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Introduction

This set of notes is transcribed from UBC’s MATH 507 Measure Theory course. If any errors are
found, please feel free to email me at nathan.cantafio@stat.ubc.ca
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1 Measures

1.1 o-algebras

From now on, X is a non-empty set and denote the power set of X by P(X).
Definition 1.1. A non-empty A C P(X) is an algebra if

(i) A,Be€ Aimpliess AUBe A

(ii)) A € A implies A° € A

Note that these conditions imply (1) ) = AN A€ A, (2) X = AU A° € A, and (3) finite unions
and intersections of A; € A belong to A.

Definition 1.2. A c-algebra is an algebra such that {A4;}iey C A = U2, Ai € A . Some ex-
amples of o-algebras include {), X}, P(X), and A = {E C X : F is countable or E° is countable}.

Observation 1.3. The arbitrary intersection of o-algebras is a o-algebra.

Proof. Let Z be any index set and let {A;}iez be a collection of o-algebras. Define A = (1,7 A;.
Since ) € A; for all i € Zsois @ € A, so A is non-empty. Now let {F, }en be in A. Then E,, € A;
for all i € Z. Hence |J,,cy En € A; for all i € Z, and so |J,,cy En € A. O

Definition 1.4. Let £ € P(X). The o-algebra M(E) generated by £ is the smallest o-algebra
containing £. Namely:
= A

A is a o-algebra

Definition 1.5. Let X be a topological space. The Borel o-algebra B(X) on X is the o-algebra
generated by the open sets of X. Note that B(X) contains all open sets, all closed sets, all countable
intersections of open sets (so-called G sets), all countable unions of closed sets (so-called F sets),
and so on...

Lemma 1.6. Let £, F C P(X). Then
(i) ECM(F) = M(E) Cc M(F)
(i) € Cc M(F) and F C M(E) together imply M(E) = M(F)

Proof. Notice that (i) immediately implies (ii) and that (i) follows from minimality of M(&). O
Observation 1.7. B(R) is generated by any of the following families:
(i) {(a,b) :a < b}
i) {la,0] : a < b}
{la,b) : a < b} and {(a,b] : a < b}
{(=00,b) : b € R} and {(a, ) : a € R}
{(=00,b] : b € R} and {[a, ) : a € R}
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We will only prove (i).

Proof. Let T be the collection of open sets and £ = {(a,b) : a < b}. Notice E C T € M(T) = B(R)
so M(&) € B(R) by lemma 1.1. To show the reverse inclusion it suffices to show that 7 C M(E).
Namely that any open set can be written as the countable union of open intervals. Let A € T. Let
x € A. Since A is open there exists a < b such that = € (a,b) C A. There then exists p, ¢ € Q such

that a < p <2 < ¢ <band hence A C | pqeq (p,q) which is countable. Hence A € M(E). O
(p,g)CA

1.2 Measures

Definition 1.8. A measure  on a o-algebra M C P(X) is a function p : M — [0, oo] such that
(i) p(0) =0

(ii) If {F;}ien is a countable collection of disjoint sets, then
oo oo
1 (U Ez) => WE).
i=1 i=1

Note that on an algebra one can only define a finitely additive measure.
Definition 1.9. A measure u on M is called:

(i) finite if u(X) < 0o

(ii) o-finite if there is { E;}ien in M such that X = |J;2, E; and p(E;) < oo

(iii) semi-finite if for each E € M such that u(E) = oo, there is F' € M such that 0 < p(F) < oo
and F C B

(iv) Borel if X is a topological space and M = B(X)

Example 1.10.
(i) M ="P(X) and pu(F) = # of points in E is called the counting measure on X

(ii) For any o-algebra M C P(X), for z € X:

1 ifzekF
E) =
o (B) {0 otherwise

(iii) For M ={FE € P(X) : E is countable or E is co-countable}, then

0 if F is countable
(k) = {

1 if E is co-countable
is a measure. Indeed:

o If {F;}icn are all countable then p (|2, E;) = 0 and p(E;) = 0 for all ¢ € N.

o If E;, is co-countable and {E;};cn (i) are all countable then > 7%, u(E;) = pu(E;,) = 1
while p (J;2; E;) = 1 since the union is co-countable.

e There cannot be two disjoint co-countable sets F, F' since F' C E°.
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Theorem 1.11. Let (X, M, 1) be a measure space. Let E, F € M and let {E;}ieny C M.
(i) (Monotonicity): E C F = p(E) < u(F)

(ii) (Subadditivity): p(Uieq Ei) < >0y p(Er)

(iii) (Continuity from below): If Ey C Ey C --- then p (U;2; Ei) = im0 p(E;)

(iv) (Continuity from above): If p(E1) < oo and E1 D Es D -+ then p (2, Ei) = lim;—00 p(E;)
Note that assumption in (iv) that u(E7) < oo is necessary. Consider the measurable space (N, P(N))
equipped with the counting measure. Let E; = {n € N : n > i}. Then u(E;) = oo for each i,
however (72, E; = 0 and so p (N2, E;) = 0 # 0o = lim; 00 E;.

Proof.
(i) w(F) = uw(E) + p(F\ E) = p(E).

(ii) Let F; = B; \ (UZ L g, ) then |J2°, B; = U2, F; and so

7 (D Ez> = <G FZ> = iu(Fi) < iu(Ez

where the last inequality follows from (i) since F; C E;.

(iii) Writing (J;2, E; = E1 U [UJO’;Z E;\ Ej_l} is a union of disjoint sets and so

oo
M(UlEz) = u(En) +ZM j\ Ej-1) = lim | pu(Er) +ZME \Ej-1)| = lim p(Ey).
1=

7j=2

(iv) Let F; = E1\ E;. Then Fy C Fy C ---. So by (iil) we have p (U2, Fi) = lim; 00 p(F;). Since
w(Er) = u(E;) + p(F;) we can subtract to obtain u(F;) = pu(Er) — u(E;). Therefore

p (U F) = lim p(F) = p(Er) — lim u(E).

) i—00 i—00
=1

On the other hand:

[e’e} &) oo x ‘ Py
-G () () -2 s
e =1

i=1 =1 =1

¢ (Un) e ()

Equating both expressions yields the desired result.

hence

Definition 1.12. Let (X, M, 1) be a measure space
(i) A null set is a set £ C M such that u(E) =0

(i) If f: X — {true, false} is a statement about points in X and pu ({z € X : f(z) = false}) =0
then f is said to be true almost everywhere, usually written “true a.e.”

Definition 1.13. A measure space (X, M, u) is complete if for all N € M, u(N) = 0 we have
Z C N — Z € M. In other words, if all subsets of null sets are measurable.
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Theorem 1.14. Let (X, M, i) be a measure space. Let N'={N € M : u(N) = 0}. And define
M={FEUZ:EeM,ZCN, and N € N'}. Finally extend y to M as i : M — [0, oc] such that
A(EUZ) = p(F). Then:

(i) M is a o-algebra
(ii) j is a complete measure on M called the completion of p

(iii) f is the unique extension of y to M

Proof.

(i) We need to show that M is non-empty, closed under countable union, and closed under
complement. It is non-empty since M is non-empty. Now let {E;}ien € M, {N;}ien C N

and Z; C N;. Then
UEUZ (UE)U(UZ)
=1 =

By subadditivity we have p (s N;) < o2, u(N;) = 0, hence the [J;2; N; is a null-set.
Then since | J;o, Z; C U2y N; and U2, E; € M we get that M is closed under countable
union. Next let £ € M, N € N and Z C N. Let NN =N\ E = NNE° € M and let
Z'=Z\ECN'. Now X =FUZ'U(N'\Z')U(EUN')¢ is a disjoint union so in particular
(EUZ)e=(EUN)“U(N'\ Z’). And since u(N') = 0 by monotonicity, we have N’ € N.
In particular N’ \ Z C N’ and (E U N')¢ € M. So we conclude (E U Z')¢ € M.

(i) z is well-defined. That is, if EUZ = E'U Z' then u(E) = p(EUZ) = p(E' U Z") = u(E').
Indeed: u(E) = u(ENE")+u(E\E'). Now E\E' C Z' C N’ so by monotonicity u(E\E’) = 0.
Namely by symmetry: pu(E) = u(ENE'") = p(E').

Let N ¢ Mwithﬁ(N) =0. Write N = EUZ with E € M and Z C Ny € N. In fact,
u(E) = i(N) = 0. Notice that E U Ny € M and that by subadditivity:

u(E'UNo) < p(E) + p(No) = 0.

In particular, £ U Ny is a measurable null set containingﬁN . Now take any Z C N. Since
) € M and Z C EU Ny also, we can write Z =0U Z € M.

(iii) Let u' be another extension of u to /};l If £ € M then p/(E) = p(E) = p(F). Otherwise if
E=FEUZ, then u(E) = p/(E) < p/(E) < W/ (EUN) < p/(E)+ 1/ (N) = p(E) +p(N) = p(E).
Thus ¢'(E) = u(E) = i(E).

1.3 Outer measures

Definition 1.15. An outer measure on X is a function p* : P(X) — [0, o] such that
(i) (@) =0
(ii) If A C B, then p*(A) < p*(B)

(iii) For any countable collection {A;}ien, A; C X we have p* (U2, Ai) < >0y wr(Ai).
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Note that p* is defined on all subsets of X but only satisfies monotonicity & countable subadditivity.

Proposition 1.16. Let S C P(X) and p : S — [0,00] be such that ) € S, X € S and p(0) = 0.
For any A C X, let

1 (A) = inf {Z p(Si) : {Si}ien C S and A C Sz} .
i=1 1=1

Then p* is an outer measure.

Proof.
(i) p*(@) =0 since f € S and p(h) = 0.

(i) Let A C B. If | J;2, S; D B, then it also covers A. That is the set of all covers of B is a subset
of the set of all covers of A. So taking the infinum over all such covers yields p*(A) < p*(B).

(iii) Let & > 0. Let {AM™}, oy be such that u*(A™) < oo [if u*(A0)) = oo the claim is trivial].
Let {Si(n)}ieN cover A(™ be such that 3°°°, p (Si(n)) < p* (A™)) 4 /2" [such a cover must
exist by definition of infinum]. Now {Si(n)}(z',n)eNxN C Sand 2, AM c Ui nenxy S so

then: !
o0 [e.e] o0
uw* (U A<”>> <> (S§">) <y (AW) te.
n=1 n=1

i,n=1

Since & > 0 was arbitrary we conclude that p* (2, A(")) <3 w (A(”)).

O

Example 1.17. The Lebesgue outer measure on R: let S = {(a,b) : —o0 < a < b < 0},

Definition 1.18. Let p* be an outer measure on X, then A C X is p*-measurable if
W*(E) = (B N A) + 1 (E 1 A°)
for all F C X.
Note 1.19.
(i) w*(E) < p*(ENA)+ p*(EnN A€ by subadditivity
(ii) If u*(E) = oo, then “>” is trivial. Therefore to verify that A is p*-measurable, it suffices to
verify that p*(E) > p*(ENA) + p*(E N A°) for all E C X with pu*(F) < oo.

(iii) Some motivation for the definition: if A C E then
“Inner volume of A” = sup{vol(S) : S is simple and S C A}
= sup{vol(F'\T) : T simple and E\ A C T}
= vol(E) — inf{vol(T') : T simple and E\ A C T'}
— 1 (E) - (B \ A)
The volume of A is well-defined if its “inner volume” equals its “outer volume”. That is if
w(E) — p*(E\ A) = p*(A). Or in other words: pu*(E) = p*(ENA) + p*(E N A°).
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Theorem 1.20. (Carathéodory) Let p* be an outer measure and let M* = {A C X : A is p*-measureable}.
Then

(i) M* is a o-algebra
(ii) The restriction p* | M* is a complete measure

(iii) If N C X is such that p*(N) =0, then N € M*

Proof.
(i) e M* is non-empty since ) € M*. Indeed p*(END)+ p*(ENQ°) = p*(E) for all E C X.
e M™* is closed under complement since (A°)¢ = A.

e M* is closed under finite unions. It suffices to show that for A, B € M* and F C X
with u(E) < oo that p*(E) > p*(EN(AUB)) + p*(EN (AU B)°). Indeed using first
that A € M* and then B € M* we get

[ (E) > w*(ENA)+p*(ENA®) > p*(ENANB)+u* (ENANB®)+u* (ENA°NB)+u* (ENA°NB®).
Then since AUB = (AN B)U (AN B U(A°N B), we get by subadditivity that
§*(E) > (BN (AU B)) + 1 (E 1 (AU B)°).
e 1* is finitely additive. Let E C X and let A, B € M* be disjoint. Then since A € M*:

p(EN(AUB))=p*(EN(AUB)NA)+p (EN(AUB)N A9

= X (ENA)+ *(ENB). (+)

Letting F = X yields p*(AU B) = p*(A) + p*(B).
e M* is g-algebra. It suffices to show that M* is closed under countable disjoint unions.
Let {A;}ien C M* be disjoint. Let E C X. For each n € N, |J!; A; € M* by the

above. Hence
i=1 z:1

n

OS BN+t (B U

=1

>3 W (EN A+ B

=1

||C8

where the inequality follows from monotonicity. Then let n — co and use subadditivity

to obtain:
W (E) > u* <Eﬂ (G A2>> + p* (Eﬂ (Ej Ai> ) > u*(E).
i=1 i=1

Hence all inequalities are equalities and [ J;2, A; € M*.
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(i) e p* [ M* is countably additive. Applying (*) n times we get:

W (Eﬂ (GAJ) :iu*(EﬂAi)—i—,u* (Eﬂ( G AZ>> Zi,u*(EﬂAi).

i=1 i=n+1 i=1
Taking n — oo yields countable superadditivity. Since p* is countably subadditive also,
it is countably additive.
o u* | M*is complete. Let N € M* be such that p*(N) =0and let Z C N. Let E C X.
Then using subadditivity and then monotonicity:
pr(E) <p(ENZ)+p (ENZ°%)
< p(N) + p(E)
= W (E)
So all inequalities are equalities and Z is p*-measurable. Namely Z € M*.

(iii) We did not need N € M* for the above. Taking Z = N shows that u*(N) =0 = N € M*.
0

This is a powerful result, that lets us construct a measure from an outer measure. However we
know little about that measure or even the o-algebra on which it is defined. We want to be able
to say more about the measure and associated o-algebra we construct. So let’s start from another
angle.

Definition 1.21. Let A C P(X) be an algebra. A premeasure on A is a function yg : A — [0, 0]
such that:

(i) po(¢) =0
(ii) If {A;}ien is a countable collection of disjoint sets in A and if | J;2; 4; € A, then

fo <U Ai) = po(4)
=1 =1

Note that this definition arrises because we want to easily be able to construct premeasures and to
make it possible to enlarge A to a g-algebra M and to extend pg to a measure p on M.

Proposition 1.22. Let F : R — R be nondecreasing and right continuous. Let F(+oo) =
limy 00 F(2). Let A = {0} U{Uj_;(a;,b5] :n € N,—00 < a1 < b1 <az < -+ < b, < oo}
And let uo(0) = 0, po (U?Zl(aj,bj]) = > j=1 (F(bj) — F(a;)). Then A is an algebra and po is a
premeasure. Note that when b = co we mean (a, c0) by (a,b].

Proof. Clearly A is closed under finite union. It is also closed under complement since we have
both (¢ = (—o0,00] = R and (|J;"(a;, b;])¢ = (=00, a1] U (by,az] U--- U (by, 0] € A. Now to show
that po is a premeasure.

(1) po(@) =0 by definition.
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(ii) Let {Z;}ien be a countable family of disjoint sets in A such that Z = [ J;2, Z; € A. Without
loss of generality supposes that Z; # 0, Z; = (a;, b;] and that Z = (a, b]. We need to show that
Y2, F(b) — F(a;) = F(b) — F(a). Let n € N. Then by relabeling we have a < a1 < by <
ag < by--- < b, <band

Z pio(Z F(bp) =F(an) + F(bp—1) - —F(a1)
R/—/ ~——
<F(B) <0 <F(a)

< F(b) — F(a)
= po(7)

Since this holds for any n € N, it also holds in the limit. Now we show inequality in the other
direction. First suppose a and b are finite. Let € > 0. By right continuity of F' we have

there exists § > 0 such that F(a+9) — F(a) < ¢ (%)

there exists d,, > 0 such that F(b,, + ) — F(by,) < /2™ (x%)

Now {(am,bm + 0m) }men covers [a + 0, b]. By compactness we can choose a finite sub-cover:

a by + 61 an by +dn
e ') o—0
a—?—é b

a2 b + 0o

Then using the fact that F' is non-decreasing

© Pb) - Fla+0)+e

< F(bn +6n) — Flan) +¢

F(by + 0p) —F(an) + Z [F( az+1 F(a;)] +¢
%/_/ 7/ 1
<F(by)+e/2N <F(b +6:)
Q)F(bi)+€/2i
N

<Y F(bi) — Fai) +2¢

i=1

Since £ > 0 was arbitrary, and SV < 57 we obtain 3.°° uo(Z;) > F(b) — F(a). Now if
either a = —oo or b = 0co. Let M > 0. Then by the above:

F(min{b, M}) — F(max{-M,a}) <Y po(Z
=1

then let M — oo.

O
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Theorem 1.23. Let A C P(X) be an algebra, and let M = M(A) be the o-algebra generated by
A. Let ug be a premeasure on A. Let u* be the outer measure induced by g, and M* the set of
w*-measurable sets. Then:

(i) p* T A= po
(ii) M C M* and p := p* | M extends pg. [All sets in M are p*-measurable and p [ A = p)
(iii) If v is any other measure on M such that v [ A = pg then

e v(B) < u(B) for all Be M
e v(B) = pu(B) if B is p-o-finite (if B is the countable union of finite sets w.r.t. pu)

This gives a good way to construct a measure

1o AN W AN

premeasure outer measure measure

so that p extends .

Proof.
(i) Let A € A. By definition p*(A) < pp(A). Now if {4;};en is a collection of sets in A such

that J;2, A; D A, let Bi=AnN (AZ- \ U;.;l Aj). The B;’s are disjoint and have union A. So
using the fact that a premeasure is countably additive and monotone:

po(A) = no(Bi) < no(Ay).
=1 =1

And since {A;} was arbitrary, we must have po(A) < pu*(A). Hence they are equal.

(ii) Carathéodory implies that M* is a o-algebra and that u = p* | M is a measure. Thus by
minimality it suffices to show that A C M*. Let A € A, E C X, € > 0. By definition of pu*
there is a cover {B;}ien such that E C |J;2, B; and

o)

W(E) =S pno(Bi) —e = 3 (u0(Bi N A) + pno(Bi N A%)) + & > 1" (BN A) + (BN A) + <.
=1

i=1
Above we use the fact that g is a premeasure. Then since € > 0 was arbitrary we get that
A is p* measurable.
(iii) Let B € M, B C ;2 A;, with A; € A. Then v(B) < 372, v(4;) = 372, po(A;). Taking
the infinum over all such covers yields v(B) < p*(B) = u(B).

Now pick B such that u(B) < co. Let € > 0. There exists a cover {A; };en with A; € A and
B c U2, Ai :== A such that > ;2 uo(A;) < p*(B) +¢. Then:

p(A) <> p(Ai) =D po(As) < p*(B)+e=u(B) +e.
=1 1

i=

Moreover, B C Aso A= BU(ANB°) and u(A) = u(B)+u(ANBC). Therefore u(ANBC) < e.

Nathan Cantafio 11 Real Analysis I



Finally:

w(B) < u(A) = nh_}ngou (H Ai> = nh_}ngo 140 (H Ai> = nh_)IrOlOV (H AZ-) =v(A) =v(B)+v(AN B°).
<p(ANBe)<e
Since € > 0 was arbitrary we get u(B) < v(B).

Now let B be p-o-finite. Namely B = J;2, B; with u(B;) < oo. (Note that it suffices to
show the result for disjoint B;). Then
u(B) =Y n(Bi) =) v(Bi)=v(B).

i=1 =1

1.4 Borel measures on the real line

Proposition 1.24. Let F,G : R — R be non-decreasing, right continuous functions. Then
(i) There is a unique Borel measure g on R such that up((a,b]) = F(b) — F(a)

(ii) pr = pe if and only if F' — G is constant
(iii) If p is a Borel measure on R that is finite on all bounded Borel sets, then y = pup for
u((0,2]) x>0
F(z)=4¢0 x=0
—p((2,0]) =<0

Proof.
(i) po((a,b]) = F(b)— F(a) is a premeasure. Moreover By is generated by (a, b]. By the previous
theorem, pg yields a unique Borel measure .

(i)
Ur = pg <= equality of premeasures
< F(b) — F(a) = G(b) — G(a)
<= F and G differ by a constant

(iii) Since p is monotone, F' is non-decreasing. Moreover for a > 0:

nli_)nolo(F(a+ 1/n) — F(a)) = 7lli_>rrc>10(u(a,a+ 1/n])=u (ﬂ (a,a + 1/n]> = u(0) = 0.

n=1

Hence F is right continuous (check the other cases).
1((0,6]) = pu((0,a])  0<a<b
F(b) = F(a) = { u((0,6]) + (0, 0)) <0< b= p((a,b)
_M((b7 0]) + M((av 0]) a<b<0

Finally
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Note 1.25.

(i) Every Borel measure on R that is finite on bounded Borel sets is of the form pp for some F'.
wr is called the Lebesgue-Stieltjes measure.

(ii) The case of F(x) = z yields the Lebesgue measure denoted m(FE).

e It has domain £ D By
e It is translation invariant: for £ € £, t € R we have E+t € £ and m(E +t) = m(E)

(iii) As an example consider F'(z) = zl(z > 0). Then p}(S) = 0 for any S C (—o00,0) and so any
such set is measurable but not all are Borel.

Theorem 1.26. Let u = pupr be a Lebesgue-Stieltjes measure and let M, be its domain. Let
E Cc M,,. By definition:

(E) = inf (F(bl) — F(CLZ)) EC (ai, bz]
S PRIV

p((ai;bi])

We then have:

w(E) Y inf {Z u((ai, b)) i E C U(ai,bi)}

i)

@ int {1(O): E C O and O is open}
) sup {u(K) : K C F and K is compact}
Proof.

(i) Call the R.H.S. v(E).

o u(E) <v(E):
Let a < b and choose an increasing sequence {¢; };eny with ¢; = a, ¢; < b and 'lirn c; = b.
Then (a,b) = U;25(ci—1, ¢;] and since they are disjoint p((a,b)) = -2, ,u((czz,(:cz]) so
any countable sum of open intervals is a countable sum of half-open intervals. Thus by
properties of infinum: p(E) < v(E).

e u(E)>v(E):
Let ¢ > 0 and E C |J;2,(a;,b;] be such that > 72, u((ai, b)) < p(E) + . By right
continuity there exist b, > b; such that F(b)) < F(b;) +¢/2". Notice that

U(ai b € (J(as, ).
=1 =1

And so v(E) < Y 2, F(b)) — F(a;) < Y2 (F(b;) — F(ai)) +& < u(E) + 2e.
(i) Call the R.H.S. 7.

o u(E) <p(E):
For any O with E C O, we have u(F) < u(O) and the claim follows by taking the
infinum over all such O
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o u(E)>1v(E):
Let € > 0. By (i) there is a cover of open intervals E C |J;2, (a;, b;) with

ZH((% bi)) < p(E) +e.
i—1

Now since the countable union of open sets is open: 7(E) < p (U2, (as, b)) < p(E) +e.
And since € > 0 was arbitrary we obtain 7(E) < u(E).

(iii) Since for any K C E we have u(K) < p(FE), taking the supremum over all such K yields
w(E) > sup{u(K): K C E, K is compact}.
For the other inequality we split into two cases.

e If F is bounded, then E C [—n,n] for some n € N. Then let ¢ > 0 and by (ii) we can
choose an open set O such that O D [-n,n] \ E and p(O) < p([—n,n] \ E) + €. Define
K =[-n,n]\ O = [-n,n] N O° Note that K is closed as the intersection of two closed
sets and is bounded, so K is compact. Finally:

p(K) = p([-n,n]) — p(0) = p([-n,n]) — p([-n,n] \ E) — e = p(E) —e.

Since £ > 0 was arbitrary we conclude that u(E) = sup{u(K) : K C E, K is compact}.

e If F is unbounded, then define E,, = E N [—n,n]. E, is bounded and so by the above
there exists compact K,, C E, C E such that

1

n

So by the squeeze theorem: lim u(K,) = p(F). In particular for any € > 0 there is an
n—oo

no € N such that pu(F) — u(Ky,) < e. In particular u(K,,) > u(E) —e. Since € > 0 was
arbitrary we conclude the desired result.

Corollary 1.27. Let E C R. The following are equivalent
(i) EcC M,
(i) £ =V \ N where V is G5 set and p*(N) =0

(iii) £ = H U N where H is a countable union of compact sets and p*(N) = 0

Proof.
o (i)« (ii):

If V is Gs set, then it is Borel and hence measurable. Moreover p*(N) = 0 implies that N is
pr-measurable. So E =V \N=ENN¢e M,.

Conversely, by the previous theorem for any £ € Z and j € N there exists an open set Oj
such that EN[k,k+1] C Ojx and u(0; 1) < pu(E N [k, k + 1]) + 1/27+# Noting that O, =
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(0 \(EN[k, k+1]))U(EN[k, k+1]) we can conclude that (O, x \ (EN[k, k+1])) < 1/27Fkl,
Then V = ;2 (Upez Ojk) is a Gs set such that £ C V (since Uy, Oj is open and covers
E for any j). Then let N =V \ E. Notice that

pr(N) <t (UOJ‘J@)\ L SZ“(OJ”C\(E“U‘:”“HD)Szﬁ:%'

keZ Usez(BEN[kk+1]) kez kez

(Note that » .., 271 = 14237, 27F = 1 +2 = 3). And since the above holds for any
j € N, we have that p*(N) = 0. Finally this implies that pu(N) = 0.

o (i) < (iii)
Suppose that E = H U N where H is a countable union of compact sets and p*(N) = 0.
Since compact sets are closed we know they are Borel and hence p*-measurable. Furthermore

w*(N) = 0 implies that N is p*-measurable. Thus E is a countable union of p*-measurable
sets and is hence p*-measurable.

Conversely, suppose that E is p*-measurable. Then Ey = EN [k, k+ 1] is p*-measurable and
by (i) there exists compact K such that K C Ey and p*(Kjx) > p*(Eg) —1/27+*. Then
since we can write Ej = (Ej \ K1) U K we have that

W (Er) > 0 (Bp \ Kjp) + p*(Kjg) = w5 (B \ Kjp) + p*(By) — 1/27TH,
In particular 4
1 (B \ Kjp) < 172001k

Then H = J;2, (Ugez K k) is a countable union of compact sets and H C E. Let N = E\ H.
Then

e[ (y) (0w [(0)- (Rl

_— ﬂ(UEk\ Kj,k> < ﬂ (Ex \ Kjk)

|j=1 \keZ kezZ

Where this last inequality follows from (J Ax \ U Br C U(Ax \ Bx) and the monotonicity of
outer measure.

Continuing we obtain:

W) < it (U By, \ Kmk) < EN ) < Y g =

keZ keZ keZ

Since this holds for all j € N we conclude that pu*(N) = 0 and therefore that u(N) = 0
completing the proof.
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1.5 The Cantor Set and the Cantor Function

Represent x € [0,1] by a ternary expansion z = > ° 2,3~ " with z,, € {0,1,2}. To make this
unique we avoid terminal 1’s and keep terminal 2’s. For example 1/3 = 0.022... rather than
0.1 and 2/3 = 0.2 rather than 0.122.... Or recursively: let xyp = 0; and given xo,...,z, let
en =12 — > j_o2;377 and
0 0<eg, <1/37H
Tpp1 =<1 1/3" <¢g, <2/37F1,
2 2/3"tl <g, <1/3"

Definition 1.28. The Cantor set C'is C = {z € [0,1] : ,, # 1 for all n € N}.

12 12 7 8
In oth d =[0,1 -, = -, = -, =
n other words C' = [0, ]\<3,3>\<<9,9>U<979>)\
Note 1.29.
e (' is compact since it is the closed subset of a compact set

e C has empty interior, hence it is nowhere dense

C' is totally disconnected: if o < /3 in C' were connected then («, 8) C C contradicting above

e (C is uncountable (ternary expansion minus 1’s)

e m(C) = 0. Indeed m(C) = m([0, 1) —m((1/3,2/3)) =+ =1-3  —oo o =121
n=0

— 3n+1 31—

Note 1.30. Since m(C) = 0 and m is complete, we have that P(C) C L. In particular, since
card(C') = card(R), card(£) > card(P(R)) > card(R). And since card(B(R)) = card(R) we
conclude that B(R) is a strict subset of L.

Definition 1.31. The Cantor function:

o0 —
f:x:ZmnB*”H Ln 327" ved .
o Zﬁfzo 2+ oy € Coanyr =12, €{0,2} for n <N

For elements in the Cantor set f maps to the corresponding binary representation, for elements
not in the Cantor set f is piecewise constant. This function is

e non-decreasing
e continuous [f is onto [0, 1] but monotone functions can only have jump discontinuities]

e and constant almost everywhere [only increasing on C' which has measure 0]
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8/8

7/8

6/8

5/8

4/8

3/8

2/8

1/8

179  2/9 379 4/9 5/9 6/9 7/9 8/9 9/9

Proposition 1.32. Now we construct Vitali set. Define an equivalence relation on [0,1) by x ~ y
if and only if x —y € Q. Now [0, 1) is the disjoint union of equivalence classes [z]. Using the axiom
of choice pick an element from each class to generate a set N. Then N is not measurable.

Proof. For any r € QN [0,1), let N, = N +r and then let N, = (N, N[0,1)) U (N, N[1,2) — 1).
That is, shift N by any rational, and move whatever sticks off the end to front. Then

e N, CI0,1)

e N,NNg =0 if r #s. Indeed if y € N, N Ny, then y = 2 +r and y = 2/ + s. Namely
x—x2'=r+s€Q. Sox ~a'. But since r # s we have x # 2/. In particular N contains two
different members of the same class, a contradiction.

e Assuming N is Lebesgue measurable:

m(N,) = m(N,N[0,1))+m(N,N[1,2)—1) = m(N,N[0, 1)) +m(N,N[1,2)) = m(N,) = m(N)

e [0,1) C UreQm[o 1) Nr. Indeed if y € [0, 1) then there is « € N such that z ~y. Thusy = z+r
for some r € QN (—1,1). If » € [0,1) then y € N, otherwise y = (z+7r+1) —1 € N,41.

Finally we can write

L=m((0,1) = Y m(N,) = 3" m(NV),

Either m(N) = 0 or m(N) > 0 but both lead to a contradiction. O

Note 1.33. One may compute the outer measure of the Vitali set m*(N) > 0:
L= m*(0,1)) < 3 m (V) = 3 mr(v).

Noting that outer measures are only guaranteed to be subadditive even for disjoint sets.
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2 Integration

We wish to define ff f(x)du(z).

In the classical Riemann setting we slice the horizontal axis into finer and finer pieces. And then

b b
/af(w)deJgrolo 2

—a

For the Lebesgue integral we will slice the vertical axis instead. And then

[ st = g 32 (50 (2252 ) nfe)

- /_ y = f(x)

But in order to make sense of this, these pre-images must be measurable.
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2.1 Measurable Functions

Definition 2.1. Let (X, Mx) and (Y, My) be measurable spaces. A function f: X — Y is said
to be (M, My )-measurable if f~1(E) € M, for all E € My.

o We say that f: X — R is M x-measurable if f is (Mx, B(R))-measurable
e A function f: R — R is called:

(1) Borel-measurable if it is (B(R), B(R))-measurable
(2) Lebesgue-measurable if it is (£, B(R))-measurable

e This can be extended to functions f : X — R where R = RU {—o00, +00} and
BR)={ECR:ENRec BR)}
Lemma 2.2. Let f: X — Y. Then
() {f7H(A): Ae My} CP(X)and {A: f71(A) € Mx} C P(Y) are o-algebras

(i) If My is generated by &, then f is (Mx, My )-measurable if and only if f~1(E) € M, for
all B € &.

Proof.

(i) If A € f~1(My), then there exist N € My such that A= f~'(N). Then A¢ = f~1(N¢) so
A¢ € f~Y(My) since N¢ € My (as My is a o-algebra). Similarly for a sequence {4, }nen
in f~1(My) there is { N, }nen in My such that 4, = f~1(N,), and so

UJAan=r" (U Nn> € fH (My).

n=1 n=1

Now let M ={ACY:f YA € Mx} CP(Y). Let A€ M, we have that f~1(A4) € Mx.
Thus f~1(A°) = (f71(A4))¢ € Mx since Mx is a o-algebra. Thus A¢ € M. Similarly for a
sequence {A,}nen in M we have that f~1(A,) € Mx and so

7 (U An) = J 40 e Mx.
n=1 n=1

Thus U, A, € M.

(ii) If f is (Mx, My ) measurable, then £ C My and there is nothing to prove. Conversely, if
YU E)eMx foral E€ Ethen M ={ACY :f1(A) € Mx} is a o-algebra that contains
E. Since My is the smallest o-algebra containing £, we conclude that My C M and so in
particular f~1(A) € My for all A € My (that is f is (Mx, My )-measurable).

O]

Note 2.3. The o-algebra M := f~!1(My) is the smallest o-algebra on X such that f is (M, My )-
measurable. If M’ is another such o-algebra then for each A € My, f~1(A) € M’. Namely
M C M. M is called the o-algebra generated by f.
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Corollary 2.4. If X, Y are topological spaces and f : X — Y is continuous. Then f is (B(X), B(Y))-
measurable.

Proof. If A CY is open then by continuity of f sois f~!(A) C X open. Since the open sets in Y’
generate B(Y'), and the open sets in X are measurable; we conclude by Lemma 2.2 (ii). O

Corollary 2.5. Let (X, Mx) be a measurable space. Then f: X — R is M y-measurable if and
only if
(i) f~Y((a,0)) € Mx for alla € R
ii) f~([a,0)) € Mx for all a € R
(iii) f~'((—o0,a]) € Mx for all a € R

iv) f7(

Y((—=o0,a)) € Mx for all a € R

Proof. By Lemma 2.1 (ii) and the fact that these intervals generate B(R). O

Example 2.6.

e if f: R — R is continuous, then it is Borel measurable
e if f: R — R is monotone, then it is Borel measurable

o If (X, M) is a measurable space, E € M, then the characteristic function X is M-
X if{0,1} Cc A}

E ifleA 0¢gA

E¢ if0eA 1¢A

0 otherwise

measurable. Indeed XEI (A) =

And if E is not measurable then X is not M-measurable since Y ' ((1/2,00)) = E ¢ M.

Theorem 2.7. Let (X, M) be a measurable space, f,g : X — R be M-measurable, and ¢ € R.

Then:
(i) f+ cand cf are M-measurable
(ii) f + g is M-measurable
(iii) fg is M-measurable
)
)

(iv) max{f, ¢} and min{f, g} are M-measurable

(v) If {fn}nen is a sequence of M-measurable functions, then h is M-measurable where:

h(z) = sup, fa(z)
(z) = inf,, fp(z)
e h(x) = liminf, f,(z)
h(z) = lim sup,, fn(x)
if it exists: h(x) = lim, 00 fr(2)

h(x
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(vi) if A : R — R is Borel measurable, then hog: X — R is M-measurable

Proof.
(i) (f+e) " ((a,00)) = [ ((a—c,00)) € M. If ¢ > 0 then (cf)~"((a,00)) = f~((a/c,0)) € M
and if ¢ < 0 then (cf)™1((a,0)) = f~1((~o00,a/c)) € M.

(i) (f+9) 1(( )) ={reX: f2)+9(x)>a} = Ueofr € X: flx) >r>a—-yg@)} =
7"6@ [f 1 ﬂg 1((&—1",00))].

(iii) f(x)g(z) = i( f(z) + g(z))? — 1(f(z) — g(z))? so it suffices to check that f? is measurable.

(=00, =va) U fH(Va,0)) a=0

/ e M.
X a<0

(f) ™ ((a,00)) = {

(iv) max{f,g}"!((a,00)) = f~((a,00)) Ug~((a,00)) € M and min{f, g} = — max{—f, —g}.

(v) (sup,, fn) ' ((a,00)) = U2y fr ' ((a,00)) € M
inf, f, = —sup,,(—fn)

liminf,, f,, = sup,, inf;,>n fin

limsup,, fn = inf, sup,,>, fm

If limy, o0 fr exists, then it is equal to limsup,, f,

(vi) (hog)~*((a,00)) = {z € X : hog(z) > a} = {z € X : g(z) € h™((a,00))} = g~ ' (h~((a, 00)))
which is in M.

Definition 2.8. Let (X, M, u) be a measure space, and f, g, { fn}nen : X — R then we say
(i) f =g a.e. (“almost everywhere”) if there is a null set £ € M such that f(z) = g(z) Yz € E¢

(ii) f =lim, o0 [ a.e. of there is E € M, u(E) = 0 such that lim,,_, fn(z) = f(z) Vo € E°.
Lemma 2.9. Let (X, M, 1) be a complete measure space.

(i) If f is measurable and g = f a.e., then g is measurable

(ii) If {fn}nen are measurable for all n € N and f = lim,,—,o fy a.e. then f is measurable

Note 2.10. The completeness assumption in the above lemma is necessary. Let (X, M, u) be a
measure space which is not complete. Pick a null set N € M and a subset Z C N such that
1 zeX\Z
0 z€Z

since f(z) = g(x) for all x € X \ N, but g is not measurable since Z = g~*((—00,1/2)) ¢ M.

Z g M. Let f(x)=1for all z € X and g(x) = . Then f is measurable, f = g a.e.
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2.2 Integration

Definition 2.11. Let (X, M, 1) be a measure space, and let E € M. Let

LT(X,M)={f:X —[0,00] : f is measurable}.

(i) For f e LT (X, M):

/ fdp = sup Z aip(E;NE) : ZaiXEi(:c) < f(z)forallz € X,0<a; < o0, E; € M,neN
E <i<n i=1

b
(ii) L'(E, X, M,p) = {f : X = R, such that f is M-measurable and [ |f|dp < oo}

(iii) For f € LY (E, X, M, p1):

/Efd,u:/Emax{f,O}du—/Emax{—f,O}d,u.
Note 2.12.

(i) The explicit a; # 0 makes it clear that if f is identically zero on E’ C X, then E’ contributes
zero to the integral even if u(E') = co

(ii) Concretely, a useful picture to have in mind is to let @ = inf{f(x) : x € E} and a; = a + %;
Ei=f""([a+ 5t a+ %]) for i € N and then let N — oo

(iii) Since |f| = max{f, —f} it is measurable. The same holds for max{f,0} and max{—f,0}

Yy
- aip(E; N E)
—
I e S f('r)
: l \_\_’
| 1 s(2) = L aix,
Qjdr == === = e m— = = - ‘ / 77777 \ 77777777777777777777777
. .z

Ei EL

Theorem 2.13. Let (X, M, 1) be a measure space and let £ € M.
(i) If either a; > and E; € M, or a; € R and u(E; N E) < oo, then

/E (ZaiXEi) dp = Z aip(E; N E).
i=1

1<i<n
a; #0

Nathan Cantafio 22 Real Analysis I



(ii) If f,g € L*(E, X, M, ), then f +g € L'(E, X, M, 1) and

/E(f+g)du—/Efdu+[Egdu-

(iii) If f € LY(E, X, M, ) and X € R, then A\f € LY(E, X, M, u1) and

/E)\fdu—)\/Efdu.

(iv) If f € LY (E, X, M, ), then fXy € L'(X, X, M, ) and

J x| fan.

Proof.

(i) e Case 1: a; > 0 for 1 < i < n. By definition

/ (ZaiXEi> dp = sup Z biju(F;NE) Zb XF, <ZaZXE
E\i=1 1?;0771

So we immediately have that

/ (ZaZXE)d,u,> Z a;iu(E; N E).
E 1<i<n
a; 70

It suffices to show
ZbJXF < Zasz = > bu(FyNE)< Y ap(EinE).
j=1 1<5<m 1<i<n
b; #0 a;7#0
Given G, ..., G) there exists pairwise disjoint Hi, ..., H, such that
U H.
1<j<q
H;CGy
Moreover
p q
chXGk = Z kXm, = ZdeHj’ where d; = Z Cp.
k=1 3k j=1 k
HJ‘CGk HjCGk

And similarly

p q
Z ck,u(Gk N E) = Zde(Hj N E)
k=1 j=1
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So we can assume that E; = F; and that these sets are pairwise disjoint by taking the G}’s
above to be the whole family of E;’s and Fj’s. Finally if ), biXp. () < >, aiX g, (),
then b; < a; by taking x € F;. And so finally

e Case 2: a; € R and u(E; N E) < co. Without loss of generality we can assume that the
E;’s are disjoint. Then for f =}, a;X g, we have

[ flau= [ S laxpdu= Y ladu(B 0 B) < .

Thus f € L'(E, X, M, it). Furthermore:

/Efduz/,;; > aiXgdu— D (_ai)XEidM:ZaiM(EiﬂE)~

1<i<n 1<i<n
a; >0 a; <0

(ii) A\ patience

(iii) e Casel: A>0and f>0.

/E()\f)d,u = sup{Zai,u(Ei NE): Zaiin < )\f}

7

= sup {Z Naip(Bi N E) 1Y AaiX g, < )\f}
= Asup {Z&iM(Ez‘ NE): ZdiXEi < f}

(2 3

ZA/Efdu

e Case 2: general signs A # 0. We have |\f| = |\||f], so if f € L' then by the above case
[ s =N [ 1fid < o,
E E
and therefore \f € L' also. Now
[ = [ max{Alsen07, 0}~ [ max{=1 sen(0)f, 0}
= | [ max{sgn(n)£.0dge ~ | [ max{— sgn(3)5. O}
E E
= /\/ max{ f,0}du — )\/ max{—f,0}du
E E

Z/\/Efdﬂ
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(iv) We claim that S; = Sy where S and Sy are defined below as

S1 = {ZCMN(EZ‘ NE): ZaiXEi < f} and Sy = {Zaiu(Ei) : ZaiXEi < fXE}.

If Y2, aiXg,(z) < f(x)Xg(x), then either E; C E or a; = 0. Therefore
So=1{ > ai(EiNE): Y aiXg < fXp
a;#0 7
and so S2 C Si. On the other hand, pick any »_, a;u(E; N E) € S1, then > aiXp < f.

Multiplying by X p yields >, a; X pe < IXE And so by the same observation as before:
S ain(Bi N E) € So. Thus

/fXEd,u:supSg:supSl:/fd,u.
X E

O

Theorem 2.14. Let (X, M, u) be a measure space, £ € M, f,g,h : X — R measurable, and
fr9€ LNE, X, M, p).

(i) If |h| < f on E, then h € L'(E, X, M, 11) and /Ehdu < /Efd,u.

/Efdu‘ S/Elfldu-

(iii) If f < g, then/ fdu < / gdp.
E E

(i)

(iv) If h is bounded and u(E) < oo, then h € L*(E, X, M, u) and

/ hdu] < u(E) sup ().
E el

Proof.
(i) We write

[ = [ pilxgan
E X

= sup {/X @dp : p simple, p < !h\XE}

< sup {/ @dp : o simple, o < fXE}
X
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(ii) Apply (i) with A +— max{£f,0} and f — |f| = max{f,0} + max{—f,0}. Then we have
‘/E fdu‘ = ‘/Emax{f, 0}du — /Emax{—f,O}d,u'
< max{/ max{f,O}d,u,/ max{—f, O}d,u}

/ max{ f,0} + max{—f,0}du

/ | fldp

iii using Theorem 2.13 (ii). If f < g, then g — f > 0, therefore
A

/Egdu—/Efdu:/(g—f)duzo.

(iv) Let f = (supep |h(x)]) X - Then f is simple so [, fdu = (sup,ep |h(2)]) p(E), so f € L.
Furthermore, |h| < f, so by (i) h € L' and by (ii)

’/Ehdu’ </E|h!du</Efd/A= (221};11(35)]) u(E).

O

Note 2.15. Theorem 2.13 (ii) and Theorem 2.14 (iii) are not yet proved. However if 0 < f < g:

/fdu=sup{/ wdurcpsimple,soéf}
E E
Ssup{/ sodu:sosimplemﬁg}:/gdu
E E

2.3 Limit Theorems

Lemma 2.16. (Fatou’s Lemma) Let (X, M, u) be a measure space and F € M. Let f, : X —
[0, 00] be measurable for all n € N. Then

/ liminf f,du < hmlnf/ fndt.
E

n—oo
Note 2.17.
(i) For g : X — [0,00], ¢ is measurable if and only if g_l((a oo]) € M for all a € R since
(a,00] generates B(R). Indeed (a,b] = (a,00] N (b, 00]¢, {c0} = Npen(n, 00] and {—oo} =

(UnEN(_n7 OODC

(ii) As an example, let

fn(ﬂv)—{l if|x]>n'

0 if x| <n
Then limy, 00 frn(x) = 0 but lim,,_ fR fn(x)dx = 0o which shows strict inequality is possible.

(iii) The definition of the Lebesgue Integral is the same so liminf,, f,, exists and is measurable.
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Proof. We must show that

= ZaiXEl(;r) <liminf f,(z) = / edp < lim inf/ fndp.
1 o n—oo B n—oo E

o If fE @dp = 0o, then there is an 4 such that a; > 0 and p(E; N E) = co. Thus for z € E;NE,

liminf f,(z) > a;.

n—o0

In particular for all € > 0 there exists n such that fi(x) > a; — € for all k¥ > n, and by taking
€ = a;/2 there exists some n such that if £ > n, then fi(x) > a;/2. Let

Ag={zeB: i) =

% forallk:>n} anfk—l([C;Z’oo]) NEe M.

Then A, C Ay, E;NE C U, An, and fE fndu > fE %XAnd,u for all n € N. Hence (by
continuity from below):

n—0o0

liminf/ fd,uZliminf% = —u <UA ) > ,u (E;NE)=
B n—oo 2

o If [, pdu < o0, let e >0 and ¢ = 1 — e. Furthermore, define:
A={x € E: ¢(x) >0} and A, ={x € A: fr(z) > cp(x) for all k > n}.

Then A, C Apt1, A = U, An C E, and p(A) < oco. By continuity from below p(A) =
lim,, 4(A,,), and since u(A) = u(Ay) + u(A\ A,) there is N € N such that u(A\ 4,) < ¢ for

all n > N. Hence
[ = [ fudu
E A,

> / cpdp
An

/cgodu—cZazuE N(A\ A4,))

<e 1f n>N

> godu—s/ odu —ecy a;
Jygine foeed

liminf/fnduZ/gpd,u—e /godu+c a; | .

2

This implies that

And since this holds for all € > 0 we have

liminf/ fndMZ/godu:/ wdp.

O
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Lemma 2.18. Let (X, M, u) be a measure space and E € M. Let f, : X — [0, 00] be measurable
for all n € N and let
f(z) = liminf f, a.e. on E.

n—oo

Assume that f is measurable (this is automatic if y is complete). Then

/fd,ugliminf/ fndpt.
E n—oo E

Proof. Let @ € M be the null set such that f(x) = liminf, . fu(x) for all z € Q°. Let g = fXqe
and gn, = fuXqe for all n € N. Then [, fdu = [, gdu since f = g a.e. and the same is true for all
fn and g, the proof of this is an exercise. The claim now follows from Fatou’s Lemma. O

Theorem 2.19. (Monotone Convergence) Let (X, M, 1) be a measure space and £ € M. Let
fn € LT(X,M) for all n € Nand f: X — (0,00) be such that f(z) = lim,, f,(z) a.e. on F and
fu(x) < f(x) a.e. on E for all n € N. If f is measurable, then

fdp = lim fndpu.
/EY n—oo E
Note that the assumptions are satisfied if f,11 < f, for all n € N and f = lim, f,.

Proof. Since 0 < f,, < f a.e. we have

[ < [ s
E E
And so by Fatou’s Lemma:

/fd,ug liminf/ frndp < limsup/fndu < / fdu.
E m E n E

So all inequalities are equalities and in particular the limit of the integral exists and equals | g fdu.
O

Note 2.20. We are now ready to prove Theorem 2.13 (ii). Namely if f,g € L'(E, X, M, 11), then

f QEL (E,—X,M,/L) and

e Case: f, g non-negative, simple, measurable. Let
f=> aXg and  g=3 biXp
i i

Without loss of generality we can assume FE; = F; and that they are pairwise disjoint. The
claim then follows immediately from writing f 4 g as a simple function and using

/E (Z aiXEi> dp = Zam(Ei NE).
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o Case: f,g € L*. Let I;;, = [5&, 5) then define

qn

{ n
fulz) =" o X511 T2 X 1({oc}y

=0

and similarly for g. Then {f,} and {g,} are non-negative, simple, and measurable. Further-
more 0 < f, < f(z) and f(x) = limp—o0 frn(x). Thus by Monotone Convergence:

/E(f+g)du=nlgrolo/E(fnngn)du:nlggo UE fndﬂ+/EgndH:| :/EfdM-F/Egd,u.

e Case: f,g € L' with f 4+ ¢ >0 and f > 0. By the above:

/|f|+lg|du=/ If!du+/ lgldp < oo,
E E E

hence |f|+ |g| € L'. Furthermore |f + g| < |f| + |g| so f + g € L. Define g* = max{g,0}
and g~ = max{—g,0} so that g = gt —g~. Then

gtdu+ | fdu= | (¢"+ NHdu= [ [(f+9" =g )+9 ldu= | (f+9)du+ | g dpu.
Joorao [, J, /. J,

And so
/E(f+9)dM=/Efd#+(/Eg+du/Eg‘dﬂ> Z/Efdu+/Eng,

where the last inequality is the definition of [, gdpu.

e General case: f,g € L' = f+ g€ L' as before. Thus using the fact that |a| + a > 0:

/E<m + \gl)du+/E(f+9)du - /E(Ifl T lgl+ £+ g)dp = /E(Ifl g +f)du+/Egdu

= [asi+labdn+ [ san-+ [ i

Theorem 2.21. (Dominated Convergence Theorem) Let (X, M, u) be a measure space, E € M,
and f,g: X — R be measurable. Furthermore let {f,},en be a sequence of measurable functions
and g € L'(E, X, M, 11). Suppose f(x) = lim, f,(z) a.e. on E and that |f,(z)| < g(z) a.e. on E
for all n € N. Then f € L'(E, X, M, i) and

/E fdy = lim [E jm

Note 2.22. The uniform boundedness is necessary. For example let

fn<m>={1/” <%,

0 0.W.

Then f(z) = lim, fu(z) =0 a.e. and yet [, fn(2)dp =1 for all n € N.

Nathan Cantafio 29 Real Analysis I



Proof. By Fatou’s Lemma

/ gdu + / fp = / (g + f)dp < liminf / (g4 fu)dp = / gdp + limin / Fudis,
E E E n E E n E

and therefore
/ fdp <lim inf/ fndp.
E n E

Repeat the above with g — f to obtain

—/ fdu < —limsup/fndu.
E n

Altogether we have:

/fd,u < liminf/fnd,u < limsup/ fndu < / fdu.
E n n E E

Hence all inequalities are equalities so the limit exists and is equal to [ g fdp. ]

2.4 Riemann Integrals

We will now establish a relationship between the Lebesgue and Riemann integral.

Definition 2.23. Let —oo < a < b < oo and let f : [a,b] — R be bounded. Then
(i) The upper Riemann integral of f is
— .
/ f(x)dx = inf Z(t’ —ti—1) sup f(r):meNa=ty<ti<---<t,=>b
a 1

i— ti—1<z<t;

(ii) The lower Riemann integral of f is

b n
/af(:v)dx = sup {z;(tl - ti,l)ti7112£§tif(x) meNa=tg<t; <---<t,= b}

(iii) The function f is Riemann integrable if

/abf(iv)dl:/abf(x)dﬂf,

b
and in this case we denote the common value % f(x)dz.
a

Note 2.24. If f is not bounded it cannot be Riemann integrable. For example if f is not bounded
above then . (t; — t;—1) sup f(z) = oo for every partition.

Theorem 2.25. Let —oo < a < b < oo and let f : [a,b] — R be bounded.
(i) If f is Riemann integrable, then f € L!([a,b],R, £, m) and

f{b f(z)dx = f(z)dm.
a [a,b]
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(ii) f is Riemann integrable if and only if {x € [a,b] : f is not continuous at =} has Lebesgue
measure zero.

Proof. We prove (i) and provide a sketch of the proof for (ii). First some notation:
* P={a=ty <ty <---<t, =0}
* M; =sup{f(x):tio1 <z <t}
* m; = inf{f(x) : t;-1 <z <t}
* Sp=,;(ti — ti1)M;; and Sp = Y, (8 — tic1)my

* gip = Zz MiX[ti_l,ti]; and 97]13’ = Zz miX[ti_hti]

We have that gp > f > gp and

/ grdm = Sp; / gpdm = Sp.
[a,b] [a,b]

Also if P is a refinement of P (namely P C P’), then

Sp < Sp < Spr < Sp; and  gp < gp < gp < Gp-

Now since f is Riemann integrable we have

inf Sp = sup Sp.
P oI —

By definition of infimum there is a sequence of partitions there is a {Qy, }nen such that
- T
Jim. So, in Sp /a f(z)dx,

and similarly there is a sequence {Q), },,en such that

n—o0

b
lim Sq/ :i%fSp:/ f(z)dz.

Now let
P,=(QUQU - -UQ,)U(QjuU---uQ.,).
Then P, C P,4+1 and

b
lim gp,dm = li_)m Spn:/ f(x)dx,

n—oo [a,b]

since T: f(z)dz < Sp, < Sg, — Tab f(z)dx. A similar argument shows that

b
lim gpndm:/f(x)dx.

n—o0 [a,b] —
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Now {gp, }nen is an increasing sequence of functions bounded above by f. so they converge point-
wise to some limit g and g < f. Similarly gp, — g pointwise with g > f. Notice that g is bounded

and hence integrable on [a,b]. Thus by the Dominated Convergence Theorem we have

b
/ gdm = lim gp,dm = / f(z)dz,
[a,b] B oo l[ab] Ja

/{a,b] Gdm = /abf(x)da:.

Since f is Riemann integrable we have

and similarly

/ (? - Q)dm = Oa
[a,b]

and since g — g > 0 we have g = g a.e.. Moreover, g > f > gso f =g = g a.e. and hence f is
L-measurable because (R, £, m) is complete, and so finally

" fdm = /[a,b} gdm = /abf(a:)d:c = j‘;b F(x)dz.

As a sketch of (ii) define the functions

H(z)=1lm sup f(y) and h(z) =lim inf f(y).
6—0 lz—y|<6 0—0 |z—y|<d

It is a standard exercise in Analysis to show that f is continuous if and only if H(xz) = h(x).
Furthermore one can show that H =g and h = g. With these two facts we have

b b
/ Hdm :/ f(x)dx and / hdm :/ f(x)dx,
[a,0] a [a.b] Ja_

hence f is Riemann integrable if and only if H = h a.e. if and only if f is continuous a.e.. O

2.5 Complex valued functions

Definition 2.26. Let (X, M, u) be a measure space. A function f : X — C is measurable if
Re(f),Im(f) : X — R are measurable. A measurable f : X — C is integrable on £ € M if
|f| € LY(E, X, M, p), namely [, |f|dp < oco. We define [, fdu = [, Re(f)dp+i [ Im(f)dpu.

Note 2.27. Since |f| < |[Re(f)| + [Im(f)| < 2|f], we get that f is integrable if and only if Re(f)
and Im(f) are integrable in the real sense.

Note 2.28. The space L' (X;C) is a complex-valued vector space and the map from L' — C given
by fr [ « Jdp is linear. Moreover

o [ |fldu>0forall feL
b fX Afldp = |)‘|fx|f|dﬂ
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o [ If +gldu < [ |f1+|gldpn = [ |fldp+ [y gldp

However, [|f|du =0 if and only if f = 0 a.e., so f — [y |f|dp almost satisfies the requirements
to be a norm, but not quite. Because of this we’ll redefine L' as

LY(X;C) = {equivalence classes of almost-everywhere defined integrable functions on X},
where f ~ g if f =g a.e. on X.

Fact: L'(X;C) is a complete (in the sense that Cauchy sequences converge) normed vector space.

2.6 Modes of Convergence

Definition 2.29. Let {f,},en be a sequence of complex valued functions on X. Then

e f, — f pointwise if lim,, oo fn(z) = f(x) for all z € X

e f, — f uniformly if lim,_,o sup{|fn(z) — f(2)|:x € X} =0
If (X, M, p) is a measure space
o fn— fae on X if p({o € X : limy_yoo fn(x) # f(x)}) =0

o frn— fin LY if limy oo [y [ fn — fldu =0

e [, — f in measure if lim, oo pp ({z € X : |fr(z) — f(z)] > €}) =0 foralle >0
Also for p > 1 we say f, — f in LP if limp oo [ | fn — fIPdp =0
Note 2.30. We already know that

uniform = point-wise = almost everywhere.

Moreover the converse implications are false. For example X0,1/n) — 0 point-wise but not uni-
formly, and X{o1/n) — 0 a.e. but not point-wise.

Proposition 2.31. If f, — f in L', then f, — f in measure. But the converse is false.

Proof. Let € >0, and let E,, . = {z € X : |fp(x) — f(x)| > ¢}. Then

/ o — fldu > / Fo— fldu > en(Ens).
X En,g

Therefore 1
_>
P(Ene) < / | fr = fldp == 0,
€ Jx
and so f,, — f in measure.
For a counter example to the converse, notice that X (0,1/n) 0 in measure but not in L. ]

Proposition 2.32. If f,, — f uniformly, then f,, — f in measure. But the converse is false.
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Proof. Let € > 0. By uniform convergence there is N € N such that for n > N:
{r e X :|folx)— f(z)>e} =10 in particular p ({x € X : |fno(z) — f(z) > €}) = 0.
For a counter example to the converse, notice that X,y — 0 in measure but not uniformly. [

Proposition 2.33.
(i) If f, — f uniformly and u(X) < oo, then f, — f in L!

(ii) If f, — f a.e. on X and |f,| < g with g € L', then f,, — f in L'

Proof.
(i) /X [ — Fldi < (XY sup{fula) — f(@)] s 2 € X} 50

—0 by uniform conv.

(ii) For all n € N, let hy, = f, — f. Then h,, — 0 a.e. and |h,| < 2g for all n € N with 2¢g € L.

So by the D.C.T. we have
nh_}ngo/X | |dpe = 0.

O]

Note 2.34. In (i) p4(X) < oo is needed since for example 1/n)X ) — 0 uniformly but not in L.
Also note the reverse of (ii) does not hold. As a counter-example take fn = X{;/on (j11)/2n) for

n=2"47,5=0,...,25 on [0,1]. Then fi = X{o1)» f2 = Xjo.1/2 f3 = X1 /21> f1 = Xo,1/4) and
so on. Then for any z € [0, 1] we have
H{n e N: fp(x) =1} = o0 and {n e N: fp(x) =0} = 0.
So fn(r) does not converge. However f, — 0 in L.
Theorem 2.35.
(i) If f,, = f in measure, then there is a subsequence { fy, }ren such that f,, — f a.e.

(ii) If f, — f in L', then there is a subsequence f,, — f a.e.

Proof. Let € > 0, then by convergence in measure we have for all n € N, there is k, € N such that
1
w{zxeX: |fk(x)—f(33)]21/2"})<2—n for all k > k,.

Let
Ap={z € X :|fr,(x) = f(¥)| >21/2"}  and  Ep= ] 4n
n>m
Then u(E,,) < anm w(Ay) < 27%1 Let x € X \ Ey,. Then z ¢ A, for any n > m, namely
| fi, () — f(z)] < 1/2™ for all n > m. Hence for all m € N, the subsequence {fi, }nen converges
pointwise to f. Now u(F1) <1< ooand E1 D Fy D -+, so

oo
(80 = iy st =0
m=

In particular E = (,-_; Ep, is a null set and f;, converges pointwise on |J,,(X \ En) = X \ E.
Moreover, (ii) follows from Proposition 2.31. O
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Theorem 2.36. (Egorov) Let (X, M, p) with pu(X) < oo and let f,, f : X — R be measurable
with f,, — f a.e. Then for any ¢ > 0 there is £ € M with u(FE) < e such that f, — f uniformly
on X \ E. We say that f,, — f almost uniformly.

Proof. Let € > 0. For any n,m € N, let

Enm:

)

IC

{oexiip@ - @12 5

J

Then E, . € M, Ep o O Epmy1, and p(Ey 1) < p(X) < oo. Hence

If € N, Enm, then {f;(z)};en does not converge to f(z), so by a.e. convergence we have

7 (ﬂ Emn) =0 for all n € N.

In particular, for any n € N there exists N (n) such that p(E, ) < /2" for all m > N(n). Defining
E=Un21 By Ny € M we have

00 9 c
< Z M(En < Z 27
n=1 n=1

Now

-N N {-’L‘GX:fj(w)—f(w)l<21n},

n=1;>N(n)

so € E¢ implies that for all n € N and all j > N(n) we have

1
()~ F(@)] < o
Namely f; — f uniformly on E€ with p(E) < oco. O

Note 2.37. The assumption u(X) < oo is necessary. Consider Xinn +l%—> 0 pointwise in R, but if

Xnnt1] uniformly on E° then E° must be bounded above and so u(E) = oc.

Proposition 2.38. Let u(X) < co. If f, — f a.e., then f,, — f in measure.

Proof. By Egorov’s Theorem, for all € > 0, there is F € M with u(F) < ¢ and such that there is
N € N with
sup{|fn(z) — f(x)|:x € E°} <¢ for all n > N.

Equivalently,
{z e X :|fu(x) - flz)| 2 e} CE,

which yields the claim upon taking u(-) of both sides. O
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3 Product measures

3.1 Product measures

Definition 3.1. Let (X, M, ), and (Y, N,v) be measure space. A set of the form A x B with
A e M, BeN is called a rectangle. Let

:{UAiXBZ‘:AiGM,BiEN;(AjXBj)ﬂ(AkXBk):Q)forj#k, andneN}.

=1

Note 3.2. Since any finite union can be written as a finite disjoint union, the disjointedness
condition can be dropped. Hence R is closed under finite unions. Moreover

(AxB)=(XxB)YU(A°xY) eR,
so R is closed under complements. In total we see that R is an algebra.
Lemma 3.3. 7 is a premeasure, where 7 is defined by 7 : R — [0, oo] by
W(LﬂAiXBD>==§:MC%ﬁ4BH,
i=1 i

whenever A; € M and B; € N and (A4; x Bj) x (A x By) = 0 for j # k. Here we let 0- 0o = 0.

Proof. Let {Aj x Bj}jen be a countable collection of disjoint rectangles such that

UAj X Bj eR.
j=1

By definition of R, there is a finite collection so that

UA x B;

Az‘ X Bi,

||C:

so by disjointedness:

ZXA :Z X A;x = Xy~ Aixéi(x7y):XU A%, ( ZXA

Using the Monotone Convergence Theorem (for the RHS) we integrate over X w.r.t. u to obtain

D n(A)X W) = wA)Xp (1)
=1 j=1

Then integrating over Y w.r.t. v yields

GAJ'XBJ‘ :7T<OAZX31>:i/L(A B Z/ﬁ :i,U,A XB
j=1 i=1

=1 7j=1

Finally 7(0) = (0 x 0) = p(0)v(0) = 0. O
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Definition 3.4. Let (X, M,u) and (Y,N,v) be measure spaces. We define the product o-
algebra, denoted M ® N, as the o-algebra generated by R. And the product measure is

X V=T [ Men-

Lemma 3.5. p x v is o-finite if p and v are o-finite.

Proof. By o-finiteness, write {4;} in M with u(4;) < co and X = (J; 4;. Similarly {B;} in /
with v(B;j) < co and Y = |J; Bj. Then 4; x By € R C M@ N and X xY = |J;; Aj x By.
Moreover (1 x v)(Aj x By) = p(A;)v(By) < oo. O

Proposition 3.6. Let (X,dx) an (Y, dy) be separable metric spaces. Define

D((x,y), (') = (dx (2,2 + dy (y,5/)2) ">

Then (X x Y, D) is a metric space and B(X xY) = B(X) ® B(Y). [A metric space is separable
if it has a countable dense set].

Proof. Let O be the open sets in X X Y and recall

= i X Db A € , by € NV i X B;) N (A X b)) =0 tor g ,and n € .
R {UA Bi:A; € M,B; € N;(Aj x Bj)N (A x By) =0 for j # k, and N}

i=1

Bxxy = M(O) and Bx @ By = M(R). To show Bxxy C Bx ® By it suffices to show O C Bx ® By
by minimality. Similarly to show Bx ® By C Bxxy it suffices to show that R C Bx«y-

e Bxyxy C Bx ® By. Since X and Y are separable there exists countable dense sets, call them
Sx and Sy respectively. Let

C={B,(s) x By(t) : s € Sx;t € Sy;p,q € Q and p,q > 0}.

This collection C is countable since Sx, Sy, and QQ are countable, moreover C C R C Bx ® By .
Let U € O and define V = |Jrec R. As a countable union of elements of C C Bx ® By, we

RCU
have V € Bx ® By. I claim that U = V. It’s clear that V C U. For the other inclusion, let
(z,y) € U. Since U is open there exists r > 0 such that

B, ((z,y)) = {(z',y) : Vdx(z,2')2 +dy(y,y")2 <r} CU.

Moreover, B,/3(z) X B,2(y) C By((w,y)) C U. Since Sx is dense in X, there is a point
s € Sx with dx(s,x) < r/4, and since the rationals are dense in the reals, there is ¢ € Q
such that dx(s,z) < ¢ < r/4. Then the ball By(s) > z and B,(s) C B, /3(z). The first point
is clear because dx(s,z) < q. For the second point, let Z € By(s), hence dx(Z,s) < g. Now
dx(Z,7) < dx(%,s) +dx(s,z) < r/d+r/4d =71/2, 50T € Byjp(x) and By(s) C B, ja(z).
Similarly there is t € Sy and p € Q such that y € By(t) C B, /2(y). Hence (z,y) € By(s) x
By(t) C Byja(x) X Byj2(y) C Br((z,y)) CU. And since By(s) x By(t) C V we conclude that
(z,y) € V and moreover U C V. In total we have shown that any open set in Bxxy is a
countable union of sets in C C Bx ® By. And so O C Bx ® By as desired.
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e Bx ® By C Bxxy. Consider the functions f : X x Y — X given by f(z,y) = = and
g: X xY =Y given by g(z,y) = y. We claim that f and g are (Bxxy,B.)-measurable, for
which it suffices to show that they are continuous. We show that f is continuous. Let U C X
be open, then f~1(U) = U x Y which is also open. Indeed, let (z,y) € U x Y. Since U is
open, there exists r > 0 such that

B.(z) ={2' € X : dx(z,2') <r} CU.

Let (2/,y) € By((x,y)). We claim B,((z,y)) C U x Y. To this end let (z/,y) € B,((x,y)).
Therefore

D((z,y), (',9) = Vdx(z,2') +dy(y.y) <,

which implies
dX(JZ‘, x/)Z < dX(fIf, x/)Z + dY(y7 yl)2 < TQ‘

In particular 2’ € B.(z) C U. Therefore we see that B,((z,y)) C U x Y. Namely U x Y
is open. In total we see that f is continuous and hence (Bxxy, Bx)-measurable. The same
argument works for g. Now let A € Bx and B € By. Then by measurability

AxB=(AxY)N(X xB)=f1(A)ng YB) € Bxxy-.

Hence finite unions of the form (J; ; A; X B; € Bxxy also. In particular R C Bxxy.

O

Proposition 3.7. Let (X, M, u), (Y,N,v) be measurable spaces. Further let z € X, y € Y, and
Ee M®N. Then

(i) E,={yeY:(z,y)eE}eN and E'={a'e€X:(z,y)€E}eM.

(i) If f: X xY — R is M ® N measurable, then f, : Y — R given by f.(y) = f(z,y) is N
measurable. And similarly f¥: X — R given by f¥(x) = f(x,y) is M measurable.

Proof.
(i) Let P={E CMRN : E, € NEY € Mforallz € X,y € Y}. Notice that for any
B €A
measurable rectangle (A x B), = 0 v ¢ A and similarly for y. So A x B € P, namely
x

the set of measurable rectangles R C P. Moreover P is o-algebra. Indeed it is closed under
complement since for E € P, (E), = (E;)¢ € N and similarly for y. It is closed under
countable union since for {Ej}jen in P we have (U; Ej)z = U;(Ej)s € N (similarly for y).
So M ®@N C P since M @ N is the smallest o-algebra containing R.

(ii) Let B € B(R). Since f is M ® N measurable, f~}(B) € M ® N. But then by (i) we have

[ B)={yeY: foly) = flz,y) € By = (f'(B))z €N.
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3.2 Monotone Classes

Definition 3.8. Let X be a non-empty set. A collection C C P(X) is a monotone class if both

(i) C is closed under countable increasing unions, namely for {F;} ey in C with E; C Ej4q we
have Jj2, E; € C

(ii) and C is closed under countable decreasing intersections, namely for {F;};en in C with Ej D
Ejy1 we have (72, Ej € C.

Note 3.9. A o-algebra is a monotone class. Moreover if I is any index set, and {C;,i € I} are
monotone classes, then (7),.;C; is a monotone class. In particular for any £ C P(X),

ce= () ¢
C mon. class
EceC

is the smallest monotone class containing £ and is called the monotone class generated by £.

Lemma 3.10. (Monotone Class Lemma) If A C P(X) is an algebra, then C(A) = M(A)

Proof. C(A) € M(A) since M(A) is a o-algebra and hence a monotone class. It also contains A
and so conclude by minimality. For the other inclusion we claim that C(A) is a o-algebra, from
which the claim follows by minimality.

Any algebra closed under countable increasing unions is a o-algebra (for {F}}jen in A consider
E, = U, Fj € A which is increasing and |J; F; = U,, En). So it suffices to show that for any
E,F € C(A) we have E\ F, F\ E, EN A € C(A) from which it follows that C(A) is an algebra
(since X e Aand ACC(A)so FC=X\F and EUF = (E°NF°)° € C(A)).

For E € C(A), let
DE)={FeC(A):E\F,F\E,FNEeC(A)}.

With that it suffices to show that if E' € C(A), then C(A) C D(F). For this it suffices to show that
D(FE) is a monotone class containing A.

(i) E€C(A) = 0,FE € D(E) since ) € A C C(A), in particular D(E) # 0.
(ii) For E, F € C(A) we have F' € D(E) <= E € D(F) by symmetry.
(iii) D(E) is closed under countable increasing unions: Let {F, }nen be in D(E) with F,, C F, 41
and F = J;7 | F,,. Then
e F\ F, =FENESeC(A) by definition of D(F) and is decreasing
o F,\ E=F,NE°ecC(A) by definition of D(F) and is increasing
e F,,NE € C(A) by definition of D(F) and is increasing
Hence
e EA\F=En(N,FS5) =N, (ENFES) € C(A) since C(A) is a monotone class
o F\E=(, Fn)nE® =, (F,NE) eC(A) since C(A) is a monotone class
e FNE=(J,F.)NE=,(F,.NE)ecC(A) since C(A) is a monotone class
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So F € D(E), that is, D(E) is closed under countable increasing unions.

(iv) D(E) is closed under countable decreasing intersection by a similar argument

So D(E) is a monotone class by (iii) and (iv). Moreover, let A € A then A C D(A) since A is an
algebra so for any F' € A we have A\ F,F'\ A, and FN A are all in A C C(A) and so F' € D(A).
Moreover, C(A) C D(A) since D(A) is a monotone class. Furthermore: E € C(A) so E € D(A),
and then by (ii) we have A € D(F). That is, A C D(F) as desired. O

3.3 The Fubini-Tonelli Theorems

Proposition 3.11. Let (X, M, u), (Y, N, v) be o-finite measure spaces, and let E € M®AN. Then
the functions f : X — [0,00] given by f(z) = v(E;) and g : Y — [0, 00] given by g(y) = p(EY).
are M, respectively N, measurable and

(MXV)(E)Z/deu=/Ygdu-

Proof. Let C = {E € M ® N : the proposition holds}. We claim that C is a monotone class
containing R in which case:

M@&N = M(R) =C(R) CC.

We prove the claim first when p and v are finite measures. Let A € M, Be N,and E = AxB € R.
Then E € C since

(Ax B =v({§ ) Xar®)

which is M-measurable and
[ A B))due) = v(B) [ Xadu = v(B)u(a) = (ux v)(4 % B).
X X

Moreover C is closed under finite disjoint unions. If E, F' € C disjoint, then (F U F), = E, U F,
hence v(E, U Fy) = v(E,) + v(F;) and we can conclude by linearity of the integral. Thus R C C.

We now show that C is a monotone class.

e (C is closed under countable increasing unions. Let £1 C E5 C -+ bein C and let £ = Uj E;.
Then f,(z) := v((Ey):) is an increasing sequence converging pointwise to f(z) := v(F,) by
continuity from below of v. Hence f is measurable and by the M.C.T.

[ =i [ fude= Jim 0 0)(B) = u x (B,
X X

with the final equality following from continuity of u x v.

e (C is closed under countable decreasing intersections. Let E1 D Fo D --- be in C and let F =
; £j. Then fu(x) :=v((Ey)s) is a decreasing sequence of functions converging pointwise to
f(x) :=v(E,) by continuity from above (here we needed v((E1),;) < v(Y) < oc). Hence f is
measurable and 0 < f,,(x) < fi(z) € LY(X) so by the D.C.T. and continuity of u x v

/X fdp =t fudp = Tim (5 x v)(Ey) = (u x 1)(E).
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Now if © and v are o-finite, then X x Y can be written as a countable increasing union of rectangles
{X,, x Y, : n € N} of finite measure. Let E € M ® N. We apply the finite case to E N (X,, x Y3,)
to obtain

mxuxEmuaxn»—/;«Emuaxm»awmwiéu@ammnxgmwu»

Letting n — oo, the LHS converges to (u X v)(E) by continuity from below and the RHS converges
to [y v(Ey)du(z) by M.C.T. O

Theorem 3.12. (Tonelli) Let (X, M, p), (Y,N,v) be o-finite measure spaces and let the function
f: X xY —[0,00] be M ® N-measurable. Theng X — [0,00] given by g(z) = [ f(z,y)dv(y) is
M-measurable, h: Y — [0, 00] given by h(y) = [ f(z,y)du(z) is N —measurable and

/fd(uxy):/gdu:/hdu.

Proof. If f is a non-negative simple function, apply Proposition 3.11 and linearity of the integral.
In the general case f € LT (X XY, MQN, uxv), let {f,}nen be a sequence of non-negative simple
functions increasing pointwise to f. For example take

m n
=3 o X1 (fmy2 (m+1)/20)) T 27X =1 (12m 00))
m=0

Then by the M.C.T., the limit of [ fhd(p x v) = [([ fadv)duis [ fd(uxv) = [([ fdv)du O

Corollary 3.13. (Fubini) Let (X, M, u), (Y,N,v) be o-finite measure spaces and let the function
f:X xY — R be M ® N-measurable. Suppose further that f € L'(u x v), then

e f.:Y = Rgiven by f.(y) = f(x,y) is in L'(v) for almost all z € X

e g: X — Rgiven by g(z) = [ fedv is in L'(u)

e fY: X — Rgiven by fY(x) = f(z,y) is in L' (u) for almost all y € Y’
)

e h:Y — Rgiven by h(y) = [ fYduis in L' (v

/fd(MXV):/gd,u:/hdy.

Note 3.14. Fubini also holds for complex-valued functions.

e and

Proof. Since f € L'(u x v) we have [ |f|d(u x v) < 0o, so by Tonelli we have

[ ([t aute) ) avty) < o

Namely f¥ € L'(u) for almost all y € Y and |h(y)| < [ |f(z,y)|du(x) € L'(v). Finally, the equality
of the integrals follows from Tonelli applied to both max{f,0} and — max{—f,0}. O
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4 Differentiation

4.1 Signed measures

Definition 4.1. Let (X, M) be a measurable space.
(i) A signed measure on (X, M) is a function v : M — R such that

e v()=0
e 1 assumes only one the values o0
o If {E,}nen are disjoint with FE,, € M, then

v (U En> = ZV(En)
n=1 n=1

where the series must be absolutely convergent if the LHS is finite.

(ii) A set E € M is positive, resp. negative/null for v if for every subset F' C E with FF € M
we have v(F') > 0, resp. v(F) <0/v(F) =0.

Example 4.2.

(i) A measure p on (X, M) is a signed measure and X is positive.
(ii) If p, v are finite measures on (X, M, then p — v is a signed measure

(iii) If p is a measure on (X, M and f: X — R is measurable with at least one of [‘max{f,0}dy,
max{—f,0}du finite, then v(F) = [, fdu is a signed measure.
E

* f is called extended integrable and we write dv = fdu. A set E € M is positive,
resp. negative/null, w.r.t. v if f(x) >, resp. f(z) <0/f(x) =0 p-a.e. on E.

Lemma 4.3. Let v be a signed measure on (X, M). Then v is continuous. Namely
(i) f By C B3 C -+ in M, then v ({J,, Epn) = limy, o0 v(Ep)

(ii) If By D By D -+ in M with v(E1) < oo, then v ([, En) = lim, o0 v(Ey)

Proof. Exercise (same as the proof for measures) O

Lemma 4.4. Let v be a signed measure on (X, M)
(i) If E is positive for v and F' C E, F € M then F is positive

(ii) If {E)y}nen is a sequence of positive sets, then (J 7, E, is positive
Proof. (i) f G C F, G € M, then G C E also and so v(G) > 0 since E is positive.
(ii) Let D, = E, \ U;L;l E;. The D,’s are disjoint, positive by (i), and (J,2; Dy, = U,2; En. So
for F C U,2, En, F € M write F = J,2,(F N Dy,). Then by o-additivity

(o]
v(F)=Y v(FNDy) >0  since FND, C Dy.

>0

O
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Lemma 4.5. Let v be a signed measure. Let E C M be such that 0 < v(F) < co. Then there is
A C E, A€ M such that A is positive and non-null.

Proof. If E is positive, pick A = E. Otherwise there is a subset F' C E, F' € M such that v(F') < 0.
Pick Ey C E, E; € M so that v(E;) < —1/n; where n; is the smallest integer for which E; can
be found. Then v(E \ E1) = v(E) —v(E;) > 0. If E'\ E is positive, pick A = E \ Ej. Otherwise

continue recursively setting
k-1

ExCE\|JE, EpieM,
j=1

and v(Ey) < —1/nj where ny € N is the smallest possible. Again v (E\Uf:1 Ej> =v(F) —

Z?:l v(E;) > 0. Either the recursion stops with A = E \ U§:1 E; being positive, or we take
A=FE\ U;’il E;. The claim is that in this latter case A is positive and non-null. By construction
the Ej’s are disjoint so 0 < v(E) = v(A) + >°72, v(Ej), hence v(A) > 0 since the v(E;)’s are
strictly negative. In particular A is non-null. Moreover, by the definition of signed measure and
the fact that v(E) < oo, the series must be absolutely convergent. Hence 1/n; — 0. To prove that
A is positive it suffices to show that for every € > 0 there is no set B C A, B € M with v(B) < —e.
Let k € N be such that 1/(ny — 1) < e. Note that A C E \ Uf;ll E;. Recall ny is the smallest

integer such that there is B C F '\ Uf;ll E;, B € M with v(B) < —1/nj. So there isno B C A
such that v(B) < —1/(ny — 1) and thus there is no B such that v(B) < —e¢. O

Theorem 4.6. (Hahn decomposition) Let v be a signed measure on (X, M). There is a positive
P € M and negative N € M (w.r.t. v) such that PN N = () and PU N = X. Moreover for any
other such P’ and N’ we have that the symmetric differences PAP’ and NAN' are null.

Proof. Assume w.l.o.g. that v does not take the value +o0o. Let m = sup{v(E) : FE is positive}.
There is a sequence {Pn}neN such that Z/(Pn) — m. Let P, = U?:1 Pj. Then P, is an increasing
sequence of positive sets and v(P,) = v(Py,) —v(Py\ Py), so v(P,) < v(P,) < m since P, is positive.
Let P =J;2 | P, then P is positive and v(P) = lim, o ¥(P,) = m be the Squeeze Theorem and
continuity from below. Moreover m < oo since the supremum is attained and v does not take
the value +0c0. Let N = X \ P, then N is negative. First of all, assume that A C N is positive
and non-null. Then P U A is positive and v(P U A) = v(P) + v(A) > v(P) which contradicts the
maximality of P so there is no such A. Now if N was non-negative, there isa B C N, B € M
such that v(B) > 0. By Lemma 4.5 there is A C B, A € M such that A is positive, but such an A
doesn’t exist so /N is negative.

Let P" and N’ be another Hahn decomposition. Then P\ P’ C P is positive but P\P' = PNP’“ C N’
is negative. So every subset of P\ P’ is positive and negative and hence null. Can do the same
argument for P\ P, N'\ N, and N \ N'. Thus

PAP = (P\P)YU(P'\P)=(N'\N)U(N\N')=NAN'
are both null. 0

Definition 4.7. Two signed measures u,v on (X, M) are mutually singular if there exists
E,F € Msuchthat X =FUF, ENF = and FE is null for p, F is null for v. As notation we
write p L v.
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Example 4.8. Let (X, M) = (R, £). Then m L §p since m({0}) =0 and ép(R \ {0}) = 0.

Theorem 4.9. (Jordan decomposition) Let v be a signed measure on (X, M). There exist unique
positive measures vy and v_ on (X, M) such that vy L v_ and v =v4 —v_.

Proof. Existence follows from the Hahn decomposition X = P U N with PN N = (). Taking
v4(A) = v(ANP) and v_(A) = —v(AN N) works. To show uniqueness, let v = v/, — v/ with
P'UN'=X, PPNN'=0and v (N') =0, v_(P’) = 0. We show that this is Hahn decomposition.
Indeed let A C P’, then v(A) = V| (A) — v (A) = v/ (A) > 0 so P’ is positive. Similarly N’ is
negative. Now let A € M, then
Vi (A) =V (ANP)+V (AN N')
=0
=V, (ANP)—v (AnP)
=0
=v(ANP)
CPAP
—
=v(ANP' NP)+v(An(P'\P))
—_—
=0
=v(ANnP NP)

=v4(A)

Hence v/, = v and similarly for v/ =v_. O

Definition 4.10. Let v be a signed measure on (X, M), and let v = vy — v_ be its Jordan
decomposition. The measure |v| = v4 + v_ is called the total variation of v.

Example 4.11.

e Let (X, M, u) be a measure space and f : X — R an extended p-integrable function. Let
V(E) = [ fdu. Then

valB) = [ fodpand = [ |fid

e If v is a signed measure on (X, M) and PU N = X is a Hahn decomposition. Then f =
Xp — Xy is extended |v|-integrable and v(E) = [, fd|v|.

4.2 The Radon-Nikodym Theorem

If 1 is a measure on (X, M) and f: X — [0,00) is measurable, then v(E) = [}, fdu is a measure
and we denote dv = fdu. Question: when are two measures u and v related like this?

Definition 4.12. Let v be a signed measure on (X, M) and p a positive measure on (X, M). v is
absolutely continuous w.r.t. u, denoted v < p, if for £ € M: pu(E) =0 = v(E) =0.
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Note 4.13. If dv = fdu, then v < pu.
Proposition 4.14. Let v be a finite signed measure and p a positive measure on (X, M). Then
v p <= forall e >0 thereis d > 0s.t. if £ € M, u(E) < 6 then |[v(E)| < e.

Proof. We first reduce to the case of positive v. Recall |v| = v;v_ and let X = PU N be a Hahn
decomposition for v. Then v4 (F) =v(ENP) and v_(E) = —v(E N N). We show that

e We show that v < p <= |v| < p. Indeed

v<p = (uE)=0 = v(E)=0)
— (W(F)=0 = v(ENP)=0and v(ENN)=0)
— (WF)=0 = vy(E)=0and v_(E)=0)
= (W(E)=0 = [V|(E) =0)

e We now show that the RHS of the statement of the proposition, Sy, holds iff S}, holds. On
the one hand: if u(E) < §, then u(ENP) < d and u(ENN) < 4. So

Sy, = (Ve>0,30 >0s.t. E€ M,u(E) <é = vi(F) <e/2and v_(E) < ¢/2)
= (Ve>0,30>0st. E€c M, u(E) <0 = [v[(F) <e¢)

SJy|

On the other hand: [v(E)| = |vi(F) —v_(E)| < vy (E)+v_(E) = |v|(E). So

Sy = (Ve>0,36 >0st. E€e M, u(E) <6 = [v(E)|<|V[(E) <e) <= S,

We now prove the proposition for positive v.

o < )Lete > 0. If u(F) =0, then |v(E)| < e. And since this holds for all £ > 0,
|V(E)| = v(E) = 0. Namely v < p.

e —> ) Suppose S, is false. That is, there exists ¢ > 0 such that for all n € N there is
E, € M with u(E,) < 1/n and v(E,) > e. Then let F = ()2, E, so that by continuity
from above pu(F) = limy o0 p(Ey) = 0. And since v is finite, continuity from above implies
v(F) =lim, o0 v(Ey) > €. So v is not absolutely continuous w.r.t. p.

O
Corollary 4.15. Let f € L'(X, M). Then for all £ > 0, there is § > 0 such that
wE) <6 = / fd,u‘ <e.
E
Proof. Apply Proposition 4.14 to dv = fdu. O
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Theorem 4.16. (Lebesgue-Radon-Nikodym) Let v be a o-finite signed measure, and u a positive
o-finite measure on (X, M). Then there exist unique o-finite measures A and p on (X, M) such
that

AlLpu, p<p, and v=A+p (Lebesgue).

Moreover there is an extended p-integrable function f : X — R such that dp = fdu. And any two

such functions are equal p-a.e. (Radon-Nikodym). As notation we write f = g—z.

But first a lemma and then a sketch of the proof.

Lemma 4.17. Let u,v be positive finite measures. Then either y L v or thereise > 0 and £ € M
such that p(F) > 0 and v > eu on E. Here v > ep on F means that F is a positive set for v — ep.

Proof. For n € N, let X = P, U N, be a Hahn decomposition for pu — %V. Let P = U2, P,
and N = (2, N, so that N© = P. Then N is a negative set for all v — %M' In particular
0 <v(N) < 2u(N) for all n € N. So v(N) = 0. Now if 4(P) = 0, then p L v. Otherwise pu(P) >0
and by continuity there exists nyg € N such that u(P,) > 0 for all n > ng. Pick e = nio and £ = P,,.

Then v(Pp,) — = p(Py,y) > 0 since Ny, U Py, is a Hahn decomposition. O

no
As a proof sketch of L-R-N: our goal is to construct f : X — R such that dp = fdu and then define
A =v —pand check A L p. In the case that p and v are positive: decompose X = L U M, with
LM =0, \(M)=0and (L) =0. Then for any E € M, A\(E) =AX(ENL) >0, so
W(E)=NE)+ [ fau= [ sau
E E

We then define the family

F = {gp : X — [0, 00|, measurable and, / wdu < v(FE) for all £ € M}

E

and pick f € F by maximizing the mass we put in p.

Proof. (Lebesque-Radon-Nikodym) Some quick checks:
o F #()since 0 € F

o If p, 9 € F, then ( = max{p, 9} € F. Indeed let A = {z € X : p(x) > ¢(x)}. Then

/ Cd,u:/ god,u+/ Ydp < v(ANE)+v(E\A) =v(E).
E ENA E\A

First suppose that u, v are positive and finite and let

a:sup{/ @du:cpef}gv(X)<oo.
X

There exist {¢n}nen in F such that lim,_, . fX ondp = a. Let g, = max{y1,...,on}, and let
f =sup,, gn. Then g, € F for all n € N, {g,,} increases to f as n — oo, and

aZ/gnd,MZ/ Ondp =2 4 = lim gndy = a.
X X X

n—o0
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So by the M.C.T.
/ fdp = lim [ g,dp <v(E) and / fdu=a< o0 = 0< f < oo p-ae..

In particular f € F. Now set dp = fdu and A = v — p. Immediately we have v = A + p, p < p,
and p is positive. A is also positive since f € F implies for all £ € M:

p(E) = [ fdu < v(B) — v(E) = p(E) 20,

We now check that A L p. Suppose not, then by Lemma 4.16 there is € > 0 and Ey € M such that
p(Eo) >0 and A > ey on Ep. Let dp’ = eX  dp. Then

p(A) = 5/ dpu=ep(EoNA) < ANEpnA).
EgnA

Namely p’ < XA = v — p from which it follows that p + p’ < v. In other words
(f+eXp,)dp < dv = f4eXg, € F.

But then fX JteXg,dp=a+ eu(Ep) > a which contradicts a being the supremum. It remains to
check uniqueness. Suppose we have two such decompositions:

v=A+p and v=M\N+/p

where A\ L u, p < pand N L pu, p) < p. Furthermore, let dp = fdu and p = f'du. Since
A+p=XN+p weobtain A — X = p — p. First of all notice that (p — p) < u since for E € M
with u(F) = 0 we have that p(F) = 0 and p/(E) = 0. Moreover, (A — X) L u. Indeed: let
X =MUL with MNL=0and u(L) =0, A(M) = 0. Define M’ and L’ similarly for \’. Then
u(LUL) < p(L)+u(L') =0, so u(LUL') = 0. Moreover, (A—X)((LUL")¢) = (A=XN)(MNM') =0
since M N M' C M and M N M’ C M’'. Finally, for any £ € M we can write

A=X)E)=A=X)(EnNELUL)) =(-p)(EN(LULY)) =0,

since (p) — p) < p and p(E N (LUL)) = 0. Since this is true for all £ € M we must have
that A = X and p = p/. Finally, for all n € N, let P, = { € X : f'(z) > f(z) + 1} and
N,={z€X: f(z) > f/(z) + 1}. Then

=P =0 = 0= [ ('~ f)du= ulPo) = u(Po) =0.

n

Similarly for 4i(N,) = 0. So E, = P,UN, = {z € X : |f(z) — f'(z)] > 1} are all null sets with
FE, C E,y1. Therefore by continuity from above

p({reX:fllx) # f@)}) =n (U En) = lim p(En) = 0.
n=1

That is, f = f/ p-a.e.

Now suppose that p, v are positive and o-finite. We write the disjoint unions X = |J;°_, Ey, with
w(Em) < oo, and X = |Jyo_, Fy, with v(F,;,) < co. Then

[e.e]

X= J (B.nFy)

n,m=1
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is a disjoint union with p(E, N Fy,) < oo and v(E, N F,,) < co. For each n,m € N let
pnm(A) = w(ANE, N Ey) and Umn(A) =v(ANE, N Fy).
Then p(A) =3, ,, #n,m(A) and similarly for v. By the previous case:
Avpm = dpm + fomdiin,m

with Ay L fin,m. It remains to pick

A= dom  and =D famXp.m,

n,m

and to verify that A L u.

The general case of signed o-finite measures follows by applying the previous case to v and v—. [

Example 4.18. Let F' : R — R be continuous and differentiable. Then dmpr = F’'dm, namely
an—mf = % where F’ is the derivative of F' in the classical sense. Indeed: mp((a,b]) = F(b) — F(a)

and
b
/(a’b]de:jé F'(z)dz = F(b) — F(a)

by F.T.C. Hence dmy = F'dm on intervals, and therefore on all of £ by uniqueness.

4.3 Differentiation on R"

In this section we consider (X, M, u) = (R”, B(R™), m") unless otherwise specified. Consider the
motivating example: if f: R — R is continuous and dv = fdm. Then

d
d—;(:::) = f(z) dznﬁ f(t)dt = hm jé_rx—krf(t)dt

B v —rz )
= (@ e ) /@_T,M Jdm = (@ =ra 1))

We would like to generalize this to n > 1, and to v which are not absolutely continuous with respect
to the Lebesgue measure.

Definition 4.19. A measurable function f : R” — C is locally integrable, denoted f € L} , if

fK | fldm < oo for all bounded sets K € M. For f € LIOC we define its average by

1
D) = 2B @) /B,.@ fm = Ji,.@ fdm.

here B,(x) = {y € R": |y — x| < r} is the open ball.

loc?

Lemma 4.20. If f ¢ L]
continuous.

the map (0,00) x R® — C given by (r,z) — (A,f)(z) is jointly

loc?
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Proof. Since r — m(By(z)) = w,r™ is continuous, it suffices to consider

(r,z) — )fdm = /fXBr(x)dm.

By (z

For y ¢ 0B, (x) we have XB'rk(xk)(y) = XB,(2) if (rk, @) = (r,2). So XBrk(zk)f = XB, @)/ a-e
Moreover

)XBTk(;pk)f‘ < X, /f]
for large enough k. And XBT+1(a:)|f’ is L' because f € L] . So by the D.C.T.

loc*

Definition 4.21. Let f € Llloc. The Hardy-Littlewood Maximal function of f is

(H f)(z) = sup{(A;[f])(x),r > 0}.
Note 4.22. Hf is measurable since
(Hf)™ ((a,00)) = [J (A1) ((a,00))
reQ
r>0

is open by continuity of A,|f| (Lemma 4.20).

Theorem 4.23. There is C' > 0 depending only on n (the spatial dimension) such that for all
a>0andall fc L',

m (o € R s (Hf)) > ap) < [ |7ldm.

Note 4.24. This is a strengthening of Markov’s Inequality. And the bound is tight in the sense
that for f € L', f # 0, we have m ({Hf > a}) > C/a for a small enough.

Lemma 4.25. (Covering lemma) Let C be a collection of balls in R". Let U = |Jgc B. For any
0 <c¢<m(U) there is k € N and By, ..., By € C disjoint such that Z?Zl m(Bj) > 37 "c.

Proof. By inner regularity:
m(U) = sup{m(K) : K C U is compact}.

So there is a compact K C U such that ¢ < m(K) < m(U). By compactness there is Ay,..., Ay € C
such that U§:1 A; D K. Let By be the A; with largest radius. Now recursively take B; ;1 to be the
remaining A; of largest radius and so that A; is disjoint from By, ..., B;. Nowif A;) & {By,..., By},
then there is B; such that Aj, N B; # 0. Let B; be the one of smallest index (largest radius). Then

the radius of Aj, is at most the radius of B;. Hence A, C 3B;. So K C U?Zl 3B; and hence

k
c<m(K) <> m(3B;) =3") m(By)
j=1

as desired. ]
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Proof. (Theorem 4.23) Let a@ > 0 and let E, = {x € R" : (Hf)(z) > a}. For x € E, there is r,
such that (A, f)(z) > a. Let U = J,cp, Br,(¥) so that E, C U and let ¢ < m(E,) < m(U). By

the covering lemma there is k € N and disjoint {B;,(;) ;‘?:1 such that 37"¢ < Z;?:l m(By; (7))
The condition (A.,|f])(z;) > a becomes

m(B, @) << [ |flam.

BTj ()

And hence (since Bj(z;) are disjoint) we have

k
1 3"
c<3"— g / ]f|dm§/|f|dm.
Q521 Bry(ag) a

The claim follows by taking ¢ — m(E,). O

Lemma 4.26. If f: R™ — C is continuous, then f(x) = lim,_,o+ (A, f)(x) for all z € R™.

Proof. First of all, f € LllOC since on compact sets continuous f is bounded. Now let z € R™ and

e > 0. By continuity there is 6 > 0 such that |y — x| < ¢ implies |f(y) — f(x)| < e. For 0 <r < 4:

[Arf(x) — fz)| =

F G- s < £ 176~ Sy <=
By () By (x)

Proposition 4.27. If f € Ll , then lim, g+ (A, f)(z) = f(z) for m-a.e. x € R™.

loc

Proof. Let N € N and consider the claim on By(0). For || < N and r < 1 we have
Arf(w) = Arf(x) where [ = [Xp, )

so we may consider f € L'. Let £ > 0. By HW#6 Problem 1 there is a continuous function g € L!
such that [ |f — gldm < e. Now

[Arf(x) = f(2)| < | Arf(2) — Arg(z) | + [Arg(2) — g(2)] + [g(2) — f(2)]-

Ar(f~g)(x)

Taking the lim sup of both sides (and appealing to Lemma 4.26) yields:
limsup |4, f(z) — f(z)] < H(f — g)(z) + [f(2) — g(z)|.

r—0t

1
For j € N, let E; = {3} € By(0) : limsup |A, f(z) — f(x)| > j} and note that by the above in-
r—0t

equality:

B {o: - 9@ > oo 1) - ol > 5.}

By Markov’s Inequality [see HW#8 Problem 2 (iii)] we have m ({x S f(z) —g(z)] > %}) < 2je

and by the Maximal Theorem m ({x cH(f —g)(z) > %}) < 2jCe. Therefore m(FE;) < 2je(14+C)

and since € > 0 was arbitrary we conclude m(£;) = 0 for all j € N. Finally lim, ,o+ A, f(z) = f(z)
for all ¢ (J;2, E; concluding the proof. O
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Definition 4.28. Let f € Llloc. Its Lebesgue set Ly is

r—=0t JB,(2)

Lf:{:ceR”: lim |f(y)—f(x)|dy:()}.

Theorem 4.29. If f € L{ , then m(L$) = 0.

loc?

Proof. Apply the previous theorem to |f(x) — A| for any A € C:

(%) lim |f(y) = Aldy = |f(x) — A| for all z € Ef with m(E)) = 0.

r—0+ Br(x)

Let A be a countable dense set in C and E = |J,c, Ex so that m(E) = 0. If x € E° = (), Ef we
pick A € A such that |f(z) — A| < e. Then

F (@) = F@ <1f () = Al + 17 (@) = Al < [f(y) = Al +e.

Hence
) )
fimsup £ (1)~ f@)ldy £ [F(z) < N+ <22
r—0+ By ()
which concludes the proof since € > 0 was arbitrary. ]

Definition 4.30. A family of Borel sets { E, },~ shrinks nicely to x if E, C B,(z) and there is
a > 0 such that M(E,) > am(B,(x)) for all » > 0. Note that = need not be in E,.

Corollary 4.31. (Lebesgue differentiation Theorem) Let f € Ll and x € Ly. If {E, },~¢ shrinks
nicely to = then

lim [f(y) = f(x)|dy = 0.

r—=0% JE,

In particular there is convergence for m-a.e. x.

Proof. s [ @) Sy < s [ 1)~ sy 0 =
Example 4.32. Let f € L] and F(z) = f[a,x] fdm. Then
. L 1 )y —
i h ) = Flo) = f0) = i s [ ()= ey =0 e

since Ejy, = (z,z + h) shrinks nicely to z. Can do the same thing for limj,_,o- with Ej = (v + h, ).

Proposition 4.33. (FTC) Let f € L} and F(z) = f[a 2] fdm. Then F is differentiable m-a.e.
with F'(z) = f(z) for a.e. x

Example 4.34. (Motivating example) For v = §,, on R we have

lim v(B(x)) _ oo if v =z
r—0+ m(Br(x)) '

0 ow.

In particular the limit equals zero m-a.e.
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Definition 4.35. A Borel measure v on R" is said to be regular if
(i) v(K) < oo for compact K C R”
(ii) v(E) =inf{r(U) : U D E, and U open} for all measurable E (outer regularity)
Note 4.36.
e In fact, (i) = (ii)
e Regular measures are o-finite since R" can be covered by compact sets
e If v is signed or complex, then v is regular if |v| is regular
Example 4.37.
e Any Lebesgue-Stieltjes measure is regular
o If f € L™ and dv = fdm, then f € L _ if and only if v is regular

Theorem 4.38. Let v be a regular signed or complex measure on (R", B(R")) and dv = d\+ fdm
be its Lesbesgue decomposition. Then
v(Er)

Tli]r(r)l+ m(E) = f(x) for m-a.e. =, and where {E, },~¢ shrinks nicely to .

Proof. Since dA+ fdm is regular and since dA and fdm are mutually singular, we have that dA and
fdm are regular. In particular, f € LllOC and so by the Lebesgue differentiation Theorem it suffices
to check that A\(E,)/m(E,) — 0 as r — 0" for m-a.e. x. Moreover,

’ A(E,)
m(

_ B _ (B @)
E,)

— m(Er) T am(B(x))

so it suffices to consider A positive and B, (x) in place of E,. Since A L m, there is A € B(R") such
that A(A) = m(A°) = 0 so it suffices to consider z € A (since we only seek m-a.e. convergence).

For k € N let A(B.(2)) .
x
F, = {:I} € A:limsup ————2% > }
rsot m(Br(x)) "~k

we claim that m(Fy) = 0, which would conclude the proof since then m (UkeN Fk) = 0 and on the
complement: (Uyen Fr)” = Nien FY we have that limsup, o+ % = 0. Indeed, let ¢ > 0.
Since A(A) = 0 regularity implies there is an open U O A such that A(U) < e, notice that
F, ¢ A C U. By definition of Fy, for any = € Fj there is r, > 0 such that B, (x) C U and
more importantly that A(B, (z)) > tm(B;,(z)). Let V = Uzer, Br.(z) so that i C V. By the
covering lemma for any ¢ < m(V') there are disjoint B, (x1),..., By, (zy) with

J J
¢ < 3" m(By(z;)) < 3"k > A(Br,(2)) < 3"kAV) < 3"EAU) < 37ke.
j=1 =1

Hence m(Fy) < m(V) < 3"ke. O
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4.4

Differentiation on R

Now we let n = 1, i.e. = € R, and consider Lebesgue-Stieltjes measures. A question: for which
F does F(z) — F(a) = [ F'(t)dt? Necessary conditions are F’ exists a.e., and F’ € Li,_, but are
these also sufficient? Note that if F': R — R is increasing, then

loc

F(z™) = zggF(y) < Inf Fy) = F(a™).

Proposition 4.39. Let F' : R — R be increasing, then

(i)
(i)

F has at most countably many discontinuities

Let G(z) = F(2"). Then G = F a.e., F and G are both differentiable a.e., and G’ = F" a.e.

Proof.

(i)

(i)

Since x <y = F(z7) < F(y™), the intervals I, = (F(z7), F(z)) are disjoint (they could
be () if F is continuous at x). Let P = {z € R: I, # 0}. For any x= € P, pick ¢, € I, N Q.
Since I, are disjoint, the map P 3 x — .q; € Q is injective, so P is countable.

G is increasing and right-continuous. So we can consider m which is regular (as a Lebesgue-

%G(gr)) exists m-a.e. for F, shrinking

nicely to x. Take E, = (z,z + r] and compute Tr;f(gr)) = G(x+r2—G($) (do the same for

E, = (x —r,z]) to conclude that G’ exists a.e. Now let H = G — F. By definition H > 0, and
by (i) {x € R: H(x) # 0} is countable, so enumerate it as {x; : j € N}. Define the measure

Stieltjes measure). Hence Theorem 4.38 implies lim,._,+

[e.e]

M= Z H(xj)éxjv
j=1

which is regular since

W(-NN) = 3 Hzy) = S Fat) - F(aj) < F(N) — F(-N) < oo.
|z; | <N J

And g L m since m({x; : j € N}) = 0. Hence by Theorem 4.38

p((x — 2|, + 2|h])) n—0
m((z — 2|h],z + 2[h]))

" (H (z+h)— H(z)| < |h| " p((x—2|h|, 2 +2|h|)) = 4 0 ae

Namely, H' = 0 a.e., and since H = G — F we conclude F’ exists a.e. and is equal to G’ a.e.

O

If fe L. NL", then z — f;« f(t)dt defines an increasing function, and hence Proposition 4.39
applies. Extending this to complex value f leads to the following definition.
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Definition 4.40. Let ' : R — C.

(i) The total variation function of F is
N
Tr(x) = sup Z|F(xj)—F(:Uj,1)| r—oo<zrp<zr<---<zazy=z,NeN
j=1

(ii) Let a < b. The total variation of F on [a,b] is Tr(b) — Tr(a).
(iii) F is of bounded variation, denoted F' € BV, if

lim Tr(x) < oo.

T—r00

(iv) F is of bounded total on [a,b], denoted F' € BV([a, b)), if Tp(b) — Tr(a) < oo.
Note 4.41.
(i) If F: R — R is increasing, then

N

N
D |F(xs) = Flaj-1)l = Y (Fla;) = Flxj-1) = F(b) — Fla),
j=1

j=1
hence F' € BV([a,b]) and F' € BV whenever F' is bounded.
(ii) Let F: R — C. If F is differentiable with bounded derivative, then F' € BV([a, b]) since

N N
Z |F(2j) — Fxj1)| = Z |F(25)|(zj = zj-1) < C(b—a),

but in general F' ¢ BV.
Lemma 4.42. Let F': R — R is BV, then Ty &+ F' are increasing.

Proof. Let x <y, let € > 0. Thereis N € Nand z¢p < 21 < --- < xny = z such that
N
> |F(z)) = F(zj-1)| > Tr(z) —e.
j=1

Adding y to this partition yields a new partition, and since T (y) is a supremum over such partitions:
N
Tr(y) > |F(y) — F(x)| + Y |F(zj) = F(zj1)| > Tr(z) + |F(y) — F(z)| —e.
j=1

Equivalently, and since € > 0 was arbitrary,

() )
Tr(z) = Tr(y) < F(y) = F(x) < Tr(y) = Tr(z).

Hence
Tr(y) + F(y) > Tr(e) + F(z)  and  Tr(y) - F(y) = Tr(e) — Fla).
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Definition 4.43. Let F : R — R be BV. Then the functions Fy = $(Tr & F) are the posi-

tive/negative variations of F' . The Jordan Decomposition of F'is F' = F; — F_.

Note 4.44. For F': R — C, F is BV is Re(F),Im(F) € BV and
F = (ReF); — (ReF)- +i((ImF)4 — (ImF)_)
Proposition 4.45. Let F' € BV. Then
(i) The limits F(2%), F(do00) exist

(i

i) F has at most countably many discontinuities
(iii) F is differentiable a.e.
)

(iv) G(z) = F(x™) is differentiable a.e. and G’ = F’ a.e.

Proof. Apply Proposition 4.39 to the Jordan decomposition.
Definition 4.46.
NBV = {F € BV : F is right-continuous and F(—oc0) = 0}.

Note 4.47.

e A complex measure is always finite

e If ' € BV and F(—00) > —o0, then G(z) = F(z") — F(—00) is NBV
Theorem 4.48.

(i) If v is a complex Borel measure, then F(z) = v((—o0, z]) is NBV

(ii) If F € NBV, there is a unique Borel measure mp such that mp((—o0,z]) = F(x).

Proof. Skipped, but see Proposition 1.24 and use the Jordan Decomposition.

O]

Putting everything together, let F' € NBV and let dmp = d\ + fdm be its L-R-N decomposition.

By the differentiation theorem:

/ T mF(ET)
Fio) = lim =g

for a.e. x,

where E, = (z,z+7] is a family of sets that shrinks nicely to z. In fact, one can prove the following:

Theorem 4.49. Let F' € NBV. Then
(i) F' exists a.e. and F’' € L*

(ii) mp L m if and only if F/ =0 a.e.

(iii) mp < m if and only if F(z) = [*__ F'(t
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Definition 4.50. A function F' : R — C is absolutely continuous (AC) if for all ¢ > 0,
there exists a 0 > 0 such that if (a1,b1),..., (an,by) are disjoint and Zj.vzl(bj —aj) < 6, then

N
2 j=1 |F (b)) = Faj)| <e.
Note 4.51. If F' € AC, then F' is uniformly continuous (take N = 1 in the above).

Proposition 4.52. Let F' € NBV. Then F € AC if and only if mp < m.

Proof. Assume mp < m, then F' € AC by Proposition 4.14, with E = Ufil(ai, b;]. Now assume
that F' € AC and let E be a measurable set such that m(E) = 0. Let ¢ > 0 and ¢ as in
the definition of absolute continuity. By the regularity of m, there is an open set U; D E such
that m(Uy) < . And by regularity of mp, there are open sets Uy D Uy D --- D E such that
lim; oo mp(Uj) = mp(E). Since an open set is equal to a countable disjoint union of open intervals

we can write U; = Uzozl(a] , bf) And for any N € N:

N
> (0 = df) < m(U;) <m(Uy) < 6.

Jj=1

So by the absolute continuity of F', and since F' is continuous:

N N
e> Y |F()) = F(af)| =) Ime((af, b5])] = Z|mp ((ah, b9)).
j=1 Jj=1

Letting N — o0, and then j — oo (with continuity from above) yields:

Imp(E)| :jli>120|mp )| _JIEEO Zmp j, j ‘ —]liglo]\}gnooZ]mF aj, j )| < e.
Then since € > 0 was arbitrary, we conclude that mp(E) = 0 and so mp < m. O

To summarize: for F' € NBV, then

FeAC < mp<m < F(z)= /x F'(t)dt.
On bounded intervals we can do even better.
Theorem 4.53. Let F': [a,b] — C. Then the following are equivalent.
(i) F € AC([a,b])
(i) F(x) — F(a) = [ f(t)dt for some f € L'([a,b])
(iii) F is differentiable a.e., F’ € L!([a,b]) and F(z) = [TF'(t

Proof.
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o (i) = (iii): We show that if F' € AC([a,b]), then F' € BV([a,b]). Let ¢ =1, and § > 0 be
as in the definition of absolute continuity. Let N = [671(b—a) + 1] and let a = 79 < 71 <
.-+ < xny = b. By possibly adding points the partition of [a, b], we obtain N groups of disjoint
intervals each of length less than 6. So by absolute continuity: > |F(z;) — F(xz;—1)| < N,
and since the partition is arbitrary we conclude that F' € BV ([a, b]). Now define

)

r<a
F(z) = F(z) — F(a) =z € [a,b] .
Fb)—F(a) x>0b

Then F € NBV and the claim follows from the previous result.
e (iii) = (ii): Immediate.

e (ii) = (i): We extend f by 0 outside [a, b] and extend F same as before. Then f € L'(R)
so dv = fdm is a complex Borel measure and v = mp_p(,) < m. Then by previous result
F — F(a) € AC hence (i) holds.

Note 4.54. Let C be the Cantor set and let ' be the Cantor function.

e Then F'(x) = 0 for z € [0,1] \ C. That is F/ = 0 a.e., and so the F.T.C. fails since
Jo F'(t)dt = 0 # F(z). So F is not absolutely continuous (but note that F' is uniformly
continuous).

e Also, F/ =0 a.e. implies mp L m. But notice that mp({z}) = 0 for all z € [0, 1] since F is
continuous. This is an example of a singular continuous measure

Definition 4.55. A Borel measure p on R is
e discrete if =}, ¢j|d;,| and }_; [¢;] < o0
e continous if 4 ({0}) =0 for all z € R

Lemma 4.56. Let u be a complex Borel measure. Then the set E = {x € R: u({z}) # 0} is at
most countable.

Proof. uw(E) =3, cpm({r}) < oo since complex measures are finite. Hence E is at most countable.
U

Hence pu(A) = w(ANE)+u(ANE) =: pg(A)+ pe(A) yields a decomposition of any complex Borel
measure into a discrete and continuous part. By definition ug L m. For p. we don’t know, but we
can apply L-R-N to obtain the following decomposition:

W= fd + Hac + Hse

where ug L m is the discrete part of u, pse L m is the singular continuous part of u, and
Hae € m is the absolutely continuous part of u
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Appendices

A L? spaces

Definition A.1. Let 1 < p < oco. Let (X, M, 1) be a measure space.

o If p < o0,
LP = {d) : X — C such that 1 is measurable and / [|Pdp < oo}
and
1/p
oty = ( [ otran)
o If p=o0,
L™ = {1/} : X — C such that 1 is measurable and esssup |¢(z)| < oo}
zeX
and
|lcc = esssup |¢(z)] where esssup [¢(z)| = inf{M > 0: |¢(z)| < Mp-a.e.}
reX zeX
Note that for any n € N, there is N,, with p(Ny,) = 0 such for all z € NS
1
Y@ < [l + -

Let N = U,cny Nn- Then N is null and [y (z)| < |[¢[| for all z € N€.

Example A.2. For any 1 < p < oo, LP is a vector space. Some examples:
(i) Let n e N, X ={1,2,...,n}, M = P(X), and p the counting measure. Then ¢ : X — C is
identified with the vector (¢(1) --- z/J(n))T € C" and

[ toidn =" P
X i=1
is the squared Euclidean norm.

(ii) Let X = N, M = P(N), and p the counting measure. We denote LP(N, P(N), u) = ¢P. Here
1 : X — C is identified with the sequence {1;};cn. And

o
= {{wz‘}ieN DY il < OO} and (% = {{T/Ji}ieN : Sup |hi] < OO} :
i=1 i€
Definition A.3. A Banach space is a complete normed vector space.
e A norm on a vector space V is amap || - | : V — [0,00) such that

(i) v =0 <= v=0
(ii) [Jow| = |af||v]|, for « € C and v € V
(iif) [lv + wl[| < o] + [lw]

e A normed vector space is complete if every Cauchy sequence is convergent

e In a normed vector space, d(v,w) = ||[v — w|| is a metric
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Note A.4. In the above definition, (i) fails for £P. The solution is to define the equivalence relation
P~ gif o = ¢ ae.

Then [¢] = {6 € L7 : ¢ ~ ¥},
Definition A.5. LP(X, M, u) is the set {[¢] : ¢ € LP(X, M, )} equipped with the operations

o [ +[¢] = [+ ]
o aff)] = [ay]
o Il = 11 llp

Lemma A.6. The above operations are well-defined and LP(X, M, u) is a normed vector space.

Proof.

o “17 is well defined: we need to show that

(V1 ~ b2 & ¢1 ~ ¢2) = Y1+ P1 ~ Y2 + @2

Let Ny = {z € X : ¢1(x) < ¢o(x)} and Ny = {z € X : ¢1(x) # ¢2(x)}. Then p(Ny) =
p(Ng) =0, and

{z € X 1 ¢1(2) + d1(z) # h2(z) + ¢a(2)} C Ny U Ny,
Finally, since u(Ny U Ng) = 0, we conclude 11 + ¢1 ~ )2 + ¢2 as desired.
e Similar for well-definedness of scalar multiplication
e The norm is well-defined since integrals of a.e. equal functions are equal

e The vector space axioms are immediate with 0 = [0] being the class of functions that are
equal to 0 a.e.

e The first two norm axioms are quick to prove. The triangle inequality takes a bit of work
(see HW 10)

O]

Proposition A.7. Let (X, M, ) be a finite measure space. Let ¢ € L. Then ¢ € LP for all
1 <p<ooand

=1 .
1¥lloo = lim 2],
This is one of many results that essentially says: “the infinity norm is the limit of the p norm
whenever it makes sense”.

Proof. Let X, ={x € X : [¢(z)| > r}. If u(X;) > 0 then

1/p
o ], > miut ([ o) > riimintu(x)Mr = o
p—00 p—+00 X, P—00
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and
limsup [|¢]|, < [ oo limsup u(X) 7 = ||| oc.

p—o0 p—o0

Now pick 7 = |9l — € so that p(X,) > 0 and so that liminf, .« ||¥|p, > ||¢|lec — € for all € > 0.
Thus altogether

[Plloo < liminf {|5h[l,, < Tim sup {3l < {|e]oo-
p—0o0 p—r00

So all inequalities are equalities and

lim inf [[¢ll, = tim sup [[¢ll, = lim [[¥]lp = [¥lloo-

O

Theorem A.8. (Hélder’s Inequality) Let 1 < p,q < oc.

(i) If ;+;=1land g € LP, ¢ € LY, then ¢p € L' and [[vo]1 < [[¢],[l¢ll4

(i) f1<r<oo, s+ 7=y, and ¢ € LP, ¢ € L% then ¢¢ € L” and [[vo[l, < [[¢],[l¢llq
Proof.

(i) See HW 10

(ii) Follows from (i) applied to [¢|", [¢|" and 2, 1.

(i)
1ol = [l el < 1 el g/ = 119151101l
]
Corollary A.9. Let 1 <p<g<oo. Ifyp € LP N LI, then ¢ € L" for all r € [p, q] and
[6llpe < 11,0 10115,
1 _ 1-6 0
where o = =% 4 7 for 6 € [0, 1].
Proof. (¢ < o0) By Hoélder’s Inequality:
10155 = /X |1 =00 b %P0y = [[]4b| =P [[119P2 1 < 116102 L g 1) 182172 ] 6
We should just check that % + 0% =1 (true by assumption), and that
|op|1=OPo ¢ [ p/(Po(1=0)) |p|OPe € L3/
And indeed
» (1-0)pgy
_ _ [e=3r P _
12 guca-ay = ([ (10-07)70) 7 o,
and similarly
191%7 114 6p0 = ll211g72

from which the claim follows. ]
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Theorem A.10. (Reisz-Fischer) Let (X, M, u) be a measure space and 1 < p < oo. Then
LP(X, M, 1) is a Banach space.

Lemma A.11. A normed vector space is complete if and only if every absolutely convergent series
is convergent.

Proof. (Reisz-Fischer) From what we have already shown about LP(X, M, u), it suffices to check
completeness.

e Case 1 < p < oo : Let {9);}ieny be absolutely convergent, namely ). ||1)i|[, = M < oco. By
Lemma A.11 it suffices to show that Y, 1; converges in LP. Let G, = Y ;" [¢i(x)], this
increases point-wise to G = ), [1;] (it may be 0o). Now by the triangle inequality:

1Gally < Z leilly < M < oo.

Then by the M.C.T., G € L? and [, GPdp = lim, [ |Gn[Pdp < MP. In particular G(x)
is finite p-a.e. Hence there is a null set N such that the numerical series ), 1;(x) converges
absolutely for z € N¢. Now by completeness of C:

sz )X e (@) = S(2)

for allz € X. Altogether | S, (x)—S(x)|P — 0as N — oo and |S,,(z)—S(z)|P < (2G(z))? € L,
so the D.C.T. implies

lim / 1S, (z) — S(a)[Pdp = 0.

n—o0

Namely S = lim;,,—00 Sy, in LP and so the series is convergent.

e Case p = co: Let {t;}ien be a Cauchy sequence in L. Then, by definition of || - ||, for each
J,k € N there is a null set N;; such that

|9(2) = Pr(x)] < |95 — Yrlloo

for all z € N¥,. The set N = |J; ey IVjk is again a null set. Let z € N°. Then {¢;(z)}ien is
Cauchy and hence convergent (by the completeness of C), say to ¢(x). It follows that ¢; — ¢
uniformly on N¢. Namely ¢; — v in L.
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