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1 Banach Spaces

1.1 Normed Vector Spaces

Definition 1.1. X is a vector space over C if for all x, y, z ∈ X and a, b ∈ C we have

• Closure under addition: x+ y ∈ X

• Commutativity of addition: x+ y = y + x

• Associativity of addition: (x+ y) + z = x+ (y + z)

• Existence of 0 vector: There is 0 ∈ X such that x+ 0 = x

• Existence of additive inverse: For each x ∈ X, there exists −x such that x+ (−x) = 0

• Closure under scalar multiplication: ax ∈ X

• Distributivity (scalar over vector sum): a(x+ y) = ax+ ay

• Distributivity (vector over scalar sum): (a+ b)x = ax+ bx

• Associativity of scalar multiplication: (ab)x = a(bx)

• Multiplicative identity: 1x = x

Definition 1.2. (X, d) is a metric space if d : X ×X → [0,∞) satisfies

(i) d(x, y) = d(y, x)

(ii) d(x, y) = 0 ⇐⇒ x = y

(iii) d(x, z) ≤ d(x, y) + d(y, z)

Definition 1.3. A norm on a vector space X (over C) is a function ∥ · ∥ : X → [0,∞) satisfying

(i) ∥x∥ = 0 ⇐⇒ x = 0

(ii) ∥λx∥ = |λ|∥x∥ for all λ ∈ C and x ∈ X

(iii) ∥x+ y∥ ≤ ∥x∥+ ∥y∥

We call (X, ∥ · ∥) a normed vector space.

Note 1.4.

• It is easy to show that any normed vector vector space (X, ∥ · ∥) is also a metric space with
metric given by d(x, y) = ∥x− y∥.

• From the triangle inequality: ∥x∥−∥y∥ ≤ ∥x−y∥, symmetry then yields |∥x∥−∥y∥| ≤ ∥x−y∥.
So norms are continuous!

Definition 1.5. Two norms ∥ · ∥ and ∥ · ∥′ are equivalent if there are constants C,C ′ > 0 such that

C∥x∥ ≤ ∥x∥′ ≤ C ′∥x∥ ∀x ∈ X

Note 1.6. Any two norms on a finite dimensional vector space are equivalent.
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Definition 1.7. A metric space (X, d) is complete if every sequence {xm}∞m=1 in X which is
Cauchy (for all ε > 0 there is N ∈ N so that m,n ≥ N =⇒ d(xm, xn) < ε) also converges in X
(there is x ∈ X so that limn→∞ d(x, xn) = 0).

Proposition 1.8. A normed vector space (X, ∥ · ∥) is complete if and only if every absolutely
convergent series is convergent. Namely, a normed vector space is complete if and only if

∞∑
k=1

∥xk∥ <∞ =⇒ ∃x ∈ X : x =
∞∑
k=1

xk.

Proof. Suppose first that (X, ∥ · ∥) is complete. Let
∑∞

k=1 ∥xk∥ < ∞ and define SN =
∑N

k=1 xk.
Then for N > M we have

∥SN − SM∥ =

∥∥∥∥∥
N∑

k=M+1

xk

∥∥∥∥∥ ≤
N∑

k=M+1

∥xk∥ → 0 as M,N → ∞.

So the sequence {SN} is Cauchy and hence convergent (since X is complete).
Conversely, suppose that every absolutely convergent sequence is convergent. Let {xm}∞m=1 be
Cauchy. Take m1 < m2 < m3 < · · · so that ∥xm − xn∥ < 2−j for all m,n ≥ mj . Then define

y1 = xm1 and yj = xmj − xmj−1 for j ≥ 2. Then
∑k

j=1 yj = xmk
. Moreover,∑

j∈N
∥yj∥ ≤ ∥xm1∥+

∑
j∈N

2−j <∞.

So limxmk
=
∑∞

j=1 yj exists. Finally, we verify that {xm} and {xmk
} have the same limit. Since

{xm} is Cauchy, given ε > 0 there exist N0,K0 ∈ N so that ∥xm − xmk
∥ < ε/2 for all m,mk ≥ N0

and so that ∥xmk
− x∥ < ε/2 for all k > K0. Hence for m ≥ max{N0,mK0} we have

∥xm − x∥ ≤ ∥xm − xmk
∥+ ∥xmk

− x∥ < ε.

Definition 1.9. A Banach space is a complete, normed vector space.

Example 1.10.

(i) Cm over C or Rm over R.

(ii) ℓ∞ = {x = (x1, x2, . . . ) : xj ∈ C and ∥x∥∞ <∞} where ∥x∥∞ = supj |xj |

(iii) C([0, 1]) = {f : [0, 1] → C : f is continuous} with ∥f∥∞ = supx∈[0,1] |f(x)|

That (i) is a normed vector space is that (i) is complete are both standard exercises. That (ii) and
(iii) are normed vector space is left as an exercise. Below we show that (ii) and (iii) are complete.

• Suppose that {xk}∞k=1 = {(xk1, xk2, . . . )}∞k=1 in ℓ∞ is Cauchy. Then for each m ∈ N we have

|xkm − xjm| ≤ ∥xk − xj∥

so {xkm}∞k=1 as a sequence in C is Cauchy, and since C is complete we get

lim
k→∞

xkm = xm

Nathan Cantafio 3 Functional Analysis



for some xm ∈ C. Define x = (x1, x2, . . . ). We need to show that ∥xk − x∥ → 0 as k → ∞.
Choose K ∈ N so that for all j, k ≥ K we have ∥xk − xj∥ < ε. In fact, for all m ∈ N we have

|xkm − xjm| ≤ ∥xk − xj∥ < ε.

And furthermore that

|xkm − xm| ≤ |xkm − xjm|+ |xjm − xm| ≤ ε+ |xjm − xm|︸ ︷︷ ︸
→0 as j→∞

.

So we see that |xkm − xm| ≤ ε for all k ≥ K independent of m. Hence

∥xk − x∥ = sup
m

|xkm − xm| ≤ ε

for all k ≥ K and so limk→∞ ∥xk − x∥ = 0. It remains to show that x ∈ ℓ∞. And indeed
∥x∥ ≤ ∥xk − x∥+ ∥xk∥ ≤ 1 + ∥xk∥ <∞ for k large enough.

• Suppose {fk}∞k=1 in C([0, 1]) is Cauchy. Then for each x ∈ [0, 1] we have

∥fk(x)− fj(x)| ≤ ∥fk − fj∥

so {fk(x)}∞k=1 is Cauchy as a sequence in C, and since C is complete we get that

lim
k→∞

fk(x) = f(x)

for some f(x) ∈ C. Define the function f : x 7→ f(x). Now choose K ∈ N so that for all
j, k ≥ K we have ∥fk − fj∥ < ε. Then for all x ∈ [0, 1] we have

|fk(x)− fj(x)| ≤ ∥fk − fj∥ < ε.

And furthermore that

|fk(x)− f(x)| ≤ |fk(x)− fj(x)|+ |fj(x)− f(x)| ≤ ε+ |fj(x)− f(x)|︸ ︷︷ ︸
→0 as j→∞

.

So we see that |fk(x)− f(x)| < ε for all k ≥ K, independent of x ∈ [0, 1]. Hence

∥fk − f∥ = sup
x∈[0,1]

|fk(x)− f(x)| ≤ ε

for all k ≥ K and so limk→∞ ∥fk − f∥ = 0. It remains to show that f ∈ C([0, 1]). Now fix
x ∈ [0, 1]. Let ε > 0 and choose N ∈ N so that ∥fN − f∥ < ε/3. By continuity there is δ > 0
such that |y − x| < δ =⇒ |fN (x)− fN (y)| < ε/3. Hence for |y − x| < δ we have

|f(x)− f(y)| ≤ |f(x)− fN (x)|+ |fN (x)− fN (y)|+ |fN (y)− f(y)| < ε.

Namely f is continuous at x, and this holds for all x ∈ [0, 1]
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1.2 Linear Maps

Definition 1.11. A linear map T : X → Y between vector spaces X and Y satisfies

T (λ1x+ λ2y) = λ1T (x) + λ2T (y)

for all x, y ∈ X and λ1, λ2 ∈ C.

Definition 1.12. A linear map T : X → Y is bounded if there is C > 0 such that

∥Tx∥Y ≤ C∥x∥X

for all x ∈ X.

Example 1.13.

(i) All linear maps from Cm to Cn can be written in the form x 7→ Ax where A is an m × n
matrix with entries in C. Now we can write

∥Ax∥22 =
∑
j

|(Ax)j |2 =
∑
j

(Ax)j(Ax)j =
∑
j,k,ℓ

Aj,kxkAj,ℓxℓ.

Using the fact that ab ≤ a2+b2

2 for a, b ≥ 0 we can then bound

∥Ax∥22 ≤ max
s,t

|As,t|2
∑
j,k,ℓ

n

2
(|xk|2 + |xℓ|2) ≤ max

s,t
|As,t|2m2︸ ︷︷ ︸
C

∥x∥22.

Namely, all linear maps from Cm → Cn are bounded.

(ii) Let X = C([0, 1]) with ∥ · ∥∞. Fix g ∈ C([0, 1]) and define T : X → X which maps f 7→ gf .
It is clearly a well-defined map and it is linear. It is also bounded, since

∥Tf∥∞ = ∥gf∥∞ = sup
x∈[0,1]

|g(x)f(x)| ≤ sup
x∈[0,1]

|g(x)| sup
x∈[0,1]

|f(x)| ≤ ∥g∥∞︸ ︷︷ ︸
C

∥f∥∞.

(iii) Let X = C1([0, 1]) with ∥f∥C1 = ∥f∥∞ + ∥f ′∥∞ and let Y = C([0, 1]) with ∥ · ∥∞. Then the
map d

dx : X → Y is a bounded linear map. Indeed, we have

∥Tf∥∞ = ∥f ′∥∞ ≤ ∥f∥∞ + ∥f ′∥∞ = ∥f∥C1 .

(iv) Let X = C∞([0, 1]) with ∥ · ∥∞. Then d
dx : X → X is unbounded. Indeed, consider the

sequence fn(x) = sin(2πnx). Then ∥f∥∞ = 1, however d
dxfn(x) = 2πn cos(2πnx) which has

∥ d
dxfn∥∞ = 2πn. In particular, for any constant C, there is n ∈ N such that fn ∈ C∞([0, 1])

and ∥ d
dxfn∥∞ > C = C∥fn∥∞. So d

dx cannot be bounded.

Proposition 1.14. For any linear map T : X → Y between normed vector spaces X,Y . The
following are equivalent:

(i) T is bounded

(ii) T is continuous

(iii) T is continuous at 0
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Proof. (ii) =⇒ (iii) is trivial. Now we show (i) =⇒ (ii). There exists some constant C such that

∥Tx− Ty∥ = ∥T (x− y)∥ ≤ C∥x− y∥,

so T is continuous. Now we show (iii) =⇒ (i). By linearity we have T (0) = 0. And since T is
continuous at 0 there is δ > 0 such that ∥Tx∥ ≤ 1 whenever ∥x∥ ≤ δ. So

∥Tx∥ =

∥∥∥∥T (∥x∥
δ

x

∥x∥
δ

)∥∥∥∥ =
∥x∥
δ

∥∥∥∥T ( x

∥x∥
δ

)∥∥∥∥ ≤ ∥x∥
δ
.

Namely T is bounded.

Definition 1.15. For normed vector spaces X,Y , we define L(X,Y ) to be the set of all bounded
linear maps from X to Y . Note that L(X,Y ) is itself a vector space.

Definition 1.16. For T ∈ L(X,Y ), the following are equivalent definitions of the operator norm:

∥T∥ = sup{∥Tx∥Y : ∥x∥X = 1}

= sup
x ̸=0

∥Tx∥Y
∥x∥X

= inf{C ≥ 0 : ∥Tx∥Y ≤ C∥x∥X , x ∈ X}

Note 1.17. Firstly,

T is bounded ⇐⇒ there is C > 0 such that ∥Tx∥ ≤ C∥x∥ for all x ∈ X ⇐⇒ ∥T∥ <∞.

Moreover, for x ̸= 0, ∥Tx∥ = ∥Tx∥
∥x∥ ∥x∥ ≤ ∥T∥∥x∥ which implies the inf above is in fact a min. It

is also worth explicitly mentioning that the operator norm as defined, is in fact a norm, and that
(L(X,Y ), ∥ · ∥) is a normed vector space.

Proposition 1.18. Let X,Y be normed vector spaces. If Y is complete (Banach), then L(X,Y )
is Banach.

Proof. It suffices to check completeness. Let {Tn}n∈N be Cauchy in (L(X,Y ), ∥ · ∥). Then for all
x ∈ X we have

∥Tnx− Tmx∥ = ∥(Tn − Tm)x∥ ≤ ∥Tn − Tm∥︸ ︷︷ ︸
→0 as n,m→∞

∥x∥.

In particular, {Tnx}n∈N is Cauchy in Y . So by the completeness of Y there is Tx ∈ Y such that
Tx = limn→∞ Tnx. Define the linear map T : x 7→ Tx. Then T is linear because limits are linear.
Moreover, T is bounded. Indeed, there is N ∈ N such that ∥Tn − Tm∥ ≤ 1 for n,m ≥ N , hence

∥Tn∥ = ∥Tn − TN + TN∥ ≤ ∥Tn − TN∥+ ∥TN∥ ≤ 1 + ∥TN∥

for all n ≥ N . Then define

M := max{∥T1∥, ∥T2∥, . . . , ∥TN∥, 1 + ∥TN∥}

so that ∥Tn∥ ≤M for all n ∈ N. Finally by the continuity of norms we write for any x ∈ X:

∥Tx∥ = ∥ lim
n→∞

Tnx∥ = lim
n→∞

∥Tnx∥ ≤M∥x∥.

So T is bounded and hence T ∈ L(X,Y ). It remains to show that ∥T − Tn∥ → 0 as n → ∞. But
given ε > 0, there is N ∈ N so that n ≥ N

∥Tn − T∥ = ∥Tn − lim
m→∞

Tm∥ = lim
m→∞

∥Tn − Tm∥ ≤ ε.
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Note 1.19. If S, T ∈ L(X,X), then ∥ST∥ ≤ ∥S∥∥T∥ where ST is the composition of S and T .
This follows since

∥STx∥ ≤ ∥S∥∥Tx∥ ≤ ∥S∥∥T∥∥x∥,

for all x ∈ X. And ∥ST∥ is the inf over all such constants. So ∥ST∥ ≤ ∥S∥∥T∥.

1.3 Linear Functionals

Definition 1.20. A linear map f : X → C (or R) is a linear functional on X

Definition 1.21. The dual space of X, denoted X⋆, is X⋆ = L(X,C) (or L(X,R)). Namely, X⋆

is the space of bounded linear functionals on X.

Note 1.22. By Prop. 1.18 X⋆ equipped with the operator norm ∥f∥ = sup∥x∥=1 |f(x)| is Banach.

Example 1.23. Let X = C([0, 1]) with ∥ · ∥∞.

(i) Given f ∈ L1([0, 1]), define If : X → C via g 7→
∫ 1
0 gf dx. This is linear. It is also bounded:

|Ifg| =
∣∣∣∣∫ fg dx

∣∣∣∣ ≤ ∫ |f ||g| dx ≤ ∥g∥∞∥f∥L1 .

(ii) Given x0 ∈ [0, 1], define Ex0 : X → C via g 7→ g(x0). This is linear. It also bounded:

|Ex0g| = |g(x0)| ≤ ∥g∥∞.

Notice that both of the above are examples of integrating against some measure.

Ifg =

∫ 1

0
g(f dx) Ex0g =

∫ 1

0
g dδx0 .

Definition 1.24. Let X be a vector space over R. A sublinear functional on X is a map
p : X → R such that

p(x+ y) ≤ p(x) + p(y) for all x, y ∈ X and p(λx) = λx for all λ > 0 and x ∈ X.

Note: a norm or “seminorm” (same as a norm without requiring ∥x∥ = 0 =⇒ x = 0) are examples
of sublinear functionals.

Theorem 1.25. (Hahn-Banach, R version). Let X be a vector space over R, p a sublinear
functional on X, M ⊂ X a subspace, and f :M → R a linear functional such that f(x) ≤ p(x) for
all x ∈ M . Then there exists a linear functional F : X → R such that F ↾M= f and F (x) ≤ p(x)
for all x ∈ X.

Proof. If M = X we are done. So suppose M ̸= X.

• There is x ∈ X \M . Define g :M +Rx→ R so that g(y+ λx) := f(y) + λg(x) for all y ∈M
and λ ∈ R. Write α = g(x) ∈ R. We need to choose α. For y1, y2 ∈M :

f(y1) + f(y2) = f(y1 + y2) ≤ p(y1 + y2) = p(y1 − x+ y2 + x) ≤ p(y1 − x) + p(y2 + x).

This then implies

f(y1)− p(y1 − x) ≤ p(y2 + x)− f(y2) for all y1, y2 ∈M.
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Taking first the inf of the RHS and the sup of the LHS yields:

sup
y1∈M

f(y1)− p(y1 − x) ≤ inf
y2∈M

p(y2 + x)− f(y2).

Namely there exists α ∈ [supLHS, inf RHS]. If λ > 0, then

g(y + λx) = λ
[
f
(y
λ

)
+ α

]
≤ λ

[
f
(y
λ

)
+ p

(y
λ
+ x
)
− f

(y
λ

)]
≤ p(y + λx).

If λ < 0, a similar argument yields g(y + λx) ≤ p(y + λx), and if λ = 0 then

g(y + λx) = g(y) = f(y) ≤ p(y).

• Define F to be the family of linear extensions

F =
{
f̂ : M̂ → R | M̂ ⊃M, f̂ ↾M= f, f̂ ≤ p on M̂

}
.

Then F is partially ordered where

(f1 :M1 → R) ⊂ (f2 :M2 → R)

means M1 ⊂ M2 and f2 ↾M1= f1. Now, note that any linearly ordered (meaning for all
α, β ∈ I either fα ⊂ fβ or fβ ⊂ fα) sub-family {fα}α∈I ⊂ F has an upper bound. Indeed,

set M̂ =
⋃
α∈I Mα and define f̂ : M̂ → R so that f̂(x) = fα(x) if x ∈Mα (note that if x ∈ M̂

then x ∈Mα for some α and all Mβ which are “bigger”, then by the restriction property we

have that f̂ is well-defined). Defined this way, we see that fα ⊂ f̂ for all α ∈ I. Finally, we
apply Zorn’s Lemma (actually an axiom) which says that if every linearly ordered subset of
a partially ordered set S has an upper bound, then S has a maximal element. This yields a
maximal extension F of f , such that f ≤ p and f is defined on X. (F must be defined on X,
if not we apply the first bullet point to obtain a new extension larger than F , a contradiction).

Definition 1.26. A seminorm is a map p : X → [0,∞) such that for all x, y ∈ X and λ ∈ C we
have p(λx) = |λ|p(x) and p(y + x) ≤ p(y) + p(x).

Theorem 1.27. (Hahn-Banach, C version) Let X be a complex vector space, p a seminorm on
X, M ⊂ X a subspace, and f : M → C a linear functional such that |f(x)| ≤ p(x) for all x ∈ M .
Then there is a linear functional F : X → C so that F ↾M= f and |F (x)| ≤ p(x) for all x ∈ X.

Proof. The proof is omitted.

Theorem 1.28. If M ⊂ X is a closed subspace and x ∈ X \M . Then there is f ∈ X⋆ satisfying
f(x) = δ := infy∈M ∥y−x∥ > 0, f ↾M= 0, and ∥f∥ = 1. [Note: M is assumed closed so that δ > 0].

Proof. Define f : M + Cx → C so that f(y + λx) = λδ for all y ∈ M and λ ∈ C. This satisfies
f ↾M= 0, f(x) = δ, and f linear. Now write

|f(y + λx)| = |λδ| = |λ|δ ≤ |λ|
∥∥∥y
λ
+ x
∥∥∥ = ∥y + λx∥.

Hence ∥ · ∥ works as p in the extension theorem. So we can extend f to X. It remains to check

that ∥f∥ = 1. Since |f(z)| ≤ ∥z∥ we have that |f(z)
∥z∥ ≤ 1, and taking the supremum over all z ∈ X

yields ∥f∥ ≤ 1. To check ∥f∥ ≥ 1. Let ε > 0, by properties of infimum, there is y ∈ M so that

∥y − x∥ ≤ δ(1 + ε). Then |f(y − x)| = δ ≥ ∥y−x∥
1+ε , and so |f(y−x)|

∥y−x∥ ≥ 1
1+ε . Since ε > 0 was arbitrary,

we conclude that ∥f∥ ≥ 1.
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Corollary 1.29. If X ∋ x ̸= 0, then there is f ∈ X⋆ such that ∥f∥ = 1 and f(x) = ∥x∥.

Proof. Take M = {0} and apply Hahn-Banach.

Corollary 1.30. If x, y ∈ X with x ̸= y, then there is f ∈ X⋆ such that f(x) ̸= f(y) and ∥f∥ = 1

Proof. Apply Corollary 1.29 to z = x− y and use linearity.

Note 1.31. Recall we defined the dual space of Z, denoted Z⋆ = L(Z,C), as the space of bounded
linear functions on Z. When Z = X⋆, we denote the dual space of X⋆ as X⋆⋆ = Z⋆ = L(X⋆,C).

Theorem 1.32.

(i) For x ∈ X, the map x̂ : X⋆ → C given by x̂ : f 7→ f(x) is a bounded linear functional on X⋆.

(ii) The map X → X⋆⋆ given by x 7→ x̂ is a linear isometry.

Proof.

(i) x̂ is clearly linear. It is also bounded since |x̂(f)| = |f(x)| ≤ ∥f∥∥x∥.

(ii) We need to show that ∥x̂∥ = ∥x∥. The previous point implies ∥x̂∥ ≤ ∥x∥. Then by Corollary
1.29 there is f ∈ X⋆ such that ∥f∥ = 1 and |f(x)| = ∥x∥. Hence

∥x̂∥ = ∥x̂∥∥f∥ ≥ |x̂(f)| = |f(x)| = ∥x∥.

Note 1.33. We can identify each x ∈ X with an element of X⋆⋆ via

X ≈ X̂ := {x̂ : x ∈ X} ⊂ X⋆⋆.

We know that X⋆⋆ is complete by Prop. 1.18, but we don’t know that X̂ is closed in X⋆⋆. We can

study the closure X̂ called “the completion of X”. A Banach space is called reflexive if X̂ = X⋆⋆.

1.4 The Baire Category Theorem and its Consequences

Definition 1.34. A set D is dense in X if D = X. Equivalently, a set D is dense in X if O∩D ̸= ∅
for all non-empty open O ⊂ X.

Theorem 1.35. (The Baire Category Theorem) Let X be a complete metric space. If {Um}m∈N
are open and dense, then

⋂
m∈N Um is dense.

Proof. LetW ̸= ∅ be open. Since U1 is open and dense, we have that U1∩W is open and non-empty.
Namely there is x1 ∈ U1 ∩W and in fact by openness there is some 0 < r1 < 1/2 such that

Br1(x1) ⊂ U1 ∩W.

Now U2∩Br1(x1) is open and non-empty, so there is Br2(x2) ⊂ U2∩Br1(x1) for some 0 < r2 < 1/22.
Inductively we continue to construct

Brm(xm) ⊂ Um ∩Brm−1(xm−1) xm ∈ X and 0 < rm < 1/2m.
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In particular, since the balls are nested, we have that xm, xn ∈ BrN (xN ) for n,m ≥ N . Then
since rN → 0 as N → ∞ we conclude that {xm}m∈N is Cauchy, and as X is complete there is
X ∋ x = limm→∞ xm. Let N ∈ N, then

for all m ≥ N : xm ∈ BrN (xN ) =⇒ x ∈ BrN (xN ) ⊂ UN ∩W.

Since this is true for all N ∈ N we conclude that x ∈
⋂
N∈N UN ∩W . In particular, the intersection

is non-empty; and since W was arbitrary we have that
⋂
N∈N Un is dense.

Definition 1.36. A set E ⊂ X is nowhere dense if E does not contain any non-empty open set.
That is, the interior of the closure is empty: (E)◦ = ∅.

Definition 1.37. A set ismeagre if it is a countable union of nowhere dense sets. The complement
of a meagre set is called residual.

Corollary 1.38. If X is a complete metric space, a residual set is dense. In particular, the whole
space cannot be meagre.

Proof. Let R ⊂ X be a residual set. Namely Rc =
⋃∞
m=1Em where Em are nowhere dense. Then

R =
∞⋂
m=1

Ecm ⊃
∞⋂
m=1

(Em)
c.

Since (Em)
c is open, it is enough to prove that (Em)

c is dense. Then indeed the Baire Category
Theorem implies

⋂∞
m=1(Em)

c is dense which then implies R is dense. Let U be any non-empty
open set. Since Em is nowhere dense, U ̸⊂ Em. Thus U ∩ (Em)

c ̸= ∅ as desired. Moreover, ∅ is not
dense and so cannot be residual. Hence X = ∅c is not meagre.

Example 1.39. The set of nowhere differentiable functions is dense in the space C([0, 1]) equipped
with ∥ · ∥∞. Recall that C([0, 1]) with ∥ · ∥∞ is Banach. Define

Em = {f ∈ C([0, 1]) : there exists x0 so that |f(x)− f(x0)| ≤ m|x− x0| for all x ∈ [0, 1]} .

Claim: if f is differentiable at some point, then f ∈
⋃∞
m=1Em. Namely D ⊂

⋃∞
m=1Em where

D = {f ∈ C([0, 1]) : f is differentiable at at least one point}.

Proof. If limx→y
|f(x)−f(y)|

|x−y| exists (i.e. f ′(y) exists), then there is δ > 0 so that

|x− y| < δ =⇒
∣∣∣∣f(x)− f(y)

x− y

∣∣∣∣ < |f ′(y)|+ 1.

On the other hand: if |x− y| ≥ δ, then
∣∣∣f(x)−f(y)x−y

∣∣∣ ≤ 2∥f∥∞
δ . Namely there is some y ∈ [0, 1] (where

f ′(y) exists) such that

|f(x)− f(y)| ≤

|f ′(y)|+ 1 +
2∥f∥∞
δ︸ ︷︷ ︸

C

 |x− y|

for all x ∈ [0, 1]. And moreover there is N ∈ N so that N ≥ C. Hence f ∈ EN .
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So the set of nowhere differentiable functions Dc contains

Dc ⊃

( ∞⋃
m=1

Em

)c
=: R.

Hence it is enough to show that R is dense, and by Cor. 1.38 it is enough to show that R is residual,
or in other words that Em are nowhere dense...

Definition 1.40. A map T : X → Y is open if T (U) is open for all open U ⊂ X. [Contrast this
to continuous which requires T−1(V ) to be open for all open V ⊂ Y .]

Theorem 1.41. (Open Mapping Theorem) Let X and Y be Banach spaces. If T ∈ L(X,Y ) is
surjective, then T is open.

Proof. It suffices to show that T maps open balls (in X) to open sets (in Y ) since any open set can
be written as a union of open balls. Moreover notice

T (Br(x0)) = T (x0 + rB1(0)) = T (x0) + rT (B1(0))

so it suffices to check that T (B1(0)) is open.
Claim: it suffices to check that T (B1(0)) ⊃ Bδ(0) for some δ > 0. Indeed: if T (B1(0)) ⊃ Bδ(0)
for some δ > 0, then for any y ∈ T (B1(0)) we have y = Tx with x ∈ B1(0). Choose r := 1 − ∥x∥
so that Br(x) ⊂ B1(0). Then

T (B1(0)) ⊃ T (Br(x)) = Tx+ rT (B1(0)) ⊃ y + rBδ(0) = Bδr(y).

Which implies T (B1(0)) is open.
Now since T is surjective write:

⋃
k∈N

T (Bk(0)) = T

(⋃
k∈N

Bk(0)

)
= T (X) = Y.

By corollary 1.38 we have that Y is not meagre. So there must be k ∈ N such that T (Bk(0)) is not
nowhere dense. Note that one can check ϕ : x 7→ kx is a homeomorphism (bijective, continuous,
with continuous inverse) and it maps ϕ : T (B1(0)) 7→ T (Bk(0)). Since nowhere denseness is
preserved by homeomorphism [specifically (ϕ(A))◦ = ϕ((A)◦)], we have that

T (B1(0)) is nowhere dense ⇐⇒ T (Bk(0)) is nowhere dense.

So T (B1(0)) is not nowhere dense. Namely there is r > 0 and y0 ∈ Y such that

T (B1(0)) ⊃ B4r(y0).

Now since T (B1(0)) is dense in its closure, and y0 ∈ T (B1(0)), there is y1 ∈ T (B1(0)) such that
∥y1 − y0∥ < 2r [moreover, y1 = Tx1 for some x1 ∈ B1(0)]. Now if ∥y∥ < 2r, then

y + y1 ∈ B2r(y1) ⊂ B4r(y0) ⊂ T (B1(0)).

And then:

y = −Tx1 + (y + y1) ∈ −Tx1 + T (B1(0)) = T (−x1 +B1(0)) ⊂ T (B2(0)).
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This then implies that for any m ∈ N:

∥y∥ < 2−mr =⇒ y ∈ T (B2−m(0)).

And in particular that Br(0) ⊂ T (B1(0)). We now show that Br/2(0) ⊂ T (B1(0)).
Fix ∥y∥ < r/2. We inductively construct x1, x2 . . . with xj ∈ B2−j (0) so that∥∥∥∥∥∥y −

m∑
j=1

Txj

∥∥∥∥∥∥ < 2−(m+1)r

for any m ∈ N. For m = 1, since ∥y∥ < 2−1r we have y ∈ T (B2−1(0)) which implies the existence
of x1 ∈ B2−1(0) so that ∥y − Tx1∥ < r/4. Now the inductive step: suppose x1, . . . , xm are such
that xj ∈ B2−j (0) and ∥y −

∑m
j=1 Txj∥ < 2−(m+1)r. We have that y −

∑m
j=1 Txj ∈ T (B2−(m+1)(0))

which implies the existence of xm+1 ∈ B2−(m+1)(0) such that ∥y −
∑m+1

j=1 Txj∥ < 2−(m+2)r. Now

since
∑

j∈N ∥xj∥ <
∑

j∈N 2−j = 1 and X is Banach, by Prop. 1.8 implies that
∑

j∈N xj = x ∈ X.
Finally,

y = lim
m→∞

m∑
j=1

Txj = T

 lim
m→∞

m∑
j=1

xj

 = Tx ∈ T (B1(0)).

Since this holds for any y ∈ Br/2(0) we see that Br/2(0) ⊂ T (B1(0)) as desired.

Corollary 1.42. Let X and Y be Banach spaces. If T ∈ L(X,Y ) is bijective, then T−1 ∈ L(Y,X).

Proof. By the Open Mapping Theorem T is open. T−1 exists (since T is bijective) and is continuous
(since T is open). Moreover T−1 is linear and so by Proposition 1.14 we have T−1 ∈ L(Y,X).

Definition 1.43. A linear map T : X → Y is said to be closed if its graph

Γ(T ) = {(x, y) ∈ X × Y : Tx = y}

is closed in X × Y with ∥(x, y)∥ = ∥x∥X + ∥y∥Y .
Note: to check T is closed it suffices to check that

(xj → x, Txj → y) =⇒ Tx = y.

Furthermore: if T is bounded, then T is closed. Indeed, if xj → x and Txj → y, then

∥y − Tx∥ ≤ ∥y − Txj∥+ ∥Txj − Tx∥ ≤ ∥y − Txj∥+ ∥T∥∥xj − x∥ → 0.

Which then implies y = Tx as desired.

Theorem 1.44. (Closed Graph Theorem) Let X and Y be Banach spaces. Suppose T : X → Y is
linear and closed. Then T is bounded.

Proof. Since X and Y are Banach, one can show that X × Y is Banach. Then since the graph
Γ(T ) ⊂ X × Y is a closed subset of a Banach space, Γ(T ) is itself Banach. Define the projection
maps

π1:Γ(T )→X
π1:(x,Tx)7→x and π2:Γ(T )→Y

π2:(x,Tx)7→Tx.

Both πi are trivially bounded. For example ∥π2(x, Tx)∥Y = ∥Tx∥Y ≤ ∥x∥X + ∥Tx∥Y = ∥(x, Tx)∥.
Moreover, π1 is a bijection. So by Corollary 1.42 we have that π−1

1 is bounded. Hence T = π2 ◦π−1
1

as a composition of bounded maps is bounded.
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Theorem 1.45. (Uniform Bounded Principle) Let X and Y be normed vector spaces. Let A ⊂
L(X,Y ) be a collection of bounded linear maps. Then

(i) If X is not meagre and supT∈A ∥Tx∥ <∞ for all x ∈ X, then supT∈A ∥T∥ <∞

(ii) If X is Banach and supT∈A ∥Tx∥ <∞ for all x ∈ X, then supT∈A ∥T∥ <∞

Namely, X being meagre (in fact Banach) is enough to turn a point-wise bound on ∥Tx∥ into a
uniform bound.

Proof. First of all, by Corollary 1.38 we have (i) =⇒ (ii) since a Banach space cannot be meagre.
So it suffices to prove (i). Define

Em = {x ∈ X : sup
T∈A

∥Tx∥ ≤ m} =
⋂
T∈A

{x ∈ X : ∥Tx∥ ≤ m}.

Notice that Em is closed since for each T ∈ A the set {x ∈ X : ∥Tx∥ ≤ m} is closed, and an
arbitrary intersection of closed sets is closed. Now we write

X = {x ∈ X : sup
T∈A

∥Tx∥ <∞} =
⋃
m∈N

Em

and note that X is not meagre. So at least one of the Em is not nowhere dense. Hence there is
Br(x0) ⊂ Em for some x0 ∈ Em and r > 0. For any T ∈ A: if ∥x∥ ≤ r, then

∥Tx∥ ≤ ∥T (x+ x0)∥+ ∥Tx0∥ ≤ 2m

since both x+ x0, x0 ∈ Br(x0). Namely Br(0) ⊂ E2m. Finally, we may write

∥T∥ = sup
∥x∥=1

∥Tx∥ =
1

r
sup
∥x∥=1

∥T (rx)∥ =
1

r
sup
∥x∥=r

∥Tx∥ ≤ 2m

r
.

Since this holds for any T ∈ A we have thatsupT∈A ∥T∥ ≤ 2m
r <∞ as desired.
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2 Special cases: Lp and Hilbert Spaces

2.1 Lp Spaces

Definition 2.1. Let 1 ≤ p ≤ ∞. Let (X,M, µ) be a measure space.

• If p <∞,

Lp =
{
ψ : X → C such that ψ is measurable and

∫
|ψ|pdµ <∞

}
and

∥ψ∥p =
(∫

|ψ|pdµ
)1/p

• If p = ∞,

L∞ =

{
ψ : X → C such that ψ is measurable and ess sup

x∈X
|ψ(x)| <∞

}
and

∥ψ∥∞ = ess sup
x∈X

|ψ(x)| where ess sup
x∈X

|ψ(x)| = inf{M ≥ 0 : |ψ(x)| ≤Mµ-a.e.}

Note that for any n ∈ N, there is Nn with µ(Nn) = 0 such for all x ∈ N c
n

|ψ(x)| ≤ ∥ψ∥∞ +
1

n
.

Let N =
⋃
n∈NNn. Then N is null and |ψ(x)| ≤ ∥ψ∥∞ for all x ∈ N c.

Example 2.2. For any 1 ≤ p ≤ ∞, Lp is a vector space. Some examples:

(i) Let n ∈ N, X = {1, 2, . . . , n}, M = P(X), and µ the counting measure. Then ψ : X → C is

identified with the vector
(
ψ(1) · · · ψ(n)

)⊤ ∈ Cn and∫
X
|ψ|2dµ =

n∑
i=1

|ψ(i)|2

is the squared Euclidean norm.

(ii) Let X = N, M = P(N), and µ the counting measure. We denote Lp(N,P(N), µ) = ℓp. Here
ψ : X → C is identified with the sequence {ψi}i∈N. And

ℓp =

{
{ψi}i∈N :

∞∑
i=1

|ψi|p <∞

}
and ℓ∞ =

{
{ψi}i∈N : sup

i∈N
|ψi| <∞

}
.

Note 2.3. In the definition of a norm, (i) fails for Lp. The solution is to define the equivalence
relation

ψ ∼ ϕ if ψ = ϕ a.e.

Then [ψ] = {ϕ ∈ Lp : ϕ ∼ ψ}.
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Definition 2.4. Lp(X,M, µ) is the set {[ψ] : ψ ∈ Lp(X,M, µ)} equipped with the operations

• [ψ] + [ϕ] = [ψ + ϕ]

• α[ψ] = [αψ]

• ∥[ψ]∥p = ∥ψ∥p
Lemma 2.5. The above operations are well-defined and Lp(X,M, µ) is a normed vector space.

Proof.

• “+” is well defined: we need to show that

(ψ1 ∼ ψ2 & ϕ1 ∼ ϕ2) =⇒ ψ1 + ϕ1 ∼ ψ2 + ϕ2.

Let Nψ = {x ∈ X : ψ1(x) ≤ ψ2(x)} and Nϕ = {x ∈ X : ϕ1(x) ̸= ϕ2(x)}. Then µ(Nψ) =
µ(Nϕ) = 0, and

{x ∈ X : ψ1(x) + ϕ1(x) ̸= ψ2(x) + ϕ2(x)} ⊂ Nψ ∪Nϕ.

Finally, since µ(Nψ ∪Nϕ) = 0, we conclude ψ1 + ϕ1 ∼ ψ2 + ϕ2 as desired.

• Similar for well-definedness of scalar multiplication

• The norm is well-defined since integrals of a.e. equal functions are equal

• The vector space axioms are immediate with 0 = [0] being the class of functions that are
equal to 0 a.e.

• The first two norm axioms are quick to prove. The triangle inequality takes a bit of work and
is called “Minkowski’s Inequality” (see MATH507 HW10)

Proposition 2.6. Let (X,M, µ) be a finite measure space. Let ψ ∈ L∞. Then ψ ∈ Lp for all
1 ≤ p ≤ ∞ and

∥ψ∥∞ = lim
p→∞

∥ψ∥p.

This is one of many results that essentially says: “the infinity norm is the limit of the p norm
whenever it makes sense”.

Proof. Let Xr = {x ∈ X : |ψ(x)| ≥ r}. If µ(Xr) > 0 then

lim inf
p→∞

∥ψ∥p ≥ lim inf
p→∞

(∫
Xr

|ψ|pdµ
)1/p

≥ r lim inf
p→∞

µ(Xr)
1/p = r

and
lim sup
p→∞

∥ψ∥p ≤ ∥ψ∥∞ lim sup
p→∞

µ(X)1/p = ∥ψ∥∞.

Now pick r = ∥ψ∥∞ − ε so that µ(Xr) > 0 and so that lim infp→∞ ∥ψ∥p ≥ ∥ψ∥∞ − ε for all ε > 0.
Thus altogether

∥ψ∥∞ ≤ lim inf
p→∞

∥ψ∥p ≤ lim sup
p→∞

∥ψ∥p ≤ ∥ψ∥∞.

So all inequalities are equalities and

lim inf
p→∞

∥ψ∥p = lim sup
p→∞

∥ψ∥p = lim
p→∞

∥ψ∥p = ∥ψ∥∞.
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Theorem 2.7. (Hölder’s Inequality) Let 1 ≤ p, q ≤ ∞.

(i) If 1
p +

1
q = 1 and ψ ∈ Lp, ϕ ∈ Lq, then ψϕ ∈ L1 and ∥ψϕ∥1 ≤ ∥ψ∥p∥ϕ∥q

(ii) If 1 ≤ r <∞, 1
p +

1
q = 1

r , and ψ ∈ Lp, ϕ ∈ Lq, then ψϕ ∈ Lr and ∥ψϕ∥r ≤ ∥ψ∥p∥ϕ∥q

Proof.

(i) See HW 10

(ii) Follows from (i) applied to |ψ|r, |ϕ|r and p
r ,

q
r .

∥ψϕ∥rr = ∥|ψ|r|ϕ|r∥1
(i)

≤ ∥|ψ|r∥p/r∥|ϕ|r∥q/r = ∥ψ∥rp∥ϕ∥rq.

Corollary 2.8. Let 1 ≤ p < q ≤ ∞. If ψ ∈ Lp ∩ Lq, then ψ ∈ Lr for all r ∈ [p, q] and

∥ψ∥pθ ≤ ∥ψ∥1−θp ∥ψ∥θq,

where 1
pθ

= 1−θ
p + θ

q for θ ∈ [0, 1].

Proof. (q <∞) By Hölder’s Inequality:

∥ψ∥pθpθ =

∫
X
|ψ|(1−θ)pθ |ψ|θpθdµ = ∥|ψ|(1−θ)pθ ||ψ|θpθ∥1 ≤ ∥|ψ|(1−θ)pθ∥p/(pθ(1−θ))∥|ψ|

θpθ∥q/θpθ .

We should just check that (1−θ)pθ
p + θpθ

q = 1 (true by assumption), and that

|ψ|(1−θ)pθ ∈ Lp/(pθ(1−θ)), |ψ|θpθ ∈ Lq/θpθ .

And indeed

∥|ψ|(1−θ)pθ∥p/(pθ(1−θ)) =
(∫

X

(
|ψ|(1−θ)pθ

) p
(1−θ)pθ

) (1−θ)pθ
p

= ∥ψ∥(1−θ)pθp ,

and similarly
∥|ψ|θpθ∥q/θpθ = ∥ψ∥θpθq

from which the claim follows.

Note 2.9. One can prove a result of a similar flavour to corollary 2.8 which states: if 1 ≤ p < q ≤ ∞
and µ(X) <∞, then Lq ⊂ Lp.

Theorem 2.10. (Reisz-Fischer) Let (X,M, µ) be a measure space and 1 ≤ p ≤ ∞. Then
Lp(X,M, µ) is a Banach space.

Proof. (Reisz-Fischer) From what we have already shown about Lp(X,M, µ), it suffices to check
completeness.
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• Case 1 ≤ p < ∞ : Let {ψi}i∈N be absolutely convergent, namely
∑

i ∥ψi∥p = M < ∞. By
Proposition 1.8 it suffices to show that

∑
i ψi converges in Lp. Let Gn =

∑n
i=1 |ψi(x)|, this

increases point-wise to G =
∑

i |ψi| (it may be ∞). Now by the triangle inequality:

∥Gn∥p ≤
n∑
i=1

∥ψi∥p ≤M <∞.

Then by the M.C.T., G ∈ Lp and
∫
X G

pdµ = limn→∞
∫
|Gn|pdµ ≤ Mp. In particular G(x)

is finite µ-a.e. Hence there is a null set N such that the numerical series
∑

i ψi(x) converges
absolutely for x ∈ N c. Now by completeness of C:

Sn(x) =
n∑
i=1

ψi(x)χNc(x) → S(x)

for all x ∈ X. Altogether |Sn(x)−S(x)|p → 0 asN → ∞ and |Sn(x)−S(x)|p ≤ (2G(x))p ∈ L1,
so the D.C.T. implies

lim
n→∞

∫
X
|Sn(x)− S(x)|pdµ = 0.

Namely S = limn→∞ Sn in Lp and so the series is convergent.

• Case p = ∞: Let {ψi}i∈N be a Cauchy sequence in L∞. Then, by definition of ∥ · ∥∞, for each
j, k ∈ N there is a null set Nj,k such that

|ψj(x)− ψk(x)| ≤ ∥ψj − ψk∥∞

for all x ∈ N c
j,k. The set N =

⋃
j,k∈NNj,k is again a null set. Let x ∈ N c. Then {ψi(x)}i∈N is

Cauchy and hence convergent (by the completeness of C), say to ψ(x). It follows that ψj → ψ
uniformly on N c. Namely ψj → ψ in L∞.

2.2 The Dual of LP

Unless otherwise stated, in this section we let (X,M, µ) be a measure space. And we denote
Lp = Lp(X,M, µ),

∫
f =

∫
X f dµ. Also we set 1 ≤ p ≤ ∞ we define the “conjugate exponent”

of p to be 1 ≤ q ≤ ∞ such that 1/p+ 1/q = 1.

Proposition 2.11. Fix any 1 ≤ q ≤ ∞ and let p be conjugate. For any g ∈ Lq define ϕg : L
p → C

which maps f 7→
∫
gf . Then ϕg ∈ (Lp)∗ and ∥ϕg∥ ≤ ∥g∥q.

Proof. ϕg is linear because
∫
is linear. ϕg is bounded by Hölder:

|ϕg(f)| =
∣∣∣∣∫ gf

∣∣∣∣ ≤ ∫ |gf | ≤ ∥g∥q∥f∥p.

In particular ∥ϕg∥ ≤ ∥g∥q.

Definition 2.12. A measure µ on (X,M) is semi-finite if for every E ∈ M with µ(E) = ∞,
there is F ⊂ E in M such that 0 < µ(F ) <∞.

Proposition 2.13. Fix 1 ≤ q ≤ ∞ and let p be conjugate. Let g ∈ Lq and define ϕg as above. If
either (i) 1 ≤ q <∞ or (ii) q = ∞ and µ is semi-finite, then ∥ϕg∥ = ∥g∥q.
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Proof. We can assume that g is not 0 a.e. as this case is trivial. Otherwise it suffices to find an
f ∈ Lp with ∥f∥p = 1 such that

∣∣∫ fg∣∣ = ∥g∥q since recall that ∥ϕg∥ = sup
{∣∣∫ fg∣∣ : ∥f∥p = 1

}
and

we have already shown that ∥ϕg∥ ≤ ∥g∥q.

• When 1 < q <∞, take

f(x) =


|g(x)|q−1

∥g∥q−1
q

g(x)
|g(x)| g(x) ̸= 0

0 g(x) = 0
.

Since p and q are conjugate, we have that p(q − 1) = q. Then

∥f∥pp =
∫

|f |p = 1

∥g∥p(q−1)
q

∫
|g(x)|p(q−1) dµ(x) =

1

∥g∥qq

∫
|g(x)|q dµ(x) = 1

and ∫
fg =

1

∥g∥q−1
q

|g(x)|q dµ(x) = ∥g∥q.

• When q = 1 (i.e. p = ∞) take

f(x) =

{
g(x)
|g(x)| g(x) ̸= 0

0 g(x) = 0
.

Then ∥f∥∞ = 1 and
∫
fg =

∫
|g| = ∥g∥1.

• When q = ∞ (i.e. p=1) and µ is semi-finite, for every ε > 0 define

Aε = A = {x ∈ X : |g(x)| > ∥g∥∞ − ε}.

Notice that µ(A) > 0 (by the definition of ∥ · ∥∞) so by semi-finiteness there is B ⊂ A such
that 0 < µ(B) <∞. Then define

f(x) =

{χ
B
(x)

µ(B)
g(x)
|g(x)| g(x) ̸= 0

0 g(x) = 0
.

Then ∥f∥1 = 1
µ(B)

∫
B 1 = 1 and∫
fg =

1

µ(B)

∫
B
|g| > 1

µ(B)

∫
B
∥g∥∞ − ε = ∥g∥∞ − ε.

This shows that ∥ϕg∥ ≥ ∥g∥∞ − ε for every ε > 0. Hence ∥ϕg∥ ≥ ∥g∥∞ as desired.

Corollary 2.14. Let either (i) 1 ≤ q < ∞ or (ii) q = ∞ and µ be semi-finite. Take p to be the
conjugate exponent. Then the map from Lq → (Lp)∗ which sends g 7→ ϕg is a linear isometry.

Proof. propositions 2.11 and 2.13 show exactly this.

Theorem 2.15. Let either 1 < q < ∞ or q = ∞ and µ be σ-finite. Take p to be the conjugate
exponent. Then for each ϕ ∈ (Lp)∗, there is a g ∈ Lq such that ϕ = ϕg. Namely the above map is
surjective, and hence is an isometric isomorphism (a bijective isometry) between Lq and (Lp)∗.
[Note: being an isometry implies the map is injective for free.]
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Proof. Let ϕ ∈ (Lp)∗.

• Case 1 (µ(X) <∞): Notice that if there was such a g, then ϕ(χE) =
∫
E g dµ. This looks like

a Radon-Nikodym density g = dν
dµ for some complex measure ν which would require ν ≪ µ.

Following this idea, define ν(E) := ϕ(χE). We will show that ν as defined is a complex
measure, and that ν ≪ µ. Then we will show that dν

dµ =: g ∈ Lq and satisfies ϕ = ϕg.

– ν is a complex measure: First of all ν(∅) = ϕ(0) = 0 since ϕ is linear. Now let {Em}m∈N
be disjoint and E =

⋃∞
m=1Em. We must show that ν(E) =

∑∞
m=1 ν(Em) and that the

series is absolutely convergent. Let

αk = sgnϕ(χEk
) where sgn z =

{
z
|z| z ̸= 0

0 z = 0

and define fm =
∑m

k=1 αkχEk
and f =

∑
k∈N αkχEk

. Note fm ∈ Lp since µ is finite.
Now

∥fm − f∥pp =
∫ ∣∣∣∣∣

∞∑
k=m+1

αkχEk

∣∣∣∣∣
p

dµ =

∞∑
k=m+1

∫
χEk

dµ = µ

( ∞⋃
k=m+1

Ek

)
(⋆).

This measure approaches 0 as m → ∞ since µ(X) < ∞. So fm → f in Lp. Now notice
that

ϕ(fm) = ϕ

(
m∑
k=1

αkχEk

)
=

k∑
m=1

αkϕ(χEk
) =

m∑
k=1

|ϕ(χEk
)|.

So by continuity∑
k∈N

|ν(Ek)| = lim
m→∞

∣∣∣∣∣
m∑
k=1

|ϕ(χEk
)|

∣∣∣∣∣ = lim
m→∞

|ϕ(fm)| = |ϕ(f)| ≤ ∥ϕ∥∥f∥p.

Hence
∑∞

k=1 ν(Ek) is absolutely convergent. Finally, using a similar argument as in (⋆)
one can show that

∑m
k=1χEk

→ χE in Lp. Hence

ν(E) = ϕ(χE) = lim
m→∞

ϕ

(
m∑
k=1

χEk

)
=

∞∑
k=1

ν(Ek)

as desired.

– ν ≪ µ: If µ(E) = 0, then χE = 0 µ-a.e. Hence

|ν(E)| = |ϕ(χE)| ≤ ∥ϕ∥ ∥χE∥p︸ ︷︷ ︸
0

.

Hence ν(E) = 0.

– g := dν
dµ ∈ Lq: Radon-Nikodym guarantees the existence of g := dν

dµ ∈ L1(µ) so that

ϕ(χE) = ν(E) =

∫
E
g dµ =

∫
χEg dµ.

Then by linearity, ϕ(f) =
∫
fg dµ for all simple functions f . Hence∣∣∣∣∫ fg dµ

∣∣∣∣ ≤ ∥ϕ∥∥f∥p (⋆⋆)

for all simple functions f . We state the following proposition without proof:
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Proposition. Let p, q be conjugate. Let Σ be the set of all simple functions vanishing
outside a set of finite measure. Suppose g : X → C is measurable function such that: (i)
f ∈ Σ =⇒ gf ∈ L1, (ii)

Mq(g) = sup

{∣∣∣∣∫ fg

∣∣∣∣ : f ∈ Σ, ∥f∥p = 1

}
<∞,

and (iii) {x : g(x) ̸= 0} is σ-finite or µ is semi-finite. Then g ∈ Lq and ∥g∥q =Mq(g).

Since µ is finite, all (i)-(iii) are satisfied which implies g ∈ Lq and when combined with
(⋆⋆) we have ∥g∥q =Mq(g) ≤ ∥ϕ∥.

– ϕ = ϕg: For any f ∈ Lp there is a sequence of simple functions {fn}n∈N in Lp such that
fn → f in Lp. Hence∣∣∣∣ϕ(f)− ∫ fg dµ

∣∣∣∣ ≤ |ϕ(f)−ϕ(fn)|+
∣∣∣∣∫ (fn − f)g

∣∣∣∣ ≤ ∥ϕ∥∥f − fn∥p+ ∥fn− f∥p∥g∥q → 0.

So ϕ(f) =
∫
fg dµ for all f ∈ Lp. That is ϕ = ϕg.

• Case 2 (µ is σ-finite): We can write X =
⋃
n∈NEn where E1 ⊂ E2 ⊂ · · · and µ(En) <∞.

By case 1, there is gn ∈ Lq(En) such that ϕ(f) =
∫
En
fgn dµ for all f ∈ Lp(En). Then by

uniqueness, gn+1|En = gn µ-a.e. So g = limn→∞ gn satisfies g|En = gn. We show that g ∈ Lq.
If q <∞ we apply the Monotone Convergence Theorem to |gn|q:

∥g∥qq =
∫
X
|g|q dµ = lim

n→∞

∫
En

|gn|q dµ ≤ ∥ϕ∥q <∞.

If q = ∞, for any n ∈ N we have

ess sup
x∈En

|g(x)| = ∥gn∥∞ ≤ ∥ϕ∥.

Since En is increasing and
⋃
nEn = X we have that

ess sup
x∈X

|g(x)| = sup
n

ess sup
x∈En

|g(x)| ≤ ∥ϕ∥.

Hence g ∈ L∞ and ∥g∥∞ ≤ ∥ϕ∥. Now we show ϕ = ϕg. For any f ∈ Lp, |f(1 −χEn
)|p → 0

pointwise, and |f(1−χEn
)|p ≤ |f |p ∈ L1. So by the Dominated Convergence Theorem:

∥f − fχEn
∥pp =

∫
|f(1−χEn

)|p dµ→ 0.

So by continuity of ϕ and the Dominated Convergence Theorem applied to |gnf | ≤ |gf | ∈ L1

(which follows from Hölder):

ϕ(f) = lim
n→∞

ϕ(fχEn
) = lim

n→∞

∫
gnf dµ =

∫
gf dµ.

• Case 3 (µ is arbitrary and 1 < q <∞): See Folland.
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2.3 Hilbert Spaces

“A Hilbert Space is a Banach Space with a norm induced by an inner product: ∥x∥2 = ⟨x, x⟩.”

Definition 2.16. An inner product (on X, a vector space over C) is a function

⟨·, ·⟩ : X ×X → C

with the following properties:

(i) ⟨αx+ βy, z⟩ = α⟨x, z⟩+ β⟨y, z⟩ for all α, β ∈ C, and x, y, z ∈ X

(ii) ⟨y, x⟩ = ⟨x, y⟩

(iii) ⟨x, x⟩ > 0 whenever x ̸= 0 and ⟨x, x⟩ = 0 when x = 0

Notice:

⟨x, αy + βz⟩ (ii)
= ⟨αy + βz, x⟩ (i)

= α⟨y, x⟩+ β⟨z, x⟩ (ii)
= α⟨x, y⟩+ β⟨x, z⟩.

Example 2.17. (Cauchy-Schwarz) Given x, z ∈ X with z ̸= 0, define

ϕ(t) = ∥x− tz∥2 t ∈ R
= ⟨x− tz, x− tz⟩
= ⟨x, x⟩ − t⟨x, z⟩ − t⟨z, x⟩+ ⟨−tz,−tz⟩

= ∥x∥2 − t
(
⟨x, z⟩+ ⟨z, x⟩

)
+ t2∥z∥2

We can further write
ϕ(t) = ∥x∥2 − 2tRe(⟨x, z⟩) + t2∥z∥2.

This is clearly non-negative as an upward facing parabola. Moreover ϕ(t) ≥ ϕ(t⋆) for all t where t⋆

is determined from

0 = ϕ′(t) = −2Re(⟨x, z⟩) + 2t∥z∥2 =⇒ t⋆ =
Re(⟨x, z⟩)

∥z∥2
.

And

ϕ(t⋆) = ∥x∥2 − (Re(⟨x, z⟩))2

∥z∥2
.

This ϕ is non-negative we obtain
|Re(⟨x, z⟩)| ≤ ∥x∥∥z∥.

This holds for all x, z ∈ X (the case when z = 0 is trivial). Notice we have equality if and only if
x = t⋆z, that is, x is a scalar multiple of z. We can upgrade this further. Let y ∈ X be such that
⟨x, y⟩ ≠ 0. Take z = σy for some σ ∈ C. Then

⟨x, z⟩ = ⟨x, σy⟩ = σ⟨x, y⟩.

Taking σ = ⟨x,y⟩
|⟨x,y⟩| yields

⟨x, σy⟩ =

(
⟨x, y⟩
|⟨x, y⟩|

)
⟨x, y⟩ = |⟨x, y⟩|.

Hence
|⟨x, y⟩| ≤ ∥x∥∥σy∥ = ∥x∥∥y∥

since σ has unit norm. This is valid for arbitrary x, y ∈ X (again the case when ⟨x, y⟩ = 0 is
trivial). Moreover, we have equality if and only if x = t⋆(σy) = (t⋆σ)y, that is, x is a complex
scalar multiple of y. This is the Cauchy-Schwarz Inequality.
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Proposition 2.18. In this setup, ∥x∥ =
√
⟨x, x⟩ is truly a norm.

Proof.

• ∥x∥ ≥ 0 for all x ∈ X and with equality if and only if x = 0

• ∥αx∥2 = ⟨αx, αx⟩ = α⟨x, αx⟩ = αα⟨x, x⟩ = |α|2∥x∥2

• We note that ∥x+ y∥2 is ϕ from Example 2.17 evaluated at −1

∥x+ y∥2 = ∥x∥2 + 2Re(⟨x, y⟩) + ∥y∥2

≤ ∥x∥2 + 2|⟨x, y⟩|+ ∥y∥2

≤ ∥x∥2 + 2∥x∥∥y∥+ ∥y∥2

= (∥x∥+ ∥y∥)2

Definition 2.19. A Hilbert Space is a pair (X, ⟨·, ·⟩) where X is a complex vector space, ⟨·, ·⟩ is
an inner product on X, and the norm ∥x∥ =

√
⟨x, x⟩ makes (X, ∥ · ∥) a Banach Space.

Proposition 2.20. (Parallelogram Laws) For all x, y ∈ X we have

∥x+ y∥2 + ∥x− y∥2 = 2(∥x∥2 + ∥y∥2).

Proof. Evaluating ϕ from Example 2.17 at ±1 yields

∥x+ y∥2 = ∥x∥2 + 2Re(⟨x, y⟩) + ∥y∥2 and ∥x− y∥2 = ∥x∥2 − 2Re(⟨x, y⟩) + ∥y∥2.

Adding these together yields

∥x+ y∥2 + ∥x− y∥2 = 2(∥x∥2 + ∥y∥2)

as desired.

Example 2.21.

(i) For any n ≥ 1, let Cn = {(z1, z2, . . . , zn) : zk ∈ C} and define ⟨y, z⟩ =
∑n

k=1 ykzk.

(ii) Extend to CN = {(z1, z2, . . . ) : zk ∈ C} with ⟨y, z⟩ =
∑∞

k=1 ykzk. But this series may diverge!
So let ℓ2 ⊂ CN be the set of complex sequences z for which

∥z∥2 =
∞∑
k=1

zkzk =
∞∑
k=1

|zk|2

is convergent.

(iii) Let (Ω,M, µ) be a measure space, then Lp(Ω,M, µ) with inner product ⟨f, g⟩ =
∫
Ω fg dµ

works. [One can view ℓ2 as a special case of this with Ω = N and µ the counting measure.]
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Proposition 2.22. Let X = Lp(Ω,M, µ) where 1 ≤ p ≤ ∞, µ(Ω) > 0 and µ({x}) = 0 for all
x ∈ Ω. Then X endowed with ∥ · ∥p is a Hilbert space if and only if p = 2.

Proof. One way to detect if there exists an inner product compatible with a given norm ∥ · ∥ is to
see if ∥·∥ satisfies the parallelogram law. Choose E,F ∈ M with m := µ(E) = µ(F ) and E∩F = ∅.
Such E and F always exist given our assumptions. Define f = χE and g = χF . When 1 ≤ p <∞:

∥f ± g∥pp =
∫
Ω
|f ± g|p dµ =

∫
E∪F

|f ± g|p dµ = µ(E ∪ F ) = 2m.

While on the other hand ∥f∥pp =
∫
Ω |f |p dµ = µ(E) = m and similarly ∥g∥pp = m. Hence

∥f + g∥2p + ∥f − g∥2 = (2m)2/p + (2m)2/p = 2(2)2/p(m)2/p

while
2(∥f∥2p + ∥g∥2p) = 2(m2/p +m2/p) = 2(2)(m)2/p.

These two expressions are equal if and only if p = 2. In the case where p = ∞, note that
∥f ± g∥∞ = ∥f∥∞ = ∥g∥∞ = 1 and that 1 + 1 ̸= 2 + 2. So the only Lp space that is also a Hilbert
space is L2 and the norm satisfies ∥f∥22 =

∫
Ω |f |2 dµ =

∫
Ω ff dµ.

Definition 2.23. A set S ⊂ X is convex if st := s0+ t(s1−s0) ∈ S for all s0, s1 ∈ S and t ∈ [0, 1].

Theorem 2.24. Let X be a Hilbert space. Let S ⊂ X be non-empty, closed, and convex. Then
given x ̸∈ S, there exists a unique ŝ ∈ S where ∥x − ŝ∥ ≤ ∥x − s∥ for all s ∈ S. In other words,
there exists a unique ŝ which is the nearest point in S to the given x.

Proof. Denote dS(x) = inf{∥x − s∥ : s ∈ S}. For each k ∈ N, let rk = dS(x) +
1
k . By properties

of infimum there exists sk ∈ S such that ∥x − sk∥ < rk. Now for arbitrary m,n ∈ N apply the
parallelogram law to (x− sm) and (x− sn):

∥(x− sm) + (x− sn)∥2 + ∥(x− sm)− (x− sn)∥2 = 2
(
∥x− sm)

2 + ∥x− sn∥2
)

which then becomes

∥sn − sm∥2 = 2∥x− sm∥2 + 2∥x− sn∥2 − 4 ∥x− (sm + sn)/2∥2 .

By convexity, (sm + sn)/2 ∈ S so ∥x− (sm + sn)/2∥ ≥ dS(x). Altogether we have that

∥sn − sm∥2 ≤ 2r2m + 2r2n − 4dS(x)
2.

Now rk → dS(x) as k → ∞ so the RHS → 0 as m,n → ∞. Namely {sk}k∈N is Cauchy. In
particular, as X is assumed Hilbert (hence complete), there exists ŝ = limk→∞ sk. Firstly ŝ ∈ S
since S is closed. Moreover,

dS(x) ≤ ∥x− ŝ∥ = lim
k→∞

∥x− sk∥ ≤ lim
k→∞

rk = dS(x),

so ∥x− ŝ∥ = dS(x) as desired. It remains to check uniqueness. Suppose that ŝ0, ŝ1 ∈ S both satisfy
dS(x) = ∥x− ŝj∥. We can again apply the parallelogram law to, this time to (x− ŝ0) and (x− ŝi),
to obtain that

∥ŝ0 − ŝ1∥2 ≤ 2r̂20 + 2r̂21 − 4dS(x)
2

for any r̂j ≥ ∥x− ŝj∥. Choose r̂j = dS(x) to obtain ∥ŝ0 − ŝ1∥ ≤ 0 so that ŝ1 = ŝ0.
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Theorem 2.25. Let X be a Hilbert space. Let S ⊂ X be non-empty, closed, and convex. Let
ŝ ∈ S and x ∈ X. The following are equivalent.

(i) ∥x− ŝ∥ ≤ ∥x− s∥ for all s ∈ S

(ii) Re⟨x− ŝ, s− ŝ⟩ ≤ 0 for all s ∈ S

Proof. First a generic calculation (for any s ∈ X):

∥x− s∥2 = ∥x− ŝ+ ŝ− s∥2 = ∥x− ŝ∥2 + 2Re⟨x− ŝ, ŝ− s⟩︸ ︷︷ ︸
−Re⟨x−ŝ,s−ŝ⟩

+∥ŝ− s∥2.

First (ii) =⇒ (i). The generic calculation implies

∥x− s∥2 ≥ ∥x− ŝ∥2 + 0 + ∥ŝ− s∥2 ≥ ∥x− ŝ∥2.

Now (i) =⇒ (ii). Let s ∈ S be arbitrary. By convexity, st = ŝ + t(s − ŝ) ∈ S for all t ∈ (0, 1]. By
applying (i) and then the generic calculation:

∥x− ŝ∥2
(i)

≤ ∥x− st∥2 = ∥x− ŝ∥2 − 2Re⟨x− ŝ, st − ŝ⟩+ ∥ŝ− st∥2.

Then since st − ŝ = t(s− ŝ) we can write

∥x− ŝ∥2 ≤ ∥x− ŝ∥2 − 2Re⟨x− ŝ, t(s− ŝ)⟩+ ∥t(s− ŝ)∥2.

Since t > 0 we can then write

Re⟨x− ŝ, s− ŝ⟩ ≤ t

2
∥s− ŝ∥2.

Taking the limit as t→ 0+ yields Re⟨x− ŝ, s− ŝ⟩ ≤ 0 as desired.

As a special case: if S is a closed linear subspace of X we can improve (ii). Pick an arbitrary s′ ∈ S
and let σ = ⟨x− ŝ, s′⟩ ∈ C. Apply (ii) with s = ŝ+ σs′. Then

0 ≥ Re⟨x− ŝ, σs′⟩ = Reσ⟨x− ŝ, s′⟩ = Re|σ|2 = |σ|2.

Since the complex modulus is non-negative, σ = 0. That is ⟨x− ŝ, s′⟩ = 0 for any s′ ∈ S.

Definition 2.26. We call v, w ∈ X orthogonal when ⟨v, w⟩ = 0.

Theorem 2.27. If E is a closed linear subspace of X with ê ∈ E and x ∈ X. The following are
equivalent.

(i) ∥x− ê∥ ≤ ∥x− e∥ for all e ∈ E

(ii) ⟨x− ê, e⟩ = 0 for all e ∈ E

Moreover, for any x ∈ X, there exists a unique ê ∈ E satisfying (i)-(ii).

Proof. See above.

Definition 2.28. For any non-empty S ⊂ X the orthogonal complement of S is defined to be

S⊥ = {x ∈ X : ⟨x, s⟩ = 0 for all s ∈ S}

(S⊥ is also pronounced “S perp”).
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One can show that S⊥ is a closed linear subspace of X, and that (S⊥)⊥ ⊃ S and is the smallest
closed linear subspace containing S.

Example 2.29. Let E be a closed subspace of X and x ∈ E. Let xE be the nearest point in
E to x. Define x⊥ = x − xE . By Theorem 2.27 (ii) we have that ⟨x − xE , e⟩ = 0 for all e ∈ E
and so x⊥ ∈ E⊥. For any y ∈ E⊥ we have y − x⊥ ∈ E⊥ since E⊥ is a subspace. So we have
0 = ⟨xE , y − x⊥⟩ = ⟨x − x⊥, y − x⊥⟩. Hence again by Theorem 2.27 (ii) we have that x⊥ is the
nearest point of E⊥ to x. In particular, we can uniquely split x = xE + x⊥ and write

X = E ⊕ E⊥ = {xE + x⊥ : xE ∈ E, x⊥ ∈ E⊥}.

Now we seek to describe the dual space X∗ when X is a Hilbert space. First a useful lemma.

Lemma 2.30. For ϕ ∈ X∗ and x, z ∈ X,

ϕ(x)z − ϕ(z)x ∈ ker(ϕ).

Proof. By linearity ϕ(ϕ(x)z − ϕ(z)x) = ϕ(x)ϕ(z)− ϕ(z)ϕ(x) = 0.

Example 2.31. First pick any u ∈ X and let fu = ⟨x, u⟩. Clearly fu is linear. And if u ̸= 0 then
by Cauchy Schwarz

|fu(x)|
∥x∥

=
|⟨x, u⟩|
∥x∥

≤ ∥x∥∥u∥
∥x∥

for all x ̸= 0.

So ∥fu∥∗ ≤ ∥u∥, hence fu ∈ X∗. Moreover fu(u)
∥u∥ = ⟨u,u⟩

∥u∥ = ∥u∥2
∥u∥ so in fact ∥fu∥∗ = ∥u∥. This shows

that an entire copy of X lives in X∗. What about its other elements? Pick any ϕ ∈ X⋆ \ {0}.
Let E = ker(ϕ) (which is a closed proper subspace of X since ϕ is not the 0 map). In particular
E⊥ ̸= {0} and we can pick z ∈ E⊥ such that ∥z∥ = 1. By the above lemma any arbitrary x ∈ X
yields ϕ(x)z − ϕ(z)x ∈ E. And since z ∈ E⊥ we have

0 = ⟨ϕ(x)z − ϕ(z)x, z⟩ = ϕ(x) ⟨z, z⟩︸ ︷︷ ︸
∥z∥2=1

−ϕ(z)⟨x, z⟩.

In particular
ϕ(x) = ϕ(z)⟨x, z⟩ = ⟨x, ϕ(z)z⟩.

So ϕ has the form fu with u = ϕ(z)z. Namely

X∗ = {fu : u ∈ X}

and ∥fu∥∗ = ∥u∥ for all u ∈ X. Moreover one can check that

⟨fu, fw⟩ = ⟨w, u⟩

is an inner product on X∗. This is the Riesz Representation Theorem for Hilbert Spaces.

Proposition 2.32. (Pythagorean Theorem) Let x1, . . . , xm ∈ H a Hilbert space with xj ⊥ xk for
all j ̸= k. Then ∥

∑m
k=1 ∥2 =

∑m
k=1 ∥xk∥2.

Proof. ∥
∑m

k=1 xk∥2 = ⟨
∑m

k=1 xk,
∑m

j=1 xj⟩ =
∑m

k=1⟨xk, xk⟩ =
∑m

k=1 ∥xk∥2.

Definition 2.33. A subset {uα}α∈A of a Hilbert space H is said to be orthonormal if ∥uα∥ = 1
for all α ∈ A and ⟨uα, uβ⟩ = 0 for α ̸= β.
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Proposition 2.34. (Bessel Inequality) Let {uα}α∈A in a Hilbert space H be orthonormal. Then
for all x ∈ H, ∑

α∈A
|⟨x, uα⟩|2 ≤ ∥x∥2.

Note that for R ∋ aα ≥ 0 we define∑
α∈A

aα := sup

{∑
α∈F

aα : F ⊂ A is finite

}
.

And if
∑

α∈A aα <∞, then {α ∈ A : aα > 0} is countable.

Proof. Let F ⊂ A be finite. Then

0 ≤

〈
x−

∑
α∈F

⟨x, uα⟩uα, x−
∑
α∈F

⟨x, uα⟩uα

〉

= ∥x∥2 −
∑
α∈F

⟨x, uα⟩⟨uα, x⟩ −
∑
α∈F

⟨x, uα⟩⟨x, uα⟩+

∥∥∥∥∥∑
α∈F

⟨x, uα⟩uα

∥∥∥∥∥
2

= ∥x∥2 − 2
∑
α∈F

|⟨x, uα⟩|2 +
∑
α∈F

|⟨x, uα⟩|2 ∥uα∥2︸ ︷︷ ︸
1

= ∥x∥2 −
∑
α∈F

|⟨x, uα⟩|2

So
∑

α∈F |⟨x, uα⟩|2 ≤ ∥x∥2 for any finite F ⊂ A. Taking sup over all such F completes the proof.

Theorem 2.35. Let {uα}α∈A in a Hilbert space H be orthonormal. The following are equivalent.

(i) Completness: ⟨x, uα⟩ = 0 for all α ∈ A implies x = 0

(ii) Parseval Identity: ∥x∥2 =
∑

α∈A |⟨x, uα⟩|2 for all x ∈ H

(iii) x =
∑

α∈A⟨x, uα⟩uα (and at most countably many ⟨x, uα⟩ are non-zero) for all x ∈ H

If (i)-(iii) hold we say that {uα}α∈A is an orthonormal basis of H.

Note that (i) means H = span{uα : α ∈ A}. Indeed, define M := span{uα : α ∈ A}, so that M is
a closed subspace of H. Then H can be decomposed as H = M ⊕M⊥. Then one can use (i) to
show that M⊥ = {0}.

Proof.

• (ii) =⇒ (i): Suppose ⟨x, uα⟩ = 0 for all α ∈ A. Then by (ii)

∥x∥2 =
∑
α∈A

|⟨x, uα⟩|2 =
∑
α∈A

0 =⇒ x = 0.

• (i) =⇒ (iii): Fix x ∈ H. Then by Bessel’s Inequality
∑

α∈A |⟨x, uα⟩|2 ≤ ∥x∥2 < ∞. So
{α ∈ A : |⟨x, uα⟩| ̸= 0} is countable and we can index them as {αj}j∈N. For n < m we have
by Pythagoras and ∥uα∥ = 1 that∥∥∥∥∥∥

m∑
j=n

⟨x, uαj ⟩uαj

∥∥∥∥∥∥
2

=

m∑
j=n

|⟨x, uαj ⟩|2 → 0 as n,m→ ∞.

Nathan Cantafio 26 Functional Analysis



Namely the partial sums are Cauchy and therefore converge to z ∈ H. Define

y = x− z = x−
∞∑
j=1

⟨x, uαj ⟩uαj .

Then for any α ∈ A:

⟨y, uα⟩ = ⟨x, uα⟩ −
∞∑
j=1

⟨x, uαj ⟩⟨uαj , uα⟩ = ⟨x, uα⟩ − ⟨x, uα⟩ = 0.

And so by (i) we have y = 0, i.e.

x =
∞∑
j=1

⟨x, uαj ⟩uαj =
∑
α∈A

⟨x, uα⟩uα.

• (iii) =⇒ (ii): Let Sm =
∑m

j=1⟨x, uαj ⟩uαj . First of all

∥x− Sm∥2 = ∥x∥2 − 2Re⟨x, Sm⟩+ ∥Sm∥2

= ∥x∥2 − 2Re

m∑
j=1

⟨x, uαj ⟩⟨x, uαj ⟩+
m∑
j=1

|⟨x, uαj |2

= ∥x∥2 = 2

m∑
j=1

|⟨x, uαj ⟩|2 +
m∑
j=1

|⟨x, uαj ⟩|2

= ∥x∥2 −
m∑
j=1

|⟨x, uαj ⟩|2

And by (iii) we have ∥∥∥∥x−
m∑
j=1

⟨x, uαj ⟩uαj︸ ︷︷ ︸
Sm

∥∥∥∥2 → 0 as m→ ∞.

So we obtain (ii).

Note 2.36. A few remarks.

• Using Zorn’s Lemma (see the proof of Hahn-Banach) one can show that every Hilbert space
has an orthonormal basis.

• A Hilbert space is separable (i.e. it contains a countable dense subset) if and only if it has a
countable orthonormal basis.

• Every separable Hilbert space is isomorphic to ℓ2.
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3 Topological Spaces

3.1 Point Set Topology

Definition 3.1. Let X ̸= ∅, then T ⊂ P(X) is called a topology if

• ∅, X ∈ T

• T is closed under arbitrary unions

• T is closed under finite intersections

The elements of T are called opens sets and the pair (X,T) is a topological space.

Example 3.2.

• {∅, X} is a topology on X

• P(X) is a topology on X

• When (X, d) is a metric space, and Br(x) := {y ∈ X : d(y, x) < r} then

T = {U ∈ P(X) : for all x ∈ U there is r > 0 such that Br(x) ⊂ U}

is a topology on X

Definition 3.3. Let (X,T) be a topological space.

• A set F ⊂ X is said to be closed if F c ∈ T. That is, if its complement is open.

• Let Y ⊂ X. The relative topology on Y is TY = {U ∩Y : U ∈ T}. It is easy to check that
this defines a topology on Y .

• A basis of T is a family B ⊂ T such that for any non-empty U ∈ T there is {Bα}α∈A in B
such that U =

⋃
α∈ABα.

• S ⊂ T is called a sub basis of T if T is the smallest topology containing S. In this case: for
all open sets U ∈ T, U can be written as a union of finite intersections of sets in S.

Definition 3.4. Let (X,T) be a topological space. Let A ⊂ X.

• The interior of A is
A◦ =

⋃
U∈T
U⊂A

U

• The closure of A is
A =

⋂
F closed
F⊃A

F

• The boundary of A is
∂A = A \A◦

Definition 3.5. Let (X,T) be a topological space.

• A neighbourhood of x ∈ X is any N ⊂ X such that x ∈ N◦. [Note N need not be open!]

• A family Nx of subsets of X is a neighbourhood basis at x if each N ∈ Nx is a neighbour-
hood of x, and for any M a neighbourhood of x, there is N ∈ Nx such that x ∈ N ⊂M

• We say that {xn}n∈N converges to x if for any N a neighbourhood of x, there is n0 ∈ N
such that xn ∈ N for all n ≥ n0

Nathan Cantafio 28 Functional Analysis



Definition 3.6. Let (X,TX) and (Y,TY ) be topological spaces. We say f : X → Y is continuous
if f−1(V ) ∈ TX for all V ∈ TY .

Note 3.7. Let X ̸= ∅. Topologies on X are partially ordered by

T ≺ T′ ⇐⇒ T ⊂ T′

in which case we say T′ is stronger than T or that T is weaker than T′. Notice that {∅, X} is
the weakest topology and that P(X) is the strongest. Some topologies are not comparable. For
example on R one can define T = {∅,R, (−∞, 0)} and T′ = {∅,R, [1,∞]}

Definition 3.8. The topology generated by E ⊂ P(X) is the smallest (weakest) topology con-
taining E . That is,

T(E) =
⋂

T topology
T⊃E

T.

Equivalently T(E) = {∅, X} ∪ {unions of finite intersections of elements of E}.

Definition 3.9. Let (X,TX) and {(Yα,Tα)}α∈A be topological spaces and let {fα}α∈A be a col-
lection of functions fα : X → Yα. The weak topology generated by {fα}α∈A is the weakest
topology on X so that all fα are continuous; i.e. it is the topology generated by

E = {f−1
α (Uα) : Uα ∈ Tα, α ∈ A}.

Definition 3.10. Let {(Xα,Tα)}α∈A be a collection of topological spaces and let X =
∏
α∈AXα.

• The box topology on X is generated by the family

BBOX =

{∏
α∈A

Uα : Uα ∈ Tα

}
.

But the box topology has some problems with A is infinite.

• We define the product topology on X as the weakest topology such that the projection
maps πα : X → Xα [which map (xβ)β∈A 7→ xα] are continuous for all α ∈ A. Equivalently, it
is the topology generated by

E = {π−1
α (Uα) : Uα ∈ Tα, α ∈ A} =

{∏
α∈A

Uα : U ′
α ∈ T′

α and Uβ = Xβ for all β ̸= α′

}
.

Example 3.11. (Why the box topology is bad)
Let X = RN =

∏
n∈NR with the usual topology on R. An element x ∈ X looks like x = (x1, x2, . . . ).

Define the sequence {x(m)}m∈N in X with

x(m) = (0, 0, . . . , 0︸ ︷︷ ︸
m zeroes

, 1, 1, . . . ), that is x
(m)
k =

{
0 k ≤ m

1otherwise
.

We expect that x(m) should converge to the sequence 0. But under the box topology we have
the open set U =

∏
k∈N(−1/2, 1/2) containing the sequence 0, and yet for any m ∈ N we have

x
(m)
k = 1 ̸∈ (−1/2, 1/2) for k ≥ m so x(m) ̸∈ U . In particular x(m) does not converge to the

sequence 0. In fact, one can show that x(m) does not converge to any {xk}k∈N = x ∈ X with the
set U =

∏
k∈N(xk − 1/2, xk + 1/2).
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Note 3.12. (More remarks on the product topology)

• A basis for the product topology is given by the “cylinders”
∏
α∈A Uα where Uα ⊂ Xα is open

and Uα = Xα for all but finitely many α’s

• If X is topological space and A a set of indices, consider

XA =
∏
α∈A

X = {f : A → X}.

For each α, the projection map is given by πα(f) = f(α). Then a sequence {fn}n∈N in XA

converges to f ∈ XA with respect to the product topology if and only if fm(α) → f(α) in X
with respect to X’s topology for all α ∈ A. [See Folland Proposition 4.12].

Definition 3.13. Let X be a topological space. A set Y ⊂ X is compact if for any cover
Y ⊂

⋃
α∈A Uα of open sets Uα ⊂ X there exist α1, . . . , αn ∈ A such that Y ⊂

⋃n
i=1 Uαi .

Proposition 3.14. (Tychonoff Theorem) If {Xα}α∈A is a family of compact topological spaces,
then

∏
α∈AXα with the product topology is compact. [This is false for a general topology, e.g. it

is not true of the box topology]. [See Folland Theorem 4.42].

Definition 3.15. A topological space (X,T) is Hausdorff (or T2) if for all x ̸= y ∈ X, there are
disjoint U, V ∈ T such that x ∈ U and y ∈ V .

Proposition 3.16. Let (X,T) be a topological space.

(i) If (X,T) is Hausdorff, K ⊂ X is compact, and x ∈ Kc then there exist disjoint U, V ∈ T such
that x ∈ U and K ⊂ V .

(ii) If X is compact and C ⊂ X is closed, then C is compact.

(iii) If X is Hausdorff and K ⊂ X is compact, then K is closed.

Proof. Exercise.

Proposition 3.17. (Heine-Borel) A subset F ⊂ Rn is compact (under the usual topology) if and
only if F is closed and bounded.

Proof. Exercise.

Proposition 3.18. (Bolzano-Weierstrass) Let (X, d) be a metric space. F ⊂ X is compact if and
only if every sequence in F has a subsequence converging to a point in F (in which case we say F
is “sequentially compact”). [Note that compactness and sequential compactness are not equivalent
in general topological spaces and that either implication could fail].

Example 3.19. (Closed & Bounded does not imply Compact in Infinite Dimensional Space) Let
X = L2(R) and B := {f ∈ L2(R) : ∥f∥2 ≤ 1}, then B is closed and bounded but not compact.

Proof. It is immediate that B is closed (since ∥ · ∥ : X → R is continuous, B is the pre-image of
the closed set [0, 1], and the pre-image of a closed set remains closed.) and bounded (since B is a
ball). As L2(R) is a metric space, compactness is equivalent to sequential compactness (i.e. K is
compact if and only if every sequence in K has a convergent subsequence). Since L2(R) is complete,
it suffices to find sequences {fk}k∈N in B with no Cauchy subsequences. Any of the following will
work (where ϕ : R → C is L2 and satisfies 0 < ∥ϕ∥2 ≤ 1):
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(i) fk(x) = ϕ(x− k)

(ii) fk(x) =
√
kϕ(kx)

(iii) fk(x) =
1√
2
χ[0,1](x) sin(kπx)

One can verify that all of (i)-(iii) are in B, but that none have any Cauchy subsequences. The
verification of (iii) is the easiest. Indeed

∥fk∥22 =
1

2

∫ 1

0
sin2(kπx) dx =

1

2

∫ 1

0

1− cos(kπx)

2
dx =

1

4
≤ 1

so fk ∈ B for all k ∈ N. Moreover, for j ̸= k we have ⟨fj , fk⟩ = 1
2

∫ 1
0 sin(jπx) sin(kπx) dx = 0 and

∥fj − fk∥ = ∥fj∥22 + ∥fk∥22 − 2Re⟨fj , fk⟩ = ∥fj∥22 + ∥fk∥22 =
1

2
.

So no subsequence is Cauchy.

3.2 Weak, Weak*, and Operator Topologies

Definition 3.20. A directed set I is non-empty equipped with a relationship ⪯ such that

• i ⪯ i for all i ∈ I (reflexive)

• i ⪯ j and j ⪯ k implies i ⪯ k (transitive)

• for all i, j ∈ I, there is k ∈ I such that i ⪯ k and j ⪯ k (directed)

Note that not all indices need be comparable, but for any two indices we can find some other index
which is larger than both.

Definition 3.21. A net on X is a function x : I → X where I is a directed set. A net can also be
denoted {xi}i∈I . As an example, consider the directed set (N,≤) with nets the sequences {xn}n∈N.

Definition 3.22. Let X be a topological space. We say a net {xi}i∈I on X converges to x ∈ X
if for every open neighbourhood U of x, there is i0 ∈ I such that xi ∈ U for all i ⪰ i0. In which
case we write xi → x.

Proposition 3.23. Let X and Y be topological spaces.

(i) F ⊂ X is closed if and only if for all nets {xi}i∈I in F converging to x ∈ X, we have x ∈ F

(ii) If X is Hausdorff, then every convergent net in X has a unique limit

(iii) X is compact if and only if every net in X has a convergent subnet

(iv) Let f : X → Y be continuous. If {xi}i∈I in X converges to x ∈ X, then f(xi) → f(x) in Y

Definition 3.24. Let X be a normed vector space.
The topology on X generated by X∗ (i.e. the smallest topology on X such that all linear and
bounded f : X → C is continuous) is the weak topology on X.
We say that xi converges weakly to x, denoted xi

w−→ x if and only if f(xi) → f(x) for all f ∈ X∗.
Notice that Tweak ⊂ T∥·∥ since all f ∈ X∗ are continuous with respect to the norm topology. If X
is infinite dimensional, then this is a strict subset (proof omitted).
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Example 3.25. Let H be a Hilbert space. By the Riesz Representation Theorem we can write
f ∈ H∗ as ⟨·, y⟩ for some y ∈ H. Thus weak convergence in a Hilbert space is

xi
w−→ x ⇐⇒ ⟨xi, y⟩ → ⟨x, y⟩ ∀ y ∈ H.

Example 3.26. Consider X = Lp with 1 ≤ p < ∞ and q conjugate so that 1
p +

1
q = 1. Then we

previously showed (Lp)∗ ≃ Lq via the map

Lq ∋ g 7→
∫

· g ∈ (Lp)∗.

So weak convergence in Lp is

fi
w−→ f ⇐⇒

∫
fig →

∫
fg ∀ g ∈ Lq

Example 3.27. Let 1 < p < ∞. Then fk = χ[k,k+1] is a sequence in Lp(R) that is weakly
convergent to 0, and ∥fk∥p = 1. It’s clear that fm has norm 1. Let ε > 0 and fix g ∈ Lq. Since∫
|g|q < ∞ we have that

∫
|x|≥R |g|q < ε for R large enough (one can use the D.C.T. to show this).

Now we use Hölder to write:∣∣∣∣∫ gfk

∣∣∣∣ = ∣∣∣∣∫ k+1

k
g

∣∣∣∣ ≤ ∫ k+1

k
|g|1 ≤

(∫ k+1

k
|g|q
)1/q (∫ k+1

k
1p
)1/p

︸ ︷︷ ︸
1

< ε1/q

for k ≥ R. Namely
∫
gfk → 0 for any g ∈ Lq and so fk

w−→ 0.

Definition 3.28. Recall we saw the map X → X∗∗ which maps x 7→ x̂ where x̂ denotes evaluation
at x. That is x̂ : X∗ → C maps x̂ : f 7→ f(x). The topology on X∗ generated by {x̂ : x ∈ X} is
called the weak* topology. (It is the smallest topology on X∗ such x̂ is continuous for all x ∈ X).

We have weak* convergence, denoted fi
w∗
−−→ f if and only if fi(x) → f(x) for all x ∈ X.

Note 3.29. Notice that {x̂ : x ∈ X} ⊂ X∗∗. Now the weak topology on X∗, denoted Tweak(X
∗),

is generated by all functionals in X∗∗. The weak* topology on X∗, denoted Tweak∗, is generated
by all the evaluations. Hence, when X is reflexive (i.e. X ≃ X∗), then all elements of X∗∗ are
evaluations and so Tweak∗ = Tweak(X

∗). Otherwise Tweak∗ ⊂ Tweak(X
∗) strictly.

Theorem 3.30. (Alaoglu’s Theorem) Let (X, ∥ · ∥) be a normed vector space. Then

B∗ = {f ∈ X∗ : ∥f∥ ≤ 1}

is compact with respect to the weak* topology.

Proof.

• Embed B∗ into a “compact product”. For x ∈ X, define Dx = {z ∈ C : |z| ≤ ∥x∥} which is a
compact subset of C. Then by Tychonoff’s Theorem,

D =
∏
x∈X

Dx = {ϕ : X → C so that |ϕ(x)| ≤ ∥x∥}

is also compact. Now define the map J : B∗ → D as J(f) = (f(x))x∈X which is well-defined
(if f ∈ B∗, then ∥f∥ = 1 and so |J(f(x))| = |ϕ(x)| ≤ ∥x∥) and injective.
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• We now show the weak* topology restricted to B∗ is the same as the subspace topology on B∗

induced by D via J . Notice that x̂(f) = evx(f) = f(x) = πx((f(y))y∈X) = πx(J(f)). Indeed,
the weak* topology on X∗ restricted to B∗ is by definition the smallest topology on B∗ such
that evx : B∗ → C is continuous for all x ∈ X. And the subspace topology on B∗ induced by
D via J is the smallest topology on B∗ such that πx ◦ J is continuous for all x ∈ X.

• J(B∗) is closed in D. Let (J(fα))α be a net in J(B∗) converging to ϕ ∈ D. We want to
show that ϕ ∈ J(B∗). We have that fα(x) = πxJfα → πxϕ = ϕ(x) for each x ∈ X. Define
f : X → C as f(x) = ϕ(x). We need to show that f ∈ B∗. That is, f ∈ X∗ and ∥f∥ ≤ 1. First
it is linear since for x, y ∈ X and a, b ∈ C we have fα ∈ B∗ so: fα(ax+ by) = afα(x)+ bfα(y).
The LHS converges to f(ax + by) and the RHS converges to af(x) + bf(y). Moreover,
|f(x)| = lim |fα(x)| ≤ ∥x∥ which implies ∥f∥ ≤ 1. So f ∈ B∗ and ϕ ∈ J(B∗). Namely J(B∗)
is closed.

• We have that J(B∗) is a closed subset of the compact D. Hence J(B∗) is compact. Moreover,
since J is a homeomorphism we have that B∗ is compact.

Note 3.31.

(i) For M > 0, MB∗ := {f ∈ X∗ : ∥f∥ ≤M} is compact with respect to the weak* topology.

(ii) The map T : (X∗,Tw∗) → (X∗,Tw∗) given by f 7→ Mf is continuous with a continuous
inverse (given by g 7→ 1

M g). So T is a homeomorphism.

Theorem 3.32. (Banach-Alaoglu) X is a separable normed vector space. Then any bounded
sequence in X∗ has a weak* convergent subsequence.

Proof. Omitted.
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4 Fourier Analysis

4.1 The Fourier Transform

Definition 4.1. For z ∈ C, we define the complex exponential as

ez =

∞∑
m=0

zm

m!
.

Note this series is absolutely convergent for all z ∈ C (for example via the ratio test). One can
show that ez+w = ezew for any z, w ∈ C. In particular

ea+bi = eaebi

for all a, b ∈ R. Moreover by splitting the even and odd terms one can write:

eib =

∞∑
m=0

(ib)m

m!
=

∞∑
m=0

(−1)mb2m

(2m)!
+ i

∞∑
m=0

(−1)mb2m+1

(2m+ 1)!
= cos b+ i sin b.

Through rearrangement one also obtains

cos θ =
eiθ + e−iθ

2
sin θ =

eiθ − e−iθ

2i
.

For x, y ∈ Rn, with x = (x1, . . . , xn) and y = (y1, . . . , yn) we have the dot product

x · y = x1y1 + · · ·+ xnyn = |x||y| cos θ,

where θ is angle between the vectors x and y. Also |x|2 = x · x.

Definition 4.2. Let f ∈ L1(Rn). The Fourier transform of f , denoted f̂ : Rn → C, is given by

f̂(ξ) =

∫
Rn

f(x)e2πiξ·x dx.

It is sometimes also denoted F (f) = f̂ .

Example 4.3.

(i) Define f(x) = χ[−1,1](x) on R. Then for ξ ̸= 0 we have

f̂(ξ) =

∫
R
χ[−1,1]e

−2πiξx dx =

∫ 1

−1
e−2πiξx dx = · · · = e−2πiξ − e2πiξ

−2πiξ
=

sin(2πξ)

πξ
.

If ξ = 0, then f̂(ξ) =
∫
χ[−1,1] dx = 2.

(ii) Define f(x) = e−|x| on R. Notice that f is not differentiable at 0. Then

f̂(ξ) =

∫
R
e−|x|e−2πiξx dx =

∫ 0

−∞
exe−2πiξx dx+

∫ ∞

0
e−xe−2πiξx dx = · · · = 2

1 + 4π2ξ2

which is C∞.
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Proposition 4.4. Let a > 0 and x ∈ Rn. Then

F
(
e−πa|x|

2
)
(ξ) = a−n/2e−π|ξ|

2/a.

In particular F
(
e−π|x|

2
)
(ξ) = e−π|ξ|

2
.

Proof. First we show that for x ∈ R: if g(x) = e−πx
2
, then ĝ(ξ) = e−πξ

2
. Let

h(ξ) := ĝ(ξ) =

∫
R
e−πx

2
e−2πiξx dx.

One can then differentiate under the integral sign (justifiable via the D.C.T.) to obtain

h′(ξ) =

∫
R
−2πixe−πx

2
e−2πiξx dx

= i

∫
R
∂x(e

−πx2)e−2πiξx dx

= i
[
e−πx

2
e−2πiξx

]∞
−∞︸ ︷︷ ︸

0

−i
∫ ∞

−∞
e−πx

2
∂x(e

−2πiξx) dx

= −i
∫ ∞

−∞
e−πx

2
(−2πiξ)e−2πiξx dx

= −2πξh(ξ)

Solving this differential equation then yields h(ξ) = Ce−πξ
2
. And since

1 =

∫
e−πx

2
dx = h(0) = C,

we get that h(ξ) = e−πξ
2
. To extend the result to Rn, notice that

e−π|x|
2
=

n∏
j=1

e−πx
2
j .

The Fourier transform also factors (by Fubini). Hence F (e−π|x|
2
)(ξ) = e−π|ξ|

2
. For a > 0, define

fa(x) = e−πa|x|
2
= f(

√
ax).

Then use the substitution y =
√
ax, dx = a−n/2 dy to obtain

f̂a(ξ) =

∫
Rn

e−πa|x|
2
e−2πiξx dx = a−n/2

∫
Rn

e−π|y|
2
e
−2πi

(
ξ√
a

)
·y
dy = a−

n
2 f̂

(
ξ√
a

)
= a−

n
2 e−π|ξ|

2/a.

Definition 4.5. Let f : Rn → C. We define

(i) the translation: τyf(x) = f(x− y)

(ii) the modulation: Mηf(x) = e2πiη·xf(x)
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(iii) for f, g ∈ L1 the convolution: (f ∗ g)(x) =
∫
Rn f(x− y)g(y) dy

Definition 4.6. A multi-index in Rn is a vector α = (α1, . . . , αn) with elements αj ∈ N∪ {0}. If
α is a multi-index and x ∈ Rn we set

|α| =
n∑
j=1

αj α! =

n∏
j=1

αj ! ∂α =
∂α1

x1
· · · ∂

αn

xn
xα =

n∏
j=1

x
αj

j .

Theorem 4.7. Let f, g ∈ L1(Rn).

(i) f̂ ∈ C(Rn) and ∥f̂∥∞ ≤ ∥f∥1

(ii) F (τyf)(ξ) = e−2πiy·ξ f̂(ξ) and F (Mηf)(ξ) = f̂(ξ − η)

(iii) F (f ∗ g)(ξ) = f̂(ξ)ĝ(ξ).

(iv) If xαf ∈ L1 for all multi-indices |α| ≤ k, then f̂ ∈ Ck and ∂αξ f̂(ξ) = F ((−2πix)αf(x))(ξ)

(v) If f ∈ Ck, ∂αf ∈ L1 for all |α| ≤ k, and ∂αf ∈ C0 for all |α| ≤ k − 1, then

F (∂αf)(ξ) = (2πiξ)αf̂(ξ)

(vi) (Riemann–Lebesgue Lemma): F (L1(Rn)) ⊂ C0(Rn)

Here C0 denotes the continuous functions vanishing at infinity.

Proof.

(i) For any ξ ∈ Rn we have

|f̂(ξ)| =
∣∣∣∣∫

Rn

f(x)e−2πix·ξ dx

∣∣∣∣ ≤ ∫ |f(x)| dx = ∥f∥1.

This implies ∥f̂∥∞ ≤ ∥f∥1. Now suppose ξm → ξ. Then e−2πix·ξm → e−2πix·ξ for all x ∈ Rn
pointwise. Combined with |f(x)e−2πix·ξm | ≤ |f(x)| and f ∈ L1, the D.C.T. yields

f̂(ξm) =

∫
f(x)e−2πix·ξm dx→

∫
f(x)e−2πix·ξ dx = f̂(ξ).

(ii) Fix y ∈ Rn. Then using a change of variables z = x− y we obtain

F (τyf)(ξ) =

∫
Rn

f(x− y)e−2πix·ξ dx

=

∫
Rn

f(z)e−2πi(z+y)·ξ dz

= e−2πiy

∫
Rn

f(z)e−2πiz·ξ dz

= e−2πiyf̂(ξ).

Now fix η ∈ Rn. Simple algebra yields

F (Mηf)(ξ) =

∫
e2πiη·xf(x)e−2πiξ·x dx =

∫
f(x)e−2πi(ξ−η)·x dx = f̂(ξ − η).
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(iii) We first show that f ∗ g ∈ L1. Indeed,∫
|(f∗g)(x)| dx ≤

∫
Rn

∫
Rn

|f(x−y)||g(y)|dx dy =

∫
Rn

(∫
Rn

|f(x− y)| dx
)
|g(y)|dy = ∥f∥1∥g∥1 <∞.

Now we take the Fourier transform (which via change of variables becomes):

F (f ∗ g)(ξ) =
∫
Rm

(∫
Rm

f(x− y)g(y) dy

)
e−2πiξ·x dx

=

∫
Rm

∫
Rm

f(z)g(y)e−2πiξ·(y+z) dy dz

=

(∫
Rm

f(z)e−2πiξ·z dz

)(∫
Rm

g(y)e−2πiξ·y dy

)
= f̂(ξ)ĝ(ξ)

(iv) Suppose xαf ∈ L1(Rn) for all multi-indices |α| ≤ k. One can show that differentiating under
the integral sign is allowable (and in the process show that f̂ ∈ Ck). Hence by properties of
the complex exponential we get:

∂αξ f̂(ξ) =

∫
Rn

f(x)∂αξ

(
e−2πix·ξ

)
dx =

∫
Rn

f(x)(−2πix)αe−2πix·ξ dx = F (f(x)(−2πix)α)(ξ).

Proofs of (v) and (vi) are omitted.

4.2 The Schwartz Class

Definition 4.8. The Schwartz class is

S(Rn) =
{
f ∈ C∞(Rn) : sup

x∈Rn
|xα∂βf(x)| <∞ for all multi-indices α, β

}
Note 4.9. It is clear that S is closed under taking derivatives. One can further show that S is
closed under multiplication by a polynomial, i.e. f ∈ S =⇒ xαf ∈ S for any multi-index α.

Lemma 4.10. Let f ∈ C∞(Rn). The following are equivalent.

(i) f ∈ S, i.e.
sup
x∈Rn

|xα∂βf(x)| <∞ for all multi-indices α, β.

(ii) For all multi-indices β and N ≥ 0, there is a constant CN,β such that

|∂βf(x)| ≤
CN,β

(1 + ∥x∥2)N

for all x ∈ Rn.

Proof. First (i) =⇒ (ii). Fix β and N so that supx∈Rn |xα∂βf(x)| < ∞ for all α. Now we claim
that there is a constant CN such that:

(1 + ∥x∥2)N ≤ CN
∑

|α|≤N

|xα| for all x ∈ Rn.
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Indeed, notice that ∥x∥2 ≤ |x1|+ · · ·+ |xn| and so

(1 + ∥x∥2)N ≤ (1 + |x1|+ · · ·+ |xn|)N =
∑

|α|≤N

Cα|xα| ≤ CN
∑

|α|≤N

|xα|,

where CN = max|α|≤N C|α|, proving the claim. Now we obtain

(1 + ∥x∥2)N |∂βf(x)| ≤ CN
∑

|α|≤N

|xα∂βf(x)| ≤ CN
∑

|α|≤N

sup
x∈Rn

|xα∂βf(x)| <∞.

Call this attained supremum CN,β , and so

|∂βf(x)| ≤
CN,β

(1 + ∥x∥2)N

as desired. Now we show (ii) =⇒ (i). Fix multi-indices α, β and take N = |α|. Then there exists a

constant CN,β such that |∂βf(x)| ≤ CN,β

(1+∥x∥2)N for all x ∈ Rn. Then notice that

|xα| = |xα1
1 | · · · |xαn

n | ≤ ∥x∥α1
2 · · · ∥x∥αn

2 = ∥x∥|α|2 = ∥x∥N2 .

hence

|xα∂βf(x)| ≤
∥x∥N2 CN,β
(1 + ∥x∥2)N

≤ CN,β <∞.

Note 4.11. C∞
c ⊂ S ⊂ C∞

0 , where C∞
c are the infinitely differentiable functions with compact

support and

C∞
0 =

{
f ∈ C∞ : lim

∥x∥2→∞
f(x) = 0

}
.

Proposition 4.12. S(Rn) ⊂ Lp(Rn) for 1 ≤ p ≤ ∞.

Proof. By Lemma 4.10 (ii), for all N ≥ 0 there exists a constant CN such that

|f(x)| ≤ CN
(1 + ∥x∥2)N

.

• For p = ∞, take N = 0 to see that f is bounded and hence L∞.

• For 1 ≤ p <∞, write

∥f∥pp =
∫
Rn

|f(x)|p dx =

∫
∥x∥2≤1

|f(x)|p dx+

∫
∥x∥2>1

|f(x)|p dx.

The first term is the integral of a continuous function over a compact set, and is hence
bounded. For the second term we can write

|f(x)|p ≤
CpN

(1 + ∥x∥2)Np
≤

CpN

∥x∥Np2

.

The second term can then be shown to be bounded via integration in spherical coordinates.
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Note 4.13. Fix 1 ≤ p < ∞. Since C∞
c ⊂ S ⊂ Lp, and we know that C∞

c is dense in Lp [given
f ∈ Lp we can approximate fR = fχBR(0) so that ∥f − fR∥p → 0 as R → ∞ via the D.C.T. Then
using a “mollifier” ρε ∈ C∞

c we can show that ∥ρε ∗fR−fR∥p → 0 as ε→ 0 and that ρε ∗fR ∈ C∞
c ].

We therefore see that S is dense in Lp.

However S is not dense in L∞. For example take f ≡ 1 ∈ L∞. For any φ ∈ S(Rn) we have

∥f − φ∥∞ = ∥1− φ∥∞ ≥ 1.

And so f ̸∈ S(Rn)∥·∥∞ .

Proposition 4.14. F (S) ⊂ S

Proof. Let f ∈ S. We need to show that supξ∈Rn |ξα∂β f̂(ξ)| <∞. From Theorem 4.7 (iv) and (v)
we know

• ∂βξ f̂(ξ) = F ((−2πix)βf(x))(ξ)

• (2πiξ)αĝ(ξ) = F (∂αg)(ξ)

Applying these one after the other with g(x) = (−2πix)βf(x) we obtain

(2πiξ)α∂βξ f̂(ξ) = (2πiξ)αF ((−2πix)βf(x))(ξ) = F (∂α(−2πix)βf(x))(ξ).

Taking the magnitude of both sides and rearranging yields.

|ξα∂βξ f̂(ξ)| = (2π)|β|−|α|
∣∣∣F (∂α(xβf(x))(ξ)

∣∣∣ ≤ (2π)|β|−|α|∥∂αxβf(x)∥L1 <∞.

Where we use Theorem 4.7 (i) [∥ĥ∥∞ ≤ ∥h∥L1 ] and the fact that ∂αxβf(x) ∈ S ⊂ L1.

4.3 The Inverse Fourier Transform

Definition 4.15. For h ∈ L1(R), the inverse Fourier transform of h is

ȟ(x) :=

∫
Rn

h(ξ)e2πix·ξ dξ.

It is sometimes also denoted F−1(h) = ȟ.

Note 4.16. One can prove a version of the Riemann-Lebesgue Lemma which says

F−1(L1(Rn)) ⊂ C0(Rn).

Theorem 4.17. If f ∈ L1(Rn) and f̂ ∈ L1(Rn), then

F−1(Ff) = f(x) for a.e. x ∈ Rn.

And moreover, F−1(Ff) ∈ C0(Rn).

Proof. Fix t > 0 and define

Φt(ξ) = e−πt
2|ξ|2 , It(x) =

∫
Rn

f̂(ξ)e2πix·ξΦt(ξ) dξ.
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First we show that It(x) → F−1(f̂)(x) for every x ∈ Rn. Since Φt(ξ) → 1 for all ξ as t→ 0, and

|f̂(ξ)e2πix·ξΦt(ξ)| ≤ |f̂(ξ)|,

with f̂ ∈ L1(Rn), the D.C.T. implies

It(x) →
∫
Rn

f̂(ξ)e2πix·ξ dξ = F−1(f̂)(x).

Next we rewrite It as a convolution. Substituting the definition of f̂ we obtain

It(x) =

∫
Rn

(∫
Rn

f(y)e−2πiy·ξ dy

)
e2πix·ξΦt(ξ) dξ

=

∫
Rn

∫
Rn

f(y)e−2πiy·ξe2πix·ξΦt(ξ) dy dξ.

We can apply Fubini’s theorem since∫
Rn

∫
Rn

|f(y)||Φt(ξ)|dy dξ = ∥f∥1∥Φt∥1 <∞.

Thus

It(x) =

∫
Rn

f(y)

(∫
Rn

e2πi(x−y)·ξΦt(ξ) dξ

)
dy

=

∫
Rn

f(y)F (Φt)(x− y) dy.

By Proposition 4.4 we know the Fourier transform of a Gaussian. Hence

F (Φt)(x) = t−ne−π|x|
2/t2 =: gt(x).

Therefore
It(x) = (f ∗ gt)(x).

The family {gt}t>0 is an approximate identity: gt ≥ 0,
∫
Rn gt(z) dz = 1, and the mass of gt

concentrates near the origin as t → 0. Hence by the standard theorem on approximate identities
we obtain

f ∗ gt → f in L1(Rn).

From convergence in L1 there exists a sequence tk → 0 such that

Itk(x) → f(x) for a.e. x ∈ Rn.

On the other hand we already showed that

Itk(x) → F−1(f̂)(x) for all x ∈ Rn.

Therefore
F−1(f̂)(x) = f(x) for a.e. x ∈ Rn.

Finally we show that F−1(f̂) ∈ C0(Rn). For each t > 0 we have

It(x) = F−1(f̂ Φt)(x).
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Since |f̂(ξ)Φt(ξ)| ≤ |f̂(ξ)| ∈ L1, we have f̂ Φt ∈ L1. By Note 4.16 we obtain

It ∈ C0(Rn).

Moreover

|It(x)− F−1(f̂)(x)| =
∣∣∣∣∫

Rn

f̂(ξ)(Φt(ξ)− 1)e2πix·ξ dξ

∣∣∣∣
≤
∫
Rn

|f̂(ξ)||Φt(ξ)− 1|dξ.

The right-hand side is independent of x and tends to 0 as t→ 0 by the D.C.T. since

|f̂(ξ)||Φt(ξ)− 1| ≤ 2|f̂(ξ)| ∈ L1.

Hence ∥It−F−1(f̂)∥∞ → 0. Thus F−1(f̂) is the uniform limit of functions in C0(Rn) and therefore

F−1(f̂) ∈ C0(Rn).

Proposition 4.18. Let g ∈ L1(Rn) and suppose that F−1g ∈ L1(Rn). Then

F (F−1g)(ξ) = g(ξ) for a.e. ξ ∈ Rn.

An moreover, F (F−1g) ∈ C0(Rn) and also F−1g ∈ C0(Rn).

Proof. Define g̃(ξ) = g(−ξ). Since g ∈ L1(Rn) we also have g̃ ∈ L1(Rn).
We claim that

F (g̃) = F−1(g).

Indeed for any x ∈ Rn,

F (g̃)(x) =

∫
Rn

g̃(ξ)e−2πix·ξ dξ =

∫
Rn

g(−ξ)e−2πix·ξ dξ.

With the change of variables η = −ξ this becomes

F (g̃)(x) =

∫
Rn

g(η)e2πix·η dη = F−1(g)(x).

Thus
F (g̃) = F−1(g).

By assumption F−1(g) ∈ L1(Rn). Hence F (g̃) ∈ L1(Rn). Since g̃ ∈ L1(Rn) we may apply
Theorem 4.17 to obtain

F−1(F (g̃)) = g̃ for a.e. x ∈ Rn.

Using F (g̃) = F−1(g) we get
F−1(F−1(g)) = g̃ a.e.

Now for any integrable function h one has

F (h)(ξ) = F−1(h)(−ξ).
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Applying this with h = F−1(g) yields

F (F−1(g))(ξ) = F−1(F−1(g))(−ξ) = g̃(−ξ) = g(ξ)

for almost every ξ ∈ Rn.
Finally, since F−1(g) ∈ L1(Rn), the Riemann–Lebesgue Lemma implies

F (F−1(g)) ∈ C0(Rn).

Moreover, by Note 4.16 we also have

F−1(g) ∈ C0(Rn).

Theorem 4.19. (Plancherel) If f ∈ L1(Rn)∩L2(Rn), then f̂ ∈ L2(Rn) and ∥f̂∥2 = ∥f∥2. Moreover,
the Fourier transform extends uniquely to an isometric isomorphism

F : L2(Rn) → L2(Rn).

Moreover: ⟨Ff,Fg⟩ = ⟨f, g⟩ for all f, g ∈ L2.

Proof. Let X = {f ∈ L1 : f̂ ∈ L1}. By Propositions 4.12 & 4.14: F (S) ⊂ S ⊂ L1, which implies
that S ⊂ X. Also by Note 4.13: S is dense in L2. Together this implies that X ∩L2 is dense in L2.

• Now let us show that ⟨Ff,Fg⟩ = ⟨f, g⟩ on X ∩ L2. Let f, g ∈ X ∩ L2 so that

g(x) = F−1Fg(x) =

∫
ĝ(ξ)e2πix·ξ dξ and g(x) =

∫
ĝ(ξ)e−2πix·ξ dξ.

Then

⟨f, g⟩ =
∫
f(x)g(x) dx =

∫
f(x)

(∫
ĝ(ξ)e−2πix·ξ dξ

)
dx =

∫
ĝ(ξ)f̂(ξ) dξ = ⟨Ff,Fg⟩,

where the third equality follows from Fubini. Taking g = f yields ∥f∥2 = ∥f̂∥2.

• We now extend to L2. Let f ∈ L2 and choose {fk}k∈N in X ∩ L2 be so that fk → f in L2.
Then by linearity

∥f̂k − f̂m∥2 = ∥ ̂fk − fm∥2 = ∥fk − fm∥2
which can be made small for k,m large enough. In particular {fk}k∈N is Cauchy in L2 and
so there exists h ∈ L2 such that fk → h in L2 by completeness. We define Ff := h. And
indeed this is uniquely defined F since if {gk}k∈N is another such sequence in X ∩ L2 such
that gk → f in L2, then

∥f̂k − ĝk∥2 = ∥f̂k − gk∥2 = ∥fk − gk∥2 ≤ ∥fk − f∥2 + ∥gk − f∥2 → 0.

So h is unique.

• We now check that F defined in this way is an isometry in L2 and preserves the inner product.
Let f ∈ L2 and {fk}k∈N ⊂ X∩L2 be such that fk → f in L2. By definition we have f̂k → Ff
in L2. We also know that ∥f̂k∥2 = ∥fk∥2 for all k ∈ N. Taking limits and using continuity of
the norm yields ∥Ff∥2 = ∥f∥2.
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Now let f, g ∈ L2 and let {fk}k∈N, {gk}k∈N ⊂ X ∩ L2 be such that fk → f and gk → g in L2.
Then ⟨Ffk,Fgk⟩ = ⟨fk, gk⟩ for all k ∈ N.
Since Ffk → Ff and Fgk → Fg in L2, continuity of the inner product implies

⟨Ffk,Fgk⟩ → ⟨Ff,Fg⟩.

Similarly, since fk → f and gk → g in L2, we have

⟨fk, gk⟩ → ⟨f, g⟩.

Passing to the limit in
⟨Ffk,Fgk⟩ = ⟨fk, gk⟩

yields
⟨Ff,Fg⟩ = ⟨f, g⟩.

• We now show that F is a bijection. By the same construction as above (replacing F with
F−1), the inverse Fourier transform extends to an isometry

F−1 : L2(Rn) → L2(Rn).

Moreover, on X ∩ L2 we already know that F−1 and F are inverses.

Let f ∈ L2 and choose {fk}k∈N ⊂ X ∩ L2 such that fk → f in L2. Since F is an isometry,
we have

Ffk → Ff in L2.

Applying F−1 and using that it is also an isometry, we obtain

F−1(Ffk) → F−1(Ff) in L2.

But for each k, F−1(Ffk) = fk. Hence the left-hand side converges to f in L2. By uniqueness
of limits in L2, we conclude

F−1(Ff) = f.

A symmetric argument (starting with g ∈ L2 and approximating by a sequence in X ∩ L2)
shows that

F (F−1g) = g.

Therefore F is bijective with inverse F−1, and hence is an isometric isomorphism of L2(Rn).

4.4 Fourier Series

Definition 4.20. A function f : Rn → C is said to be Zn–periodic if

f(x+ k) = f(x) for all x ∈ Rnand k ∈ Zn.

Definition 4.21. The torus Tn = Rn/Zn (where x ∼ x + k for all x ∈ Rn and k ∈ Zn) can be
identified with a representative Q = [−1/2, 1/2)n in the sense that every point y ∈ Rn can be
uniquely written as y = x+ k for some x ∈ Q and k ∈ Zn. We define∫

Tn

f(x) dx =

∫
Q
f(x) dx.
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Example 4.22. The exponentials: fk(x) = e2πik·x with k ∈ Zn are Zn–periodic. Since

fk(x+m) = e2πik·(x+m) = e2πik·xe2πik·m = e2πik·x = fk(x).

Theorem 4.23. The exponentials, namely {e2πik·x}k∈Zn , form an orthonormal basis of L2(Tn).

Proof.

• First, that they are indeed orthonormal. Let k, ℓ ∈ Zn. Then

⟨fk, fℓ⟩ =
∫
Q
e2πi(k−ℓ)·x dx =

∫
Q

n∏
j=1

e2πi(kj−ℓj)xj dxj =

n∏
j=1

∫ 1/2

−1/2
e2πi(kj−ℓj)xj dxj .

When kj = ℓj we have
∫ 1/2
−1/2 1 dx = 1. When kj ̸= ℓj we have∫ 1/2

−1/2
e2πi(kj−ℓj)xj dxj =

e2πi(kj−ℓj)xj

2πi(kj − ℓj)

∣∣∣∣1/2
−1/2

=
eπi(kj−ℓj) − e−πi(kj−ℓj)

2πi(kj − ℓj)
=

(−1)kj−ℓj − (−1)kj−ℓj

2πi(kj − ℓj)
= 0.

Hence ∫ 1/2

−1/2
e2πi(kj−ℓj)xj dxj = δkjℓj =⇒ ⟨fk, fℓ⟩ =

n∏
j=1

δkjℓj = δkℓ.

• Now, that they span L2(Tn). Finite linear combinations
∑

k cke
2πik·x are called trigonomet-

ric polynomials. The Stone–Weierstrass theorem implies that these trig polynomials are
dense in C(Tn). We also know that C(Tn) = C([−1/2, 1/2)n) is dense in L2([−1/2, 1/2)n) =
L2(Tn). Hence the trig polynomials dense in L2(Tn). Note that this is precisely what it

means to span in this setting [{finite sums
∑

k cke
2πik·x : k ∈ Zn} = L2(Tn)].

Definition 4.24. For f ∈ L2(Tn), we write the Fourier Series of f ,

f(x) =
∑
k∈Zn

⟨f, e2πik·x⟩e2πik·x in L2(Tn).

We denote the Fourier coefficients as f̂(k) := ⟨f, e2πik·x⟩ =
∫
Q f(x)e

−2πik·x dx. Note that this
representation of f was not pulled out of thin air, but comes from Thm. 2.35 for general Hilbert
spaces. The equality above is understood in the sense that∥∥∥∥∥∥f(x)−

∑
|k|≤N

f̂(k) e2πik·x

∥∥∥∥∥∥
L2(Tn)

−−→ 0 as N → ∞

for some norm on Zn (e.g. |k| = ∥k∥∞). Moreover, Thm. 2.35 yields the Parseval identity for free∑
k∈Zn

|f̂(k)|2 = ∥f∥2L2(Tn).

In this setting, the Fourier transform defines an isometric isomorphism

F : L2(Tn) → ℓ2(Zn), f 7→ {f̂(k)}k∈Zn .

Moreover, the inverse is given by

{f̂(k)}k∈Zn 7→
∑
k∈Zn

f̂(k)e2πik·x,

with convergence in L2(Tn).
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Theorem 4.25. (Periodization Theorem) Let f ∈ L1(Rn) and define Pf : Tn → C by

Pf(x) =
∑
m∈Zn

f(x−m)

so that Pf is Zn–periodic. Then

• ∥Pf∥L1(Tn) ≤ ∥f∥L1(Rn) and Pf is well-defined a.e.

• Defining

PNf(x) =
∑

∥m∥∞≤N
m∈Zn

f(x−m)

we have PNf → Pf a.e. and in L1(Tn)

• P̂ f(k) = f̂(k) for all k ∈ Zn

Proof.

• By definition we write:

∥Pf∥L1(Tn) =

∫
Q
|Pf(x)|dx ≤

∫
Q

∑
m∈Zn

|f(x−m)| =
∑
m∈Zn

∫
Q
|f(x−m)| dx

=
∑
m∈Zn

∫
Q+m

|f(x)| dx =

∫
Rn

|f(x)|dx = ∥f∥L1(Rn).

Where we have interchanged the order of summation and integration with an appeal to Tonelli.
In particular, g(x) :=

∑
m∈Zn |f(x−m)| <∞ a.e. and so Pf is well-defined a.e.

• As in the previous bullet, Pf(x) is absolutely convergent a.e., hence PNf(x) → Pf(x) a.e.
Moreover,

|PNf(x)− Pf(x)| ≤ |PNf(x)|+ |Pf(x)| ≤ 2g(x) ∈ L1(Tn).

Via convergence a.e. and bounded by an L1 function, the D.C.T. yields PNf → Pf in L1(Tn).

• Again we appeal to Fubini to write

P̂ f(k) =

∫
Q
Pf(x)e−2πik·x dx =

∫
Q

∑
m∈Zn

f(x−m)e−2πik·x dx

=
∑
m∈Zb

∫
Q
f(x−m)e−2πik·x dx =

∑
m∈Zn

∫
Q+m

f(x)e−2πik·x dx

=

∫
Rn

f(x)e−2πik·x dx = f̂(k).

Where we also use that e2πikm = 1.

Lemma 4.26. If f, g ∈ L1(Tn) and f̂(k) = ĝ(k) for all k ∈ Zn, then f = g a.e. on Tn

Proof. Omitted.
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Theorem 4.27. (Poisson Summation Formula) Let f ∈ L1(Rn) be such that
∑

k∈Zn |f̂(k)| < ∞
and Pf(x) =

∑
m∈Zn f(x−m) is continuous at x = 0. Then∑

m∈Zn

f(m) =
∑
k∈Zn

f̂(k).

Proof. By the preceding theorem, Pf is well-defined a.e. and Pf ∈ L1(Tn). Moreover

G(x) :=
∑
k∈Zn

f̂(k)e2πik·x

is absolutely and uniformly convergent on Tn (which follows from
∑

k∈Zn |f̂(k)| <∞). Looking at
partial sums which are (continuous functions) on the torus (a compact set), uniformly converging
to G(x) we have that G is continuous. Now, G has Fourier coefficients f̂(k) and the Pf has Fourier

coefficients P̂ f(k) = f̂(k). By Lemma 4.26 we have that Pf = G a.e. on Tn. This combined with
the continuity of G and the fact that Pf is continuous at 0 implies that G(0) = Pf(0). Finally,∑

k∈Zb

f̂(k) = G(0) = Pf(0) =
∑
m∈Zn

f(0−m) =
∑
m∈Zn

f(m).

Note 4.28.

(i) One can show that Schwartz functions satisfy the hypotheses of Theorem 4.27

(ii) One can prove an even more general result:

If
∑

m∈Zn |f(m)| <∞ and
∑

k∈Zn |f̂(k)| <∞ then
∑
f(m) =

∑
f̂(k).

(iii) As an example of the Poisson Summation Formulas’s utility, consider f(x) = e−2π|x| on R.
One can show that f̂(ξ) = 1

π(1+ξ2)
. Hence

1

π

∑
k∈Z

1

1 + k2
=
∑
k∈Z

f̂(k) =
∑
m∈Z

f(m) =
∑
m∈Z

e−2π|m| = 1 +
∞∑
m=1

(e−2π)m =
e2π + 1

e2π − 1
,

where one should first verify both the LHS and RHS are absolutely convergent (as they are).
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5 Further Topics

5.1 Van der Corput’s Lemmas

First some motivation. Write

F (R) =

∫ b

a
eiRf(x) dx

where f : R → R, we are interested in finding conditions on f so that F is bounded. First of all
notice that

∫ 2π
0 eix dx = 0 and that therefore

∫ N
0 eix dx is bounded. What if we ask for which f is

the integral
∫ N
0 eif(x) dx bounded? This can be answered by analyzing F (R) as R→ ∞.

Example 5.1. Define the integral

IN =

∫ N

0
eix

2
dx.

Can we bound |IN | independent of N?

• First we peal off ∣∣∣∣∫ 1

0
eix

2
dx

∣∣∣∣ ≤ ∫ 1

0
1 dx = 1.

• Now for N > 1∫ N

1
eix

2
dx =

∫ N

1

1

2ix

[
d

dx

(
eix

2
)]

dx
IBP
=

eix
2

2ix

∣∣∣∣N
1︸ ︷︷ ︸

I

− 1

2i

∫ N

1
eix

2 1

x2
dx︸ ︷︷ ︸

II

.

We can then bound

| I | ≤

∣∣∣∣∣eiN
2

2iN

∣∣∣∣∣+
∣∣∣∣ ei2i
∣∣∣∣ = 1

2N
+

1

2
≤ 1

and

| II | ≤ 1

2

∫ N

1

1

x2
dx =

1

2

(
−1

x

) ∣∣∣∣N
1

=
1

2

(
1− 1

N

)
≤ 1

2

Altogether we see that ∣∣∣∣∫ N

0
eix

2
dx

∣∣∣∣ ≤ 2 +
1

2
∀N ∈ N.

Lemma 5.2. (Van der Corput [1]) Let a < b, f ∈ C1([a, b]), f ′ ≥ 1 and f ′ be strictly monotonic.
Then ∣∣∣∣∫ b

a
eiRf(x) dx

∣∣∣∣ ≤ 4

R
.

Proof. Since f is C1 we may write:

F (R) =

∫ b

a
eiRf(x) dx =

∫ b

a

[
d

dx

(
eiRf(x)

)] 1

iRf ′(x)
dx.

Then integrating by parts yields:

eiRf(x)

iRf ′(x)

∣∣∣∣b
a︸ ︷︷ ︸

I

− 1

iR

∫ b

a
eiRf(x)

[
d

dx

(
1

f ′(x)

)]
dx︸ ︷︷ ︸

II
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We may assume that R≫ 1. Now since f ′ ≥ 1 we write

|I| ≤

∣∣∣∣∣ eiRf(b)iRf ′(b)

∣∣∣∣∣+
∣∣∣∣∣ eiRf(a)iRf ′(a)

∣∣∣∣∣ ≤ 1

R
+

1

R
=

2

R
.

And since f ′ is strictly monotone we have that d
dx

(
1

f ′(x)

)
is always the same sign (therefore we can

pull out the absolute values and appeal to the Fundamental Theorem of Calculus).

|II| ≤ 1

R

∫ b

a

∣∣∣∣ ddx
(

1

f ′(x)

)∣∣∣∣dx =
1

R

∣∣∣∣∫ b

a

d

dx

(
1

f ′(x)

)
dx

∣∣∣∣ = 1

R

∣∣∣∣∣ 1

f ′(x)

∣∣∣∣b
a

∣∣∣∣∣ = 1

R

∣∣∣∣ 1

f ′(b)
− 1

f ′(a)

∣∣∣∣ ≤ 2

R
.

We can easily extend this to suppose that f ′(x) ≥ δ > 0. In which case∣∣∣∣∫ b

a
eiRf(x) dx

∣∣∣∣ = ∣∣∣∣∫ b

a
eiδR

f(x)
δ dx

∣∣∣∣ ≤ 4

δR
.

Lemma 5.3. (Van der Corput [2]) Let a < b and f ∈ C2([a, b]) with f ′′ ≥ 1, then∣∣∣∣∫ b

a
eiRf(x) dx

∣∣∣∣ ≤ 10√
R
.

Proof. Notice that f ′′ = (f ′)′ ≥ 1 and hence f ′ is strictly increasing. Namely there can be at most
one x0 such that f ′(x0) = 0. Then, assuming x0 is neither a nor b, we can decompose the integral∫ b

a
eiRf(x) dx =

∫ x0−δ

a
eiRf(x) dx︸ ︷︷ ︸
I

+

∫ x0+δ

x0−δ
eiRf(x) dx︸ ︷︷ ︸
II

+

∫ b

x0+δ
eiRf(x) dx︸ ︷︷ ︸
III

for any δ > 0. Now, appealing to the MVT, for any x ∈ (x0 + δ, b) we may write

f ′(x) = f ′(x)− f ′(x0) = f ′′(µ)︸ ︷︷ ︸
≥1

(x− x0)︸ ︷︷ ︸
≥δ

≥ δ.

Hence by Van der Corput [1] we have |III| ≤ 4/Rδ. Similarly one can show that |I| ≤ 4/Rδ. We
also have the bound

|II| ≤
∫ x0+δ

x0−δ
1 dx = 2δ.

Taken together we obtain ∣∣∣∣∫ b

a
eiRf(x) dx

∣∣∣∣ ≤ 8

Rδ
+ 2δ =

10√
R

where we chose δ = R−1/2. [Note that if x0 = a or x0 = b a similar idea can be applied to decompose
the integral that achieves an even better bound].

Note 5.4. One can prove the following “m–Van der Corput Lemma”. Let a < b and f ∈ Cm([a, b])
with f (m) ≥ 1. Then ∣∣∣∣∫ b

a
eiRf(x) dx

∣∣∣∣ ≤ Cm

R1/m
.

And moreover the decay rate R−1/m cannot be improved.
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Example 5.5. Consider the unit circle S1 in R2 ∼ C. Let σ be the arc length measure on the unit
circle. We define

σ̂(ξ) =

∫
S1
e−2πix·ξ dσ(x) =

∫ 2π

0
e−2πi(cos θξ1+sin θξ2) dθ =: I.

We seek a bound of the form
|σ̂(ξ)| ≤ C(1 + |ξ|)−γ

for some γ > 0. We write things in such a way as to apply Van der Corput’s Lemmas:

I =

∫ 2π

0
e
iξ2(−2π)

(
cos θ

(
ξ1
ξ2

)
+sin θ

)
dθ

where we identify ξ2 with R and −2π
(
cos θ

(
ξ1
ξ2

)
+ sin θ

)
with f(θ). Now

f ′(θ) = −2π

(
− sin θ

(
ξ1
ξ2

)
+ cos θ

)
and f ′′(θ) = 2π

(
cos θ

(
ξ1
ξ2

)
+ sin θ

)
both of which may vanish, making the Van der Corput lemmas difficult to apply. However, one
can show the following:

(i) there exists a c > 0 such that max{|f ′(θ)|, |f ′′(θ)|} ≥ c for all θ

(ii) using (i) and the Van der Corput lemmas, one can show that |σ̂(ξ)| ≤ C(1 + |ξ|2)−1/2.

If ξ1 = 0 then (ii) yields are desired bound with γ = 1/2. We can appeal to rotational symmetry
to finish the argument. Let A be any rotation and denote ω := (cos θ, sin θ). Then

σ̂(Aξ) =

∫ 2π

0
e−2πiω·Aξ dω =

∫ 2π

0
e−2πiξ·(A⊤ω) dω =

∫ 2π

0
e−2πiξ·ω′

dω′ = σ̂(ξ).

Here we use the fact that

ω ·Aξ = ω⊤Aξ = (Aξ)⊤ω = ξ⊤A⊤ω = ξ · (A⊤ω)

and that ω traces around a circle and so rotating ω does not affect the value of the integral. We
can then choose the rotation A so that Aξ = (0, |ξ|), and then by (ii) we have

|σ̂(ξ)| ≤ C(1 + |ξ|)−1/2

as desired.

5.2 Interpolation Theory

Definition 5.6. Let Ω ⊂ C be open. A function f : Ω → C is said to be holomorphic if at every
point z0 ∈ Ω the following limit exists

lim
h→0

f(z0 + h)− f(z0)

h
.

In which case we denote its value f ′(z0).
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Lemma 5.7. (Hadamard three-line) Let F : S = {z ∈ C : 0 ≤ Re(z) ≤ 1} → C be holomorphic on
S = {z ∈ C : 0 < Re(z) < 1}, continuous and bounded and S, and suppose there exist constants
A0, A1 such that |F (it)| ≤ A0 and |F (1 + it)| ≤ A1 for all t ∈ R. Then

|F (θ + it)| ≤ A1−θ
0 Aθ1

for all θ ∈ [0, 1] and t ∈ R. In particular, by letting t = 0, we have |F (θ)| ≤ A1−θ
0 Aθ1 for all θ ∈ [0, 1].

Theorem 5.8. (Riesz-Thorin Interpolation Theorem) Let (X,µ) and (Y, ν) be σ-finite measure
spaces. Let 1 ≤ p0, p1, q0, q1 ≤ ∞ and let T : Lp0(X) ∩ Lp1(X) → Lq0(Y ) ∩ Lq1(Y ) be a linear
operator. Suppose there exist M0,M1 ∈ R such that

∥Tf∥Lq0 (Y ) ≤M0∥f∥Lp0 (X) and ∥Tf∥Lq1 (Y ) ≤M1∥f∥Lp1 (X)

for all f ∈ Lp0(X) ∩ Lp1(X). Now let θ ∈ [0, 1] and define pθ and qθ via

1

pθ
=

1− θ

p0
+

θ

p1

1

qθ
=

1− θ

q0
+
θ

q1
.

Then T extends to a bounded linear operator T : Lpθ(X) → Lqθ(Y ) and

∥Tf∥Lqθ (Y ) ≤M1−θ
0 M θ

1 ∥f∥Lpθ (X).

Proof. Let f ∈ Lpθ(X) and g ∈ Lq
′
θ(Y ) where q′θ denotes the conjugate exponent of qθ. By duality

we may write

∥Tf∥Lqθ (Y ) = ∥ϕTf∥ = sup
∥g∥

L
q′
θ (Y )

=1

∣∣∣∣∫
Y
T (f) g dν

∣∣∣∣ .
By density it suffices to assume that f and g are simple functions with finite measure support.
Now write f(x) = |f(x)|eiα(x) and g(x) = |g(x)|eiβ(x) where α and β are appropriate rotations. For
complex z such that 0 ≤ Re(z) ≤ 1 we define

fz(x) := |f(x)|pθ/p(z)eiα(x) and gz(x) := |g(x)|q′θ/q′(z)eiβ(x)

where p(z) and q(z) are defined via

1

p(z)
=

1− Re(z)

p0
+

Re(z)

p1
and

1

q(z)
=

1− Re(z)

q0
+

Re(z)

q1

and q′(z) is the conjugate exponent of q(z). Now define

F (z) =

∫
Y
T (fz) gz dν

for which one can check the conditions of Hadamard. Indeed, since fz and gz depend analytically
on z, and T is linear, it follows that F (z) is holomorphic in the strip 0 < Re(z) < 1, and continuous
and bounded on the closed strip. Now at the boundary. If Re(z) = 0, then p(z) = p0 and q(z) = q0,
and hence

|F (z)| =
∣∣∣∣∫
Y
T (fz) gz dν

∣∣∣∣ ≤ ∥T (fz)∥Lq0 (Y )∥gz∥Lq′0 (Y )
≤M0∥fz∥Lp0 (X)∥gz∥Lq′0 (Y )

.
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Now by construction we have

∥fz∥Lp0 (X) = ∥f∥
pθ
p0

Lpθ (X) and ∥gz∥Lq′0 (Y )
= ∥g∥

q′θ
q′0

L
q′
θ (Y )

.

Thus

|F (z)| ≤M0∥f∥
pθ
p0

Lpθ (X)∥g∥
q′θ
q′0

L
q′
θ (Y )

.

Similarly, if Re(z) = 1, then p(z) = p1 and q(z) = q1, and hence

|F (z)| ≤M1∥f∥
pθ
p1

Lpθ (X)∥g∥
q′θ
q′1

L
q′
θ (Y )

.

Thus, by the Hadamard three-line lemma, we obtain that for θ ∈ [0, 1]

|F (θ)| ≤

M0∥f∥
pθ
p0

Lpθ (X)∥g∥
q′θ
q′0

L
q′
θ (Y )

1−θM1∥f∥
pθ
p1

Lpθ (X)∥g∥
q′θ
q′1

L
q′
θ (Y )

θ

=M1−θ
0 M θ

1 ∥f∥
(1−θ) pθ

p0
+θ

pθ
p1

Lpθ (X) ∥g∥
(1−θ) q

′
θ

q′0
+θ

q′θ
q′1

L
q′
θ (Y )

.

Now by the definition of pθ and qθ we have

(1− θ)
pθ
p0

+ θ
pθ
p1

= 1 and (1− θ)
q′θ
q′0

+ θ
q′θ
q′1

= 1,

and hence
|F (θ)| ≤M1−θ

0 M θ
1 ∥f∥Lpθ (X)∥g∥Lq′

θ (Y )
.

Finally, observing that F (θ) =
∫
Y T (f) g dν, we obtain∣∣∣∣∫

Y
T (f) g dν

∣∣∣∣ ≤M1−θ
0 M θ

1 ∥f∥Lpθ (X)∥g∥Lq′
θ (Y )

.

Taking the supremum over all g such that ∥g∥
L
q′
θ (Y )

= 1, we conclude that

∥Tf∥Lqθ (Y ) ≤M1−θ
0 M θ

1 ∥f∥Lpθ (X).

This completes the proof.

5.3 Distribution Theory

Theorem 5.9. (Riesz-Markov Representation Theorem) Let X be locally compact (every point
in X has a locally compact neighbourhood), and Hausdorff (points can be separated with disjoint
open sets). Consider C0(X) (the set of complex valued functions on X which vanish at infinity)
equipped with the supremum norm ∥f∥∞ = ess supx∈X |f(x)|. If L : C0(X) → C is a continuous
linear functional, then there is a unique complex Borel measure µ on X such that

L(φ) =

∫
X
φdµ

for all φ ∈ C0(X) and ∥L∥ = |µ|(X). Moreover, if µ is absolutely continuous w.r.t. the Lebesgue
measure, then by R-N we may write L(φ) =

∫
X φdµ =

∫
X φf dx for some f ∈ L1.

Proof. Omitted.
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Note 5.10. Now some motivation for Distribution Theory: we can recover functions in L1
loc (almost

everywhere) by using convolutions with “bump” functions.

• Let f ∈ L1
loc(Rn) and φ ∈ C∞

C (Rn) such that φ is “concentrated” near 0, φ ≥ 0, and∫
φ(x) dx = 1. Then we can see the convolution

(f ∗ φ)(x) =
∫
Rn

f(y)φ(x− y) dy

as a weighted average of f near x.

• For ε > 0 we define the “bump functions”

φε(x) =
1

εn
φ
(x
ε

)
where the inside scaling factor 1

ε concentrates φε in a ball of proportional to ε, and the outside
scaling factor 1

εn ensures φε still integrates to 1.

• Recall that a point x is Lebesgue for f if

lim
r→0

1

|Br(x)|

∫
Br(x)

|f(y)− f(x)|dy = 0

and that for f ∈ L1
loc, almost every point is a Lesbesgue point. In particular, if x is a Lebesgue

point we have

lim
r→∞

∣∣∣∣∫ χBr(x)

|Br(x)|
f(y) dy − f(x)

∣∣∣∣ = lim
r→0

∣∣∣∣∣ 1

|Br(x)|

∫
Br(x)

f(y) dy − f(x)

∣∣∣∣∣
= lim

r→0

∣∣∣∣∣ 1

|Br(x)|

∫
Br(x)

f(y)− f(x) dy

∣∣∣∣∣
≤ lim

r→0

1

Br(x)

∫
Br(x)

|f(y)− f(x)|dy = 0

And so, a.e., L1
loc functions are asymptotically equal to the average of their nearby values.

• In particular we have
lim
ε→0

(f ∗ φε)(x) = f(x)

for almost every x. And it is in this sense that {φε}ε>0 is called an “approximate identity”.
We can write

f(x)
a.e.
= lim

ε→∞
f(y)φε,x(y) dy,

where φε,x(y) := φε(x− y) is C∞
C .

• This motivates looking at functions associated with f

F : C∞
C → C

given by

F (φ) =

∫
Rn

f(x)φ(x) dx

instead of f evaluated at points.
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Definition 5.11. Let Ω ⊂ Rn be open. The space of test functions is D = D(Ω) = C∞
C (Ω), the

set of smooth functions φ : Ω → C with compact support contained in Ω. We say that φm → φ in
D if

(i) there exists a compact K ⊂ Ω such that supp(φm) ⊂ K for all m ∈ N

(ii) ∂αφm → ∂αφ uniformly on K as m→ ∞, for every multi-index α

A distribution on Ω is a linear functional

F : D(Ω) → C

such that F (φm) → F (φ) whenever φm → φ in D. The space of all distributions on Ω is denoted
D′(Ω).

Note 5.12.

(i) We saw that any f ∈ L1
loc can be identified with a distribution.

(ii) The space of distributions on Ω is a linear space.

Example 5.13. (A distribution not arising from f ∈ L1
loc) Let µ be a Borel measure that is finite

on compact subsets of Ω. Then F (φ) =
∫
φ(x) dµ(x) is a distribution on Ω. Clearly it is linear.

Now suppose φm → φ in D. Then supp(φm) ⊂ K compact and ∥φm − φ∥L∞(K) → 0. So

|F (φm)− F (φ)| =
∣∣∣∣∫
K
φm − φdµ

∣∣∣∣ ≤ ∥φm − φ∥L∞(K)µ(K) → 0

as desired. Without loss of generality, assume that 0 ∈ Ω, and take µ = δ0. Then

F (φ) =

∫
φ(x) dµ = φ(0).

By way of contradiction, suppose there exists some f ∈ L1
loc such that

φ(0) = F (φ) =

∫
f(x)φ(x) dx

for all φ ∈ D(Ω). Since Ω is open and contains 0, there is a ball Br(0) ⊂ Ω. Fix η ∈ D(Ω) satisfying
η(0) = 1, 0 ≤ η ≤ 1 and supp(η) ⊂ B1(0). Then

φm(x) := η

(
2m

r
x

)
∈ D(Ω) ∀m ∈ N,

φm(0) = 1 and supp(φm) ⊂ B r
2m

(0). But then

1 = |φm(0)| =
∣∣∣∣∫ f(x)φm(x) dx

∣∣∣∣ ≤ ∫ |f(x)| · 1 dx→ 0

as m→ ∞. A contradiction.

Example 5.14. Let Ω ⊂ Rn be open. Let f ∈ C∞(Ω), φ ∈ C∞
C (Ω), and let α be a multi-index.

Define the distribution F (φ) =
∫
f(x)φ(x) dx. How do we take the derivative of F? By integration

by parts |α| times (and noting the boundary terms vanish since φ has compact support) we obtain∫
(∂αx f(x))φ(x) dx = (−1)|α|

∫
f(x) (∂αxφ(x)) dx = (−1)|α|F (∂αφ).

This motivates the following definition.
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Definition 5.15. Let Ω ⊂ Rn be open and let F ∈ D′(Ω) For a multi-index α define the distri-
butional derivative of F

(∂αF ) (φ) = (−1)|α|F (∂αφ) ∀ φ ∈ D(Ω).

This is well-defined since φ ∈ D(Ω), so is ∂αφ. One should also verify that ∂αF is again linear and
sequentially continuous, hence a distribution.

Example 5.16. We show that the distributional derivative is distinct from the derivative of the
underlying function. As an example, consider the Heaviside function

h(x) =

{
1 x > 0

0 x ≤ 0
.

As a function h′(x) = 0 a.e. except at x = 0 where the derivative does not exist. But as a
distribution:

H(φ) =

∫
h(x)φ(x) dx =

∫ ∞

0
φ(x) dx

and so

H ′(φ) = −1H(φ′) = −
∫ ∞

0
φ′(x) = −φ(x)|∞0 = 0− (−φ(0)) = φ(0)

Proposition 5.17. Let Ω ⊂ Rn be open, D(Ω) the set of test functions on Ω and let F be a
distribution on Ω arising from a function f . Let φ,ψ ∈ D(Ω).

• Let τh denote translation by h, i.e. (τhf)(x) = f(x− h)

• Let sa denote dilation by a for a > 0, i.e. (saf)(x) = f(ax)

• Let TL denote (TLf)(x) = f(Lx) where L : Rn → Rm is linear with det(L) ̸= 0

• Let TA denote (TAf)(x) = f(Ax) where A(x) = Lx+ b with det(L) ̸= 0.

• Let Mψ denote multiplication by ψ ∈ D(Ω), i.e., (Mψf)(x) = ψ(x)f(x).

For any transformation T , let (TF )(φ) =
∫
(Tf)φ. Then

(i) (τhF )(φ) = F (τ−hφ)

(ii) (saF )(φ) =
1
anF (s1/aφ)

(iii) (TLF )(φ) = |detL|−1F (TL−1φ)

(iv) (TAF )(φ) = |detL|−1F (TA−1φ)

(v) (ψF )(φ) = F (ψφ)

Proof.

(i) By the change of variables y = x− h =⇒ dy = dx:

(τhF )(φ) =

∫
f(x− h)φ(x) dx =

∫
f(y)φ(x+ h) dx = F (τ−hφ).
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(ii) By change of variables y = ax =⇒ dy = an dx:

(saF )(φ) =

∫
f(ax)φ(x) dx =

1

an

∫
f(y)φ(y/a) dy =

1

an
F (s1/aφ).

(iii) By change of variables y = Lx =⇒ dy = |detL|dx:

(TLF )(φ) =

∫
f(Lx)φ(x) dx = | detL|−1

∫
f(y)φ(L−1y) dy = | detL|−1F (TL−1φ).

(iv) By change of variables y = Ax = Lx+ b =⇒ x = A−1y = L−1(y − b) and dx = | detL|−1dy:

(TAF )(φ) =

∫
f(Ax)φ(x)dx = | detL|−1

∫
f(y)φ(A−1y)dy = | detL|−1F (TA−1φ).

(v) By the associativity of multiplication:

(ψF )(φ) =

∫
(ψ(x)f(x))φ(x)dx =

∫
f(x)(ψ(x)φ(x))dx = F (ψφ).

This motivates the definition for general distributions F not necessarily arising from a function f .

Definition 5.18. Let Ω ⊂ Rn be open, D(Ω) the set of test functions on Ω and let F be a
distribution on Ω. Then

(i) (τhF )(φ) = F (τ−hφ)

(ii) (saF )(φ) =
1
anF (s1/aφ)

(iii) (TLF )(φ) = |detL|−1F (TL−1φ)

(iv) (TAF )(φ) = |detL|−1F (TA−1φ)

(v) (ψF )(φ) = F (ψφ) for any ψ ∈ D(Ω).

Definition 5.19. The support of a function f : Ω → R, denoted supp(f), is the closure of the
set of points where f is non-zero:

supp(f) = {x ∈ Ω : f(x) ̸= 0}.

Equivalently it is the smallest closed set outside of which f is identically zero.

Definition 5.20. The support of a distribution F is the complement of the largest open set U
such that F (φ) = 0 for all test functions φ with supp(φ) ⊂ U . Equivalently, x ̸∈ supp(F ) if there
exists an open U ∋ x such that F (φ) = 0 for all test functions φ with supp(φ) ⊂ U .

Let φ be a test function and with supp(φ) = K compact. Then define φx(y) = φ(x− y) so that

supp(φx) = x−K = {x− k : k ∈ K}

is compact also.
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Definition 5.21. Let Ω ⊂ Rn be open. Let F be a distribution on Ω and φ a test function on Ω.
The convolution is a function F ∗ φ : Rn → R given by (F ∗ φ)(x) = F (φx).

This definition is consistent with when F arrises from a function f . Indeed:

(F ∗ φ)(x) = F (φx) =

∫
f(y)φx(y) dy =

∫
f(y)φ(x− y) dy = (f ∗ φ)(x).

Theorem 5.22. Let Ω ⊂ Rn be open, F ∈ D′(Ω) a distribution, and φ ∈ D(Ω) a test function.
Then F ∗ φ : Rn → C is smooth, and for every multi-index α,

∂α(F ∗ φ) = F ∗ (∂αφ).

Proof. First of all,
∂αxφ(x− y) = (∂αφ)(x− y) = (∂αφ)x(y).

By induction, it suffices to show ∂i(F ∗ φ) = F ∗ (∂iφ). Let ei be the i-th unit vector. For h ̸= 0,
the linearity of F gives:

(F ∗ φ)(x+ hei)− (F ∗ φ)(x)
h

= F

(
φx+hei − φx

h

)
.

As h → 0, the quotient
φx+hei

−φx

h converges to (∂iφ)x in the topology of D(Ω). Since F is a
distribution (and thus continuous on D(Ω)):

∂i(F ∗ φ)(x) = lim
h→0

F

(
φx+hei − φx

h

)
= F ((∂iφ)x) = (F ∗ ∂iφ)(x).

Repeating this for higher orders yields ∂α(F ∗ φ) = F ∗ (∂αφ).

Theorem 5.23. Let Ω ⊂ Rn be open, F ∈ D′(Ω), and φ ∈ D(Ω). Then

supp(F ∗ φ) ⊂ supp(F ) + supp(φ),

where A+B = {a+ b : a ∈ A, b ∈ B} denotes the Minkowski sum.

Proof. Let C = supp(F ) andK = supp(φ). It is equivalent to show that (C+K)c ⊂ (supp(F ∗ φ))c.
Let x0 ̸∈ C +K. We need to show that x0 ̸∈ supp(F ∗ φ). Since C is closed and K is compact,
C+K is closed. Hence there is an open neighbourhoodW of x0 such thatW ∩(C+K) = ∅. It now
suffices to show that (F ∗φ)(x) = 0 for all x ∈W . Fix any x ∈W , then C ∩ (x−K) = ∅ (otherwise
there would exist c ∈ C such that c = x − k with k ∈ K which would imply x = c + k ∈ C +K,
contradicting W ∩ (C +K) = ∅). Since C is closed and x−K is compact, there is an open U ⊃ C
such that U ∩ (x−K) = ∅. Now supp(φx) = x−K is disjoint with U , namely supp(φx) ⊂ U c ⊂ Cc.
And so F (φx) = 0 since Cc is by definition the largest open set such that F (ψ) = 0 for all test
functions ψ satisfying supp(ψ) ⊂ Cc.

Definition 5.24. Let F be a distribution. We define its reflection, denoted F̃ , by

F̃ (φ) = F (φ̃)

for any test function φ. Here φ̃(x) = φ(−x) is the reflection of φ in the function sense. Note this
can be shown compatible with the case where F arises from a function f via change of variables:∫

f(x)φ(−x) dx =

∫
f(−x)φ(x) dx.
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Proposition 5.25. supp(F̃ ) = −supp(F ).

Proposition 5.26. It suffices to show that supp(F̃ ) ⊂ −supp(F ). Indeed, this would allow writing:

˜̃F = F =⇒ supp(F ) = supp( ˜̃F ) ⊂ −supp(F̃ ) =⇒ −supp(F ) ⊂ supp(F̃ ).

To that end, it suffices to show that (supp(F̃ ))c ⊃ (−supp(F ))c. Suppose x ̸∈ −supp(F ), that is,
−x ̸∈ supp(F ). By definition there exists an open neighbourhood of −x, U , such that F (φ) = 0
for all test functions φ with supp(φ) ⊂ U . Now, −U is open and contains x. Moreover, if
supp(ψ) ⊂ −U , then supp(ψ̃) = −supp(ψ) ⊂ U . Hence F̃ (ψ) := F (ψ̃) = 0. Therefore x ̸∈ supp(F̃ )
as we have found an open set (namely −U) such that F̃ (ψ) = 0 for all ψ with supp(ψ) ⊂ −U .

Definition 5.27. Let Ω ⊂ Rn be open, F ∈ D′(Ω), and G ∈ D′(Ω) a distribution with compact
support. The convolution F ∗G ∈ D′(Ω) is defined by

(F ∗G)(φ) := F (G̃ ∗ φ) for all φ ∈ D(Ω),

where G̃(ψ) := G(ψ̃) is the reflection of G, and (G̃ ∗ φ)(x) := G̃(φx) with φx(y) = φ(x − y). One
can verify that G̃ ∗ φ ∈ D(Ω), so the right-hand side is well-defined.

Note 5.28. We verify that the distributional convolution F ∗G agrees with the classical convolution
f ∗ g when F and G arise from L1

loc functions f and g respectively, with g compactly supported.
Let φ ∈ D(Ω). First of all, for any x ∈ Rn, using the definition of convolution of a distribution
with a test function and then the definition of G̃:

(G̃ ∗ φ)(x) = G̃(φx) = G(φ̃x).

Now φ̃x(y) = φx(−y) = φ(x+ y), so

(G̃ ∗ φ)(x) = G(φ(x+ · )) =
∫
Rn

g(y)φ(x+ y) dy.

Now by definition of F as integration against f :

(F ∗G)(φ) = F (G̃ ∗ φ) =
∫
Rn

f(x) (G̃ ∗ φ)(x) dx =

∫
Rn

f(x)

∫
Rn

g(y)φ(x+ y) dy dx.

We now verify the conditions for and apply Fubini. To interchange the integrals, note that g has
compact support K1 ⊂ Rn (so y ∈ K1) and φ has compact support K2 ⊂ Rn (so x+ y ∈ K2, hence
x ∈ K2 −K1, a compact set). Therefore, with ∥φ∥∞ <∞:∫ ∫

|f(x)| |g(y)| |φ(x+ y)| dx dy ≤ ∥f∥L1(K2−K1) ∥g∥L1(K1) ∥φ∥∞ <∞,

so Fubini’s theorem applies. Substituting u = x+ y (with x fixed) gives:∫
Rn

g(y)φ(x+ y) dy =

∫
Rn

g(u− x)φ(u) du,

and therefore

(F ∗G)(φ) =
∫
Rn

∫
Rn

f(x) g(u− x) dxφ(u) du =

∫
Rn

(f ∗ g)(u)φ(u) du,

which is exactly the action of the distribution associated to the classical convolution f ∗ g on φ.

The below two results are stated without proof.

• The convolution of two distributions cannot be defined in complete generality without assum-
ing that one has compact support.

• If F and G are distributions that both have compact support, then F ∗G = G ∗ F .
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