M :=sup{p(S) : S € S}. By definition of supremum, there is a sequence of sets S; C Sz C --- such that
w(Sy) increases to M. Take E = |J;—; S, € S as a countable union of o-finite sets. Now by continuity from
below p(F) = lim, o p(Sy) = M. So the supremum is attained and hence u(E) > u(F) forany F € S.



(c) Now restrict the measure v (A) = v(A N E). By Radon-Nikodym, there exists g : E — [0, 0o) such that

ve(A) = / gdu.
ANE

Moreover, notice that if £ N E = (), then either u(F') = v(F) = 0 or u(F) > 0 and v(F) = oo. Indeed if
v(F) < 0o, then F' € S and therefore 1(E U F') > u(E) contradicting the maximality of E unless p(F') = 0.
Soif v(F) < oo, then pu(F) = 0and v < 4 = v(F) = 0. On the other hand: p(A4) >0 = v(A4) = .

Define f : X — [0, c0] as
_)glz) zeFE
) = {oo re B

Indeed v(A) = V(ANE)+v(ANE®). On ANE wehave v(ANE) = [, - gdu= [, fdp. On ANE°
either 1(A N E°) = 0 in which case [, . fdp = 0and (AN E) = 0by v < p, or u(AN E°) > 0in
which case v(AN E°) = coand [, . fdu = oco.

Folland 3.15. A measure 1 on (X, M) is called decomposable if there is 7 C M with: (i) u(F) < oo forall F € F;
(ii) the members of F are disjoint and their union is X; (iii) if 4(E) < oo, then u(E) = Y pc 7 p(E N f); (iv) if
EcXand ENF € Mforall F € F,then E € M.

(a) If p is o-finite, then by definition there is 7 = {F, },en such that | J;2 , F,, = X is a disjoint union and
u(F) < oo satisfying (i) and (ii). Moreover, (iii) and (iv) follow from the other two properties. If £ C X
and ENF, € Mforalln € N, then M 3 |J)_((FENF,) = EnU,_,F, = ENX = E. And

n=1

p(E) = p(Unzy ENFy) = 3000, n(ENFy).

(b) Let 1 be decomposable, and let F C M be a decomposition satisfying (i)-(iv). For each F' € F define the
restricted measures pp(A) = p(ANF)and vp(A) = v(ANF). By (1) pr(F) < oo and clearly vp < pp.
Hence 3.14 yields an extended jp-integrable function fr : F' — [—o0, 00] such that vp(A) = [, frdup.
Define the function f : X — [—o0, 00| by

f@) =) fr(@)Xp().
fer
Now let E € M be o-finite for . Write E = (J,~_, E,, with u(E,,) and assume w.l.o.g. that E,, are disjoint.
By (iii)
WEy,) = Z (B, NE),
FeF

so for each n only countably many F satisfy u(FE, N F) > 0. Therefore the collection Fg = {F € F :
w(E N F) > 0} is countable (as a countable union of countable sets). Consequently:

/Efdu=/E S fexpdu= > /Efoquz > /1;dequ > v(ENF)=wv(E).

FeFg FeFg FeFg FeFg

Note we can ignore terms where u(E N F) = 0 since v < p and so v(E N F') = 0 anyways.
Folland 3.16. We first show that dv/dp = f/(1 — f). Indeed for A € M:

/ (1—f)d\ + v(A) = / 1dA — v(A) + v(A) = A(A) = u(A) + v(A).
A A

So in particular dp/ dX = (1 — f). And since p < A and A < p we have d\/dp = 1/(1 — f). So finally

v _dvdr _f

dp  dhdp  1—f°
Now we show that 0 < f < 1 p-a.e. Since v and A are positive measures, we must have f > 0 A-a.e., that is
A{z € X : f(x) < 0}) = 0. And since &+ < X we have that f > 0 p-a.e. also. Now suppose that f > 1 on some E
with ;£(E) > 0. Then

v(E) = /EfdA = u(E)+v(E).

But this implies that u(E) < 0, a contradiction.



Folland 3.17. Define the measure A(E) = [, f du which is finite since f € L' (u). Define p = A|x. Clearly A < p,
and since v = p|n we have that p < v. So by Radon-Nikodym there is an extended v-integrable function g such
that p(E) = [, gdv forall E € N. Moreover g € L*(v) since p(X) < oo and g is unique up to equality v-a.e. by
Radon-Nikodym. Since p is the restriction of A we have |’ pfdu= I} pfdvforall E € N.

Folland 3.18. Let v be a complex measure and suppose dv = f du. Recall the definitions

Ll(y) =L'(v)N Ll(yi) = {measurable f: /|f| dyrj;. < oo}

L' (|v]) = {measurable f: /|f\ dlv| < oo}7 where d|v| = |f|dpu.
We first show that L!(|v|) € L(v). If g € L*(|v]), then

o> [lalalvl = [allsian> | [1alsau] > [ il av
Now we show that L!(v) C L(|v|). If g € L*(v), then

/|g|d1/ < 00 and /|g|du§'E < 0.
Moreover we have that | f| < [Ref| + [Imf| = (Ref)" + (Ref)™ + (Imf)* + (Imf) . Hence

/ Fllgl du < / 9| (Re )™ du + / l9|(Ref)™ du + / g/t f)* dp + / g/t f)~ d

These terms are all [ |g] du - which are finite so:

[istatvi = [1gls1d < .
= ‘/gfdu‘ S/Ig\lfIdu=/|g\d|y|.

Finally we write

‘/gdu
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