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Foreword

This set of notes is transcribed from UBC’s MATH 510 Functional Analysis course. If any errors
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1 Banach Spaces
1.1 Normed Vector Spaces
Definition 1.1. X is a vector space over C if for all z,y,z € X and a,b € C we have
e Closure under addition: z +y € X
e Commutativity of addition: z +y =y + =z
e Associativity of addition: (z+y)+z=x+ (y+ 2)
e Existence of 0 vector: There is 0 € X such that 4+ 0 =2«
e Existence of additive inverse: For each z € X, there exists —x such that x 4+ (—z) =0
e Closure under scalar multiplication: az € X
e Distributivity (scalar over vector sum): a(z +y) = az + ay
e Distributivity (vector over scalar sum): (a + b)x = az + bx
e Associativity of scalar multiplication: (ab)x = a(bx)
e Multiplicative identity: 1x =«
Definition 1.2. (X,d) is a metric space if d: X x X — [0, 00) satisfies
(i) d(z,y) = d(y, =)
(i) d(z,y) =0 <= z =y
(it} d(z,2) < d(z,y) +d(y, 2)
Definition 1.3. A norm on a vector space X (over C) is a function || - || : X — [0, 00) satisfying
(i) [lz] =0 <= 2=0
(ii) |[Az|| = |A|||=| for all A € C and = € X

(i) = +yll < =] + [lyl

We call (X, || -||) a normed vector space.
Note 1.4.
e It is easy to show that any normed vector vector space (X, | - ||) is also a metric space with

metric given by d(z,y) = ||z — y]|.

e From the triangle inequality: ||z|—||y|| < ||z—y||, symmetry then yields |||z| —||y||| < [[z—y].
So norms are continuous!

Definition 1.5. Two norms ||- || and || -||" are equivalent if there are constants C, C’ > 0 such that
Clz| < =" < C'llz  VoeX

Note 1.6. Any two norms on a finite dimensional vector space are equivalent.
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Definition 1.7. A metric space (X,d) is complete if every sequence {z,,}5°_; in X which is
Cauchy (for all & > 0 there is N € N so that m,n > N = d(z,,z,) < €) also converges in X
(there is x € X so that lim, . d(x,z,) = 0).

Proposition 1.8. A normed vector space (X, || -||) is complete if and only if every absolutely
convergent series is convergent. Namely, a normed vector space is complete if and only if

[ee] oo
ZszH < oo = EL’EEX:SC:Z.%‘k.
k=1 k=1

Proof. Suppose first that (X, || - ||) is complete. Let Y 2, ||| < oo and define Sy = Zgﬂ Tk
Then for N > M we have

N N
1Sy =Sull =1 Yzl < D Nzl -0 as M,N — oc.
k=M+1 k=M+1

So the sequence {Sn} is Cauchy and hence convergent (since X is complete).
Conversely, suppose that every absolutely convergent sequence is convergent. Let {z,,}7°_; be
Cauchy. Take m; < mg < mg < --- so that ||z, — x,| < 277 for all m,n > m;. Then define

Y1 = Ty and yj = Tpp; — Ty, for j > 2. Then Z?:l Yj = Tm,. Moreover,

Doyl < Nl ||+ 277 < oo

jeN jeN

So lim z,, = > 22, y; exists. Finally, we verify that {z,,} and {2, } have the same limit. Since
{zm} is Cauchy, given € > 0 there exist No, Ko € N so that ||z, — zp, || < /2 for all m,my; > Ny
and so that ||z,,, — x| <e/2 for all k£ > Ky. Hence for m > max{Ny, mg,} we have

lzm =l < llzm = Zm || + |2m, — ]| <e.

Definition 1.9. A Banach space is a complete, normed vector space.
Example 1.10.
(i) C™ over C or R™ over R.
(ii) £ ={z = (z1,22,...) 1 7 € C and [|7| < 0o} where 7|/ = sup; |z;]
(iii) C([0,1]) = {f :[0,1] — C: f is continuous} with || f|lec = sup,ejo1) |f(2)]

That (i) is a normed vector space is that (i) is complete are both standard exercises. That (ii) and
(iii) are normed vector space is left as an exercise. Below we show that (ii) and (iii) are complete.

e Suppose that {zF}2 = {(2f,25,...)}22, in £°° is Cauchy. Then for each m € N we have
= @] < fla* — 27|

so {zF }2 | as a sequence in C is Cauchy, and since C is complete we get

lim zF =z,
k—o0
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for some x,,, € C. Define x = (x1,72,...). We need to show that ||2* — z|| = 0 as k — oo.
Choose K € N so that for all j, k > K we have ||z* — 27|| < €. In fact, for all m € N we have

k

ja, — @] < lla* — o] <.

And furthermore that

[ — @l < o, — @] + |2h, — 2| S €+ |28, — 2]
—_——
—0 as j—o0

So we see that |x7]’fn — x| < e for all k > K independent of m. Hence
H:ck —z|| = sup |wlfn — | <e
m
for all £ > K and so limg_, ||zx — || = 0. It remains to show that x € £*°. And indeed
x| < ||lzx — || + ||zx|| < 1+ ||zk]] < oo for k large enough.

e Suppose {fx}72, in C([0,1]) is Cauchy. Then for each x € [0, 1] we have
1fx(2) = fi(@)| < | fe = fil
so {fr(x)}52, is Cauchy as a sequence in C, and since C is complete we get that
Jim fi(z) = f(2)

for some f(x) € C. Define the function f : z — f(z). Now choose K € N so that for all
J.k > K we have || fr, — fj|| <e. Then for all z € [0, 1] we have

|fu(@) = fi(@)| < | fe — fill <e
And furthermore that
|fi(@) = f(2)] < |fi(z) = fi(@)| + | fi(x) — f(@)] < e+ |fi(x) — f(2)].
—0 as j—o0

So we see that |fi(x) — f(x)| < e for all k > K, independent of z € [0, 1]. Hence

Ik = fll = sup |fu(z) — fla)] <e

z€[0,1]

for all & > K and so limy_,o || fx — f|| = 0. It remains to show that f € C([0,1]). Now fix
x € ]0,1]. Let £ > 0 and choose N € N so that || fy — f|| < /3. By continuity there is § > 0
such that |y —z| < = |fn(x) — fn(y)| < e/3. Hence for |y — x| < § we have

[f(@) = f)l < [f(2) = fn(@)[ + [fn(z) = v+ 1) — fF)] <e.

Namely f is continuous at x, and this holds for all x € [0, 1]
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1.2 Linear Maps

Definition 1.11. A linear map 7T : X — Y between vector spaces X and Y satisfies
T(Mz + Aoy) = MT(z) + AT (y)

for all ,y € X and A1, Ay € C.

Definition 1.12. A linear map T : X — Y is bounded if there is C' > 0 such that

[Tz|ly < Cllafx
for all z € X.
Example 1.13.

(i) All linear maps from C™ to C"™ can be written in the form z — Az where A is an m x n
matrix with entries in C. Now we can write

|Az[|5 =) " 1(Ax) 1> =D (Ax);(Az); = D A kTRAjee.
J J gkl
Using the fact that ab < ‘127‘2%2 for a,b > 0 we can then bound
2 2 n 2 2 2 2 2
|Az||5 < H;gXIAs,t! > 5 U2kl + |z) < H;%XIAs,tI m* ||z[3.
g,k (S ——
C

Namely, all linear maps from C™ — C™ are bounded.

(ii) Let X = C(]0,1]) with || - ||. Fix g € C(]0,1]) and define T': X — X which maps f — ¢f.
It is clearly a well-defined map and it is linear. It is also bounded, since

ITflle = loflle = sup lg(@)f(@)] < sup lg@)| sup ()] < [l |l
z€[0,1] z€[0,1] z€[0,1] \6_/

(i) Let X = C'([0,1]) with [|fllc1 = [[flloc + [[f'[loc and let ¥ = C([0,1]) with || - [|oc. Then the

map % : X = Y is a bounded linear map. Indeed, we have

1T flloo = 1 lloe < flloc + 1l = llfllcr-

(iv) Let X = C*°([0,1]) with || - [[. Then &L : X — X is unbounded. Indeed, consider the
sequence f,(z) = sin(27nx). Then ||f||s = 1, however L f,(z) = 27n cos(2rna) which has
H%anoo = 27mn. In particular, for any constant C, there is n € N such that f,, € C*°([0,1])
and || L folloo > C = C||fallos- So & cannot be bounded.

Proposition 1.14. For any linear map 7' : X — Y between normed vector spaces X,Y. The
following are equivalent:

(i) T is bounded
(ii) T is continuous

(iii) 7T is continuous at 0
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Proof. (ii) = (iii) is trivial. Now we show (i) = (ii). There exists some constant C' such that
1Tz = Tyl = [Tz —y)|| < Clle—yl,

so T is continuous. Now we show (iii) = (i). By linearity we have 7'(0) = 0. And since T is
continuous at 0 there is 6 > 0 such that || Tz|| < 1 whenever ||z|| < 4. So

- () - = 2

Namely T is bounded. O

Definition 1.15. For normed vector spaces X,Y, we define L(X,Y") to be the set of all bounded
linear maps from X to Y. Note that L(X,Y) is itself a vector space.

Definition 1.16. For T' € L(X,Y), the following are equivalent definitions of the operator norm:
1T = supf{||Tzlly - ||« x =1}
[Ty
z#£0 HxHX
=inf{C >0:|Tz|ly <C|z|x,z € X}

Note 1.17. Firstly,
T is bounded <= thereis C' > 0 such that |Tz| < C||z| for all z € X < ||T| < oc.

Moreover, for = # 0, |Tz|| = H”T;ﬂH llz|| < ||T||||z|| which implies the inf above is in fact a min. It
is also worth explicitly mentioning that the operator norm as defined, is in fact a norm, and that
(L(X,Y),| - ||) is a normed vector space.

Proposition 1.18. Let X,Y be normed vector spaces. If Y is complete (Banach), then L(X,Y")
is Banach.

Proof. 1t suffices to check completeness. Let {1}, }nen be Cauchy in (L(X,Y),| - ||). Then for all
z € X we have
[Tha = Tz|| = (T = Tm)z| < | T = Tnl| [|]]-
—_——

—0 as n,m—00

In particular, {T,,x},en is Cauchy in Y. So by the completeness of Y there is Tz € Y such that
Tz = lim,_ . Tx. Define the linear map T : x — Tx. Then T is linear because limits are linear.
Moreover, T is bounded. Indeed, there is N € N such that ||T,, — T;,,]| < 1 for n,m > N, hence

ITall = 1T = T + TN || < (|70 = T || + [T ]| < 14 ([T ]

for all n > N. Then define

M = max{[|T0[[, | T2l, ... TN I, T+ [T ]|}
so that ||T},|| < M for all n € N. Finally by the continuity of norms we write for any z € X:

[Tall = || im Tpx| = lim |[Txf| < M|lz|.
So T is bounded and hence T' € L(X,Y). It remains to show that ||T'— T,|| — 0 as n — co. But
given € > 0, there is N € N so that n > N

T, —T| =T, — lim Tp,|| = lim ||T,, — T <e.
m—r0o0 m—r0o0
O
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Note 1.19. If S,T € L(X,X), then [|[ST| < ||S||||T|| where ST is the composition of S and 7.
This follows since
ISTz|| < ISIT=l < ISHT ],

for all x € X. And || ST is the inf over all such constants. So ||ST|| < ||S||||T|-

1.3 Linear Functionals
Definition 1.20. A linear map f : X — C (or R) is a linear functional on X

Definition 1.21. The dual space of X, denoted X*, is X* = L(X,C) (or L(X,R)). Namely, X*
is the space of bounded linear functionals on X.

Note 1.22. By Prop. 1.18 X* equipped with the operator norm || f|| = supj,j=1 [f()| is Banach.
Example 1.23. Let X = C([0,1]) with || - ||cc-
(i) Given f € L'([0,1]), define I : X — C via g — fol gf dx. This is linear. It is also bounded:

gl = 1 [ 790z < [ 1floldz < lglel 11

(ii) Given zg € [0, 1], define E, : X — C via g — g(z¢). This is linear. It also bounded:

|Eog| = |g(x0)] < ||g]loo-

Notice that both of the above are examples of integrating against some measure.
1 1
Itg =/ g(fdx)  Eazyg =/ g dog,.
0 0

Definition 1.24. Let X be a vector space over R. A sublinear functional on X is a map
p: X — R such that

p(x+y) <p(x)+p(y) for all z,y € X and  p(Ax) = Az for all A > 0 and z € X.

Note: a norm or “seminorm” (same as a norm without requiring ||z|| = 0 == z = 0) are examples
of sublinear functionals.

Theorem 1.25. (Hahn-Banach, R wversion). Let X be a vector space over R, p a sublinear
functional on X, M C X a subspace, and f: M — R a linear functional such that f(x) < p(x) for
all x € M. Then there exists a linear functional F' : X — R such that F' [yy= f and F(z) < p(x)
for all x € X.

Proof. If M = X we are done. So suppose M # X.

e Thereis z € X \ M. Define g : M + Rz — R so that g(y + A\z) := f(y) + A\g(x) for all y € M
and A € R. Write o = g(z) € R. We need to choose . For y1,y2 € M:

fly) + f(y2) = f(y1 +v2) <p(y1 +y2) =p(y1 —z+y2 +2) <p(y1 — ) +p(y2 + 7).

This then implies

fpn) —plyn —x) <ply2 +z) — f(y2)  forall y1,y2 € M.
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Taking first the inf of the RHS and the sup of the LHS yields:

sup f(y1) —p(yr —x) < inf plys +2) — f(y2).
y1EM y2EM

Namely there exists a € [sup LHS, inf RHS]. If A > 0, then

o3 =A 1 (2) o] <37 (2) (2 +2) 1 (2)] vt

If A <0, a similar argument yields g(y + Az) < p(y + Az), and if A = 0 then

9y +Ax) = g(y) = f(y) < p(y).
e Define F to be the family of linear extensions
:{f:M%R|MDM,f[M:f,fgponM}.
Then F is partially ordered where
(fi: My = R) C(f2: My —R)

means M; C My and fo [ap,= fi. Now, note that any linearly ordered (meaning for all
a, € T either fo, C fgor fz C fo) sub-family {fa}aez C F has an upper bound. Indeed,
set M = Uaer Mo and define f: M — Rsothat f(z) = fo(x) if z € M, (note that if 2 € M
then o € M, for some a and all Mg which are “bigger”, then by the restriction property we

have that f is well-defined). Defined this way, we see that f, C f for all & € Z. Finally, we
apply Zorn’s Lemma (actually an axiom) which says that if every linearly ordered subset of
a partially ordered set S has an upper bound, then S has a maximal element. This yields a
maximal extension F of f, such that f < p and f is defined on X. (F must be defined on X,
if not we apply the first bullet point to obtain a new extension larger than F', a contradiction).

O]

Definition 1.26. A seminorm is a map p : X — [0,00) such that for all z,y € X and A € C we
have p(Az) = [Alp(z) and p(y + z) < p(y) + p(x).
Theorem 1.27. (Hahn-Banach, C version) Let X be a complex vector space, p a seminorm on

X, M C X asubspace, and f : M — C a linear functional such that |f(z)| < p(z) for all z € M.
Then there is a linear functional F': X — C so that F' [y= f and |F(x)| < p(x) for all z € X.

Proof. The proof is omitted. O

Theorem 1.28. If M C X is a closed subspace and € X \ M. Then there is f € X* satisfying
fx) =0 =infyep |ly—2| >0, f =0, and || f|| = 1. [Note: M is assumed closed so that § > 0].

Proof. Define f : M + Cx — C so that f(y + Ax) = X\ for all y € M and A € C. This satisfies
fIu=0, f(z) =9, and f linear. Now write

[+ 22)] = ] = N5 < A || £ + 2| = 1y + Azl

Hence || - || works as p in the extension theorem. So we can extend f to X. It remains to check
that || f|| = 1. Since |f(2)| < ||z|| we have that |ﬁ('ﬁ) <1, and taking the supremum over all z € X
yields ||f|| < 1. To check ||f]| > 1. Let € > 0, by properties of inﬁmum there is y € M so that
ly —z|| <d(1+¢). Then |f(y —x)| =0 > ”y z” , and so |Jﬂ§/y_j”)‘ > 1+ . Since € > 0 was arbitrary,
we conclude that || f|| > 1. O
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Corollary 1.29. If X > z # 0, then there is f € X* such that || f|| =1 and f(z) = ||z].

Proof. Take M = {0} and apply Hahn-Banach. O
Corollary 1.30. If z,y € X with = # y, then there is f € X* such that f(x) # f(y) and ||f]| =1
Proof. Apply Corollary 1.29 to z = x — y and use linearity. ]

Note 1.31. Recall we defined the dual space of Z, denoted Z* = L(Z,C), as the space of bounded
linear functions on Z. When Z = X*, we denote the dual space of X* as X** = Z* = L(X*,C).

Theorem 1.32.
(i) For z € X, the map & : X* — C given by Z : f — f(x) is a bounded linear functional on X*.
(ii) The map X — X** given by x + & is a linear isometry.

Proof.
(i) & is clearly linear. It is also bounded since |Z(f)| = |f(z)| < || flll|=]|-

(ii) We need to show that ||Z|| = ||z||. The previous point implies ||Z|| < ||z||. Then by Corollary
1.29 there is f € X* such that || f|| =1 and |f(x)| = ||=|. Hence

12l = Z[[fI} = [2(H)] = |f ()] = [l].

Note 1.33. We can identify each x € X with an element of X** via
X~X:={i:zeX}CX™
We know that X™** is complete by Prop. 1.18, but we don’t know that X is closed in X**. We can

study the closure X called “the completion of X”. A Banach space is called reflexive if X = X**.

1.4 The Baire Category Theorem and its Consequences

Definition 1.34. A set D is dense in X if D = X. Equivalently, a set D is dense in X if OND # ()
for all non-empty open O C X.

Theorem 1.35. (The Baire Category Theorem) Let X be a complete metric space. If {U,, }men
are open and dense, then (1), .y Un, is dense.

Proof. Let W # () be open. Since Uj is open and dense, we have that Uy NW is open and non-empty.
Namely there is 1 € Uy N W and in fact by openness there is some 0 < r; < 1/2 such that

Br1 (wl) cU NW.

Now UsN B, (1) is open and non-empty, so there is B, (z2) C UsNB,, (1) for some 0 < o < 1/22.
Inductively we continue to construct

By, (xm) CUn N By, (Tm-1) Tm € X and 0 < 1y, < 1/2™.
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In particular, since the balls are nested, we have that x,,,z, € By (xn) for n,m > N. Then
since ry — 0 as N — oo we conclude that {x,,}men is Cauchy, and as X is complete there is
X oz =limy oo Tm. Let N € N, then

for all m > N: x,, € By (zn) = = € Byy(xy) CUNNW.

Since this is true for all N € N we conclude that & € [y Unv NW. In particular, the intersection
is non-empty; and since W was arbitrary we have that (| ycy Un is dense. 0

Definition 1.36. A set £ C X is nowhere dense if E does not contain any non-empty open set.
That is, the interior of the closure is empty: (E)° = 0.

Definition 1.37. A set is meagre if it is a countable union of nowhere dense sets. The complement
of a meagre set is called residual.

Corollary 1.38. If X is a complete metric space, a residual set is dense. In particular, the whole
space cannot be meagre.

Proof. Let R C X be a residual set. Namely R = |J,~_, Ey, where E,, are nowhere dense. Then
o0 oo
R=()E;> [ (Ew)"
m=1 m=1

Since (E,,)¢ is open, it is enough to prove that (E,,)¢ is dense. Then indeed the Baire Category
Theorem implies (oo, (Ey,)¢ is dense which then implies R is dense. Let U be any non-empty
open set. Since E,, is nowhere dense, U ¢ E,,. Thus U N (E,,)¢ # 0 as desired. Moreover, ) is not
dense and so cannot be residual. Hence X = ()° is not meagre. O

Example 1.39. The set of nowhere differentiable functions is dense in the space C([0,1]) equipped
with || - ||so- Recall that C([0,1]) with || - || is Banach. Define

E,, ={f € C(]0,1]) : there exists x¢ so that |f(z) — f(zo)| < m|z — x| for all z € [0,1]}.
Claim: if f is differentiable at some point, then f € (J;._; Ey,. Namely D C J,°_, Ep, where
D ={f € C(0,1)) : f is differentiable at at least one point}.

Proof. If limg,_,, w exists (i.e. f’(y) exists), then there is 6 > 0 so that

s ‘f(ﬂfi—f(y)

] <1 )l +1

On the other hand: if |z —y| > 4, then ‘f(a;):g;(y) ’ < 2”]:5”"". Namely there is some y € [0, 1] (where
f'(y) exists) such that

2|f oo
£~ fwl < 17 @)+ 1+ 2 |y
c
for all € [0,1]. And moreover there is N € N so that N > C. Hence f € Ey. O
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So the set of nowhere differentiable functions D¢ contains
o) C
D¢ (U Em> = R.
m=1

Hence it is enough to show that R is dense, and by Cor. 1.38 it is enough to show that R is residual,
or in other words that F,, are nowhere dense...

Definition 1.40. A map 7': X — Y is open if T'(U) is open for all open U C X. [Contrast this
to continuous which requires 7-(V') to be open for all open V C Y]

Theorem 1.41. (Open Mapping Theorem) Let X and Y be Banach spaces. If T € L(X,Y) is
surjective, then T is open.

Proof. Tt suffices to show that 7" maps open balls (in X') to open sets (in Y') since any open set can
be written as a union of open balls. Moreover notice

T(B,(x0)) = T(xo + rB1(0)) = T'(xo) + rT(B1(0))

so it suffices to check that T'(B1(0)) is open.

Claim: it suffices to check that T'(B1(0)) D Bs(0) for some 6 > 0. Indeed: if T(B1(0)) D Bs(0)
for some 6 > 0, then for any y € T(B1(0)) we have y = Tx with € B;(0). Choose r := 1 — ||z||
so that B, (x) C B1(0). Then

T(B1(0)) > T(By(x)) = Tz +rT(B1(0)) >y + rBs(0) = Bs(y)-

Which implies T'(B1(0)) is open.
Now since T' is surjective write:

U 7(Bk(0)) =T <U Bk<0>> =T(X)=Y.
keN keN

By corollary 1.38 we have that Y is not meagre. So there must be k& € N such that T'(By(0)) is not
nowhere dense. Note that one can check ¢ : z — kz is a homeomorphism (bijective, continuous,
with continuous inverse) and it maps ¢ : T'(B1(0)) — T(Bg(0)). Since nowhere denseness is
preserved by homeomorphism [specifically (¢(A))° = ¢((A)°)], we have that

T(B1(0)) is nowhere dense <= T'(Bj(0)) is nowhere dense.
So T'(B1(0)) is not nowhere dense. Namely there is 7 > 0 and yo € Y such that
T(B1(0)) > Bar(yo)-

Now since T'(B1(0)) is dense in its closure, and yo € T(B;(0)), there is y; € T(B1(0)) such that
lly1 — vol| < 2r [moreover, y; = Tx; for some 1 € B1(0)]. Now if ||y|| < 2r, then

Y+ y1 € Bar(y1) C Bar(yo) C T(B1(0)).

And then:

y=—-Tx1+ (y+y1) € =Tz +T(B1(0)) = T(—z1 + B1(0)) € T(B2(0)).
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This then implies that for any m € N:
Iyl <27™r = y € T(By-m(0)).

And in particular that B,.(0) C T'(B1(0)). We now show that B, /5(0) C T'(B1(0)).
Fix [ly|]| < r/2. We inductively construct z1,z>... with z; € By—;(0) so that

m
y— Zij < 2~ (m+L)y.
=1

for any m € N. For m = 1, since ||ly|| < 271 we have y € T(B,-1(0)) which implies the existence
of x1 € By-1(0) so that ||y — Txi|| < r/4. Now the inductive step: suppose zi,...,Z,, are such
that ; € By-;(0) and [ly — > 7%, Tayf| < 2=+ We have that y — > i1 Txj € T(By-(m+1)(0))
which implies the existence pf Zm+1 € By (mi1)(0) such that ||y — Z;”jll Tz;|| < 2=(™2r Now
since } ey |zl < 22;en277 =1 and X is Banach, by Prop. 1.8 implies that } . yz; = 2 € X.
Finally,
m m
y = lim Zij =T n%gnOOZa:j =Tx € T(B1(0)).

m—00
J=1 J=1

Since this holds for any y € B,./2(0) we see that B,.5(0) C T'(B1(0)) as desired. O
Corollary 1.42. Let X and Y be Banach spaces. If T € L(X,Y) is bijective, then T~ € L(Y, X).

Proof. By the Open Mapping Theorem 7 is open. T~! exists (since 7 is bijective) and is continuous
(since T is open). Moreover T~! is linear and so by Proposition 1.14 we have T~! € L(Y, X). O

Definition 1.43. A linear map 7 : X — Y is said to be closed if its graph
INT)={(z,y) e X XY : Tx =y}

is closed in X x Y with ||(z,y)|| = |lz]lx + [|y|ly-
Note: to check T is closed it suffices to check that

(j = 2,Te; —»y) = Tx=y.
Furthermore: if 7" is bounded, then T is closed. Indeed, if x; — x and T'z; — y, then
ly = Te|l < ly — Ty | + | Te; — T < |ly — T | + |7 e — ]| — 0.
Which then implies y = T'x as desired.

Theorem 1.44. (Closed Graph Theorem) Let X and Y be Banach spaces. Suppose T : X — Y is
linear and closed. Then T is bounded.

Proof. Since X and Y are Banach, one can show that X x Y is Banach. Then since the graph
I(T) C X xY is a closed subset of a Banach space, I'(T) is itself Banach. Define the projection
e (T) (T)

m:(T)—X mo:I'(T)—=Y

7711:(:):,T:1:)|—>:): and 772:2(:1:,T:1:)|—>T:t'
Both ; are trivially bounded. For example |72 (x, T2)|ly = ||Tz|y < ||z||x + |Tx|y = ||(z, Tz)].
Moreover, 71 is a bijection. So by Corollary 1.42 we have that 7 is bounded. Hence T' = 7 0 T

as a composition of bounded maps is bounded. O
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Theorem 1.45. (Uniform Bounded Principle) Let X and Y be normed vector spaces. Let A C
L(X,Y) be a collection of bounded linear maps. Then

(i) If X is not meagre and suppc 4 ||[Tz|| < oo for all z € X, then suppcy [|T]] < o0
(ii) If X is Banach and suppcy || Tz|| < oo for all € X, then suppcy || T < 0o

Namely, X being meagre (in fact Banach) is enough to turn a point-wise bound on ||Tz|| into a
uniform bound.

Proof. First of all, by Corollary 1.38 we have (i) = (ii) since a Banach space cannot be meagre.
So it suffices to prove (i). Define

Ep={reX:sup|Tz|| <m}=(){xeX:|Tz| <m}.
TeA TeA

Notice that E,, is closed since for each T' € A the set {x € X : ||Tz|| < m} is closed, and an
arbitrary intersection of closed sets is closed. Now we write

X={ze X :sup|Tx| < oo} = U En,
TeA meN

and note that X is not meagre. So at least one of the F,, is not nowhere dense. Hence there is
B, (z9) C E, for some xg € E,, and r > 0. For any T' € A: if ||z|| <7, then

[Tz) < [IT(x + xo)|| + [ Tol| < 2m

since both = + xg, xg € B,(xg). Namely B,(0) C Fs,,. Finally, we may write

1 1 2m
1Tl = sup [|[Ta] = = sup [T(rz)l| = ~ sup ||Tzl| < ——.
Jell=1 " Jlzll=1 " llell=r r

Since this holds for any 7' € A we have thatsuppe 4 |T]] < 22 < oo as desired. O
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2 Special cases: [P and Hilbert Spaces

2.1 L? Spaces
Definition 2.1. Let 1 < p < co. Let (X, M, 1) be a measure space.

o If p < o0,
LP = {21) : X — C such that v is measurable and / [|Pdp < oo}
and
1/p
oy = ([ toan)
o If p=o00,

L™ = {w : X — C such that 1 is measurable and esssup |¢(z)| < oo}
zeX

and

|¥||co = esssup |¢(x)] where esssup |¢(z)| = inf{M > 0: |¢(z)| < Mp-a.e.}
zeX zeX

Note that for any n € N, there is N,, with p(N,) = 0 such for all z € N§

1
(@) < lloo +

Let N = U,y Nn- Then N is null and [¢(z)| < |[¢[| for all z € N€.
Example 2.2. For any 1 < p < oo, £LP is a vector space. Some examples:

(i) Let n e N, X = {1,2,...,n}, M = P(X), and p the counting measure. Then 1) : X — C is
identified with the vector (¢(1) --- w(n))T € C" and

/ 2 = 3 ()P
X i=1

is the squared Euclidean norm.

(ii) Let X = N, M = P(N), and p the counting measure. We denote LP(N, P(N), u) = ¢P. Here
1 : X — C is identified with the sequence {1;};cn. And

= {{%}ieN DY il < OO} and (% = {{%’}z‘eN sup |thi| < OO} :

i=1 i€

Note 2.3. In the definition of a norm, (i) fails for £P. The solution is to define the equivalence
relation

P~ @if i =¢ ae.
Then [¢] = {¢p € LP : ¢ ~}.
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Definition 2.4. LP(X, M, p) is the set {[¢] : ¢ € LP(X, M, n)} equipped with the operations

o [Y]+[¢] = [+ ]
e afy)] = [ay]
o &1l = 111lp

Lemma 2.5. The above operations are well-defined and LP(X, M, ) is a normed vector space.
Proof.

o “+7 is well defined: we need to show that
(Y1 ~ s & P1 ~ P2) = Y1+ P1 ~ P2 + Pa.

Let Ny = {z € X : ¢1(x) < ¢o(x)} and Ny = {z € X : ¢1(x) # ¢2(x)}. Then p(Ny) =
p(Ng) =0, and

{z € X :¢(z) + d1(x) # Ya(z) + d2(2)} C Ny U N,
Finally, since u(Ny U Ng) = 0, we conclude 11 + ¢1 ~ )2 + ¢2 as desired.
e Similar for well-definedness of scalar multiplication
e The norm is well-defined since integrals of a.e. equal functions are equal

e The vector space axioms are immediate with 0 = [0] being the class of functions that are
equal to 0 a.e.

e The first two norm axioms are quick to prove. The triangle inequality takes a bit of work and
is called “Minkowski’s Inequality” (see MATH507 HW10)

O
Proposition 2.6. Let (X, M, u) be a finite measure space. Let ¢ € L. Then ¢ € LP for all
1 <p<ooand
T
This is one of many results that essentially says: “the infinity norm is the limit of the p norm

whenever it makes sense”.

Proof. Let X, = {z € X : |y(z)| > r}. If u(X,) > 0 then

1/p
.. S Tim P S e Tim 1/p _
lim inf |4l > lim inf </X Y] du) 2 rliminf u(X;) r

and
lim sup (|9l < 400 limsup pu(X)/? = ||| oo

p—0o0 p—o0

Now pick 7 = ||[¢||cc — € so that p(X,) > 0 and so that liminf, . ||¥|/, > ||¢|lec — € for all € > 0.
Thus altogether

< limi <1l < .
[¥loc = Hminf ll¢ll, < Tim sup ]}, < [l¢lloo
So all inequalities are equalities and
lim nf ], = imsup [0, = lim 4] = ]

O
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Theorem 2.7. (Hélder’s Inequality) Let 1 < p,q < oc.

(i) If ; + 7 =1and ¢ € L, ¢ € LY, then ¢ € L' and ||yl < [[9],]4],

(i) H1<r<oo L +1=1 and i€ 17, 6 € LY, then vig € L7 and [0, < ], o],
Proof.

(i) See HW 10

(ii) Follows from (i) applied to |[¢|", |¢|" and 2, %

r’>or’

()
[0l = MLl ol < Ml sl lg/r = 1101511 0llg-

O

Corollary 2.8. Let 1 <p<g<oo. Ifp € LP N LI, then ¢ € L" for all r € [p, q] and

1llpe < 19l 0115,

1 _ 196 0
where —- = 2% + 7 for 6 € [0, 1].
Proof. (¢ < o0) By Hoélder’s Inequality:
1¥li5e = /X [P sl PP dps = [ = DP [P0 11 < 1112 L - 1190172 L g0y
We should just check that % + 9% =1 (true by assumption), and that
|op|(1=0Po ¢ [P/ (Po(1-0)) |yp|%P0 € L9/%P0
And indeed
,\ G=0r0
— _ (1-9) p _
e R () K I

and similarly

1% Nl g /6p5 = 10 N1GP2
from which the claim follows. O

Note 2.9. One can prove a result of a similar flavour to corollary 2.8 which states: if 1 <p < ¢ < 00
and pu(X) < oo, then LY C LP.

Theorem 2.10. (Reisz-Fischer) Let (X, M,u) be a measure space and 1 < p < oco. Then
LP(X, M, pn) is a Banach space.

Proof. (Reisz-Fischer) From what we have already shown about LP(X, M, u), it suffices to check
completeness.
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e Case 1 < p < oo : Let {9;}icn be absolutely convergent, namely > . |[¢l|[, = M < oco. By
Proposition 1.8 it suffices to show that >, 1); converges in LP. Let G,, = Y i, |1;(z)|, this
increases point-wise to G = ", [¢;] (it may be co). Now by the triangle inequality:

n
1Gally < 3 il < M < oc.
i=1

Then by the M.C.T., G € L? and [ GPdp = limy, . [ |Gn[Pdp < MP. In particular G(x)
is finite p-a.e. Hence there is a null set N such that the numerical series ), 1;(z) converges
absolutely for z € N¢. Now by completeness of C:

Z?/)z XN" —>S( )

forallz € X. Altogether | S, (x)—S(x)|P — 0as N — oo and |S,,(z)—S(z)|P < (2G(z))? € L1,
so the D.C.T. implies

lim/|S (x)Pdp = 0.

n—o0

Namely S = lim,,_,o, Sy, in LP and so the series is convergent.

o Case p = oo: Let {¢;}ien be a Cauchy sequence in L>°. Then, by definition of || - ||o, for each
J,k € N there is a null set N, such that

|9(2) = Pr(@)] < |95 — Yrlloo

for all z € N¢,. The set N = |J; .y Nk is again a null set. Let x € N°. Then {¢;(z) }ien is
Cauchy and hence convergent (by the completeness of C), say to ¢(z). It follows that ¢; — 1)
uniformly on N¢. Namely ¢; — 9 in L*°.

O]

2.2 The Dual of L”

Unless otherwise stated, in this section we let (X, M, u) be a measure space. And we denote
LP = LP(X, M, p), [f= fX fdp. Also we set 1 < p < 0o we define the “conjugate exponent”
of ptobe 1 < g <oosuchthat 1/p+1/g=1.

Proposition 2.11. Fix any 1 < ¢ < oo and let p be conjugate. For any g € L? define ¢, : LP — C
which maps f + [gf. Then ¢, € (LP)* and ||¢g4]| < ||9llq-

Proof. ¢, is linear because [ is linear. ¢, is bounded by Holder:

164(F)] = \ / gf] < [los1 < gl 7l

In particular ||¢g|l < ||g]lq- -

Definition 2.12. A measure p on (X, M) is semi-finite if for every £ € M with u(E) = oo,
there is F' C E in M such that 0 < p(F') < oco.

Proposition 2.13. Fix 1 < ¢ < co and let p be conjugate. Let g € L? and define ¢4 as above. If
either (i) 1 < ¢ < oo or (ii) ¢ = oo and p is semi-finite, then ||¢y|| = ||g||4-
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Proof. We can assume that ¢ is not 0 a.e. as this case is trivial. Otherwise it suffices to find an
f € LP with || f||, = 1 such that | [ fg| = [|gllq since recall that [|¢4|| = sup {| [ fg| : | fll, = 1} and
we have already shown that ||¢4]| < |/g]l4-

e When 1 < g < oo, take

lo@@)|*~" g(x)
Flz) =4 lglli" To@) g(x) #0

0 g(w)zO‘

Since p and ¢ are conjugate, we have that p(¢ — 1) = ¢. Then
191 = [ 11 =y [ lo@Pe anto) = o 1@ due) =1
[P g1l

and

[ 9= sla@duta) = Lol
Il

e When ¢ =1 (i.e. p=00) take

Then || fllc = 1 and [ fg = [lgl = llgll1.

e When ¢ = oo (i.e. p=1) and p is semi-finite, for every ¢ > 0 define
Ae=A={zeX:|g(@)] > gllec — e}

Notice that u(A) > 0 (by the definition of || - ||« ) so by semi-finiteness there is B C A such
that 0 < p(B) < co. Then define

Then ||f|1 = ﬁfBl =1 and

1 1
[ t9=—5 191> 5 [ ol =< = ol .

This shows that ||¢g|| > [|g|lc — € for every € > 0. Hence ||¢g|| > ||g]|oc as desired.
O

Corollary 2.14. Let either (i) 1 < ¢ < oo or (ii) ¢ = oo and u be semi-finite. Take p to be the
conjugate exponent. Then the map from LY — (LP)* which sends g — ¢, is a linear isometry.

Proof. propositions 2.11 and 2.13 show exactly this. O

Theorem 2.15. Let either 1 < ¢ < 0o or ¢ = oo and p be o-finite. Take p to be the conjugate
exponent. Then for each ¢ € (LP)*, there is a g € L? such that ¢ = ¢,. Namely the above map is
surjective, and hence is an isometric isomorphism (a bijective isometry) between L7 and (LP)*.
[Note: being an isometry implies the map is injective for free.]
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Proof. Let ¢ € (LP)*.

e Case 1 (u(X) < 00): Notice that if there was such a g, then ¢(X ) = [ g dp. This looks like
a Radon-Nikodym density g = d” for some complex measure v which would require v < pu.
Following this idea, define v(E ) = ¢(Xp). We will show that v as defined is a complex
measure, and that v < p. Then we will show that g—l’: =: g € L9 and satisfies ¢ = ¢,.

— v is a complex measure: First of all v(()) = ¢(0) = 0 since ¢ is linear. Now let {Ep, }men
be disjoint and E = |J,7_; Ep,. We must show that v(E) = >~ v(Ey,) and that the
series is absolutely convergent Let

= z#0

|z

0 z=0

Qp = sgn qb(XEk) where sgnz = {

and define fr, = 3700, axXp, and f = > cyarXp, - Note fn, € LP since p is finite.

Now
o] p
IIfm—f||§=/ > X, Z /XEde u( U Ek) (%)-
k=m+1 k=m+1 k=m+1

This measure approaches 0 as m — oo since pu(X) < co. So f,,, — f in LP. Now notice
that

k m

fm) = ¢ (Z O‘kXEk> = > ad(Xg) =D le(Xg,)l-
k=1

m=1 k=1
So by continuity

E |v(Ek)| = lim
m—r0o0
keN

m—r0o0

Z|¢ Xg,) | = lim |o(fm)| = |o(N)] < Sl f1lp-

Hence Y 72, v(E)) is absolutely convergent. Finally, using a similar argument as in (x)
one can show that > " | X g, — Xg in LP. Hence

V(E) = 9¢(Xp) —n}gnooﬁb(ZXEk) :ZV(Ek)

k=1
as desired.
— v < p: If p(E) =0, then X =0 p-a.e. Hence

(B = loOXp)l < ol Xkl
~——

0
Hence v(E) = 0.
- g:= d” € LY%: Radon-Nikodym guarantees the existence of g := d” € L'(u) so that

00¢e) =1(B) = [ gdu= [xpgan

Then by linearity, ¢(f) = [ fgdp for all simple functions f. Hence

] / fgdu‘ <19l ()

for all simple functions f. We state the following proposition without proof:
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Proposition. Let p, g be conjugate. Let ¥ be the set of all simple functions vanishing
outside a set of finite measure. Suppose g : X — C is measurable function such that: (i)
fex = gfell (i)

My(g) =sup{‘/fg‘ Fes |l = 1} < o0,

and (iii) {x : g(x) # 0} is o-finite or p is semi-finite. Then g € L? and ||g||, = M,4(9g)-

Since p is finite, all (i)-(iii) are satisfied which implies g € L? and when combined with
(xx) we have ||glly = My(g) < |¢]-

— ¢ = ¢4: For any f € LP there is a sequence of simple functions { fy, }nen in LP such that
fn— fin LP. Hence

o)~ [ fadu| <160 = ()1 + | [ (= £1a| <1607 = £l + 15 = bl 0

So ¢(f) = [ fgdu for all f € LP. That is ¢ = ¢,.

e Case 2 (i is o-finite): We can write X = J,,cy B where By C E3 C --- and p(E,) < oo.
By case 1, there is g, € L(E,) such that ¢(f) = fEn fgndp for all f € LP(E,). Then by
uniqueness, gn+1|g, = gn p-a.e. So g = lim,,_,~ g, satisfies g|g, = gn. We show that g € L.
If ¢ < oo we apply the Monotone Convergence Theorem to |gy|%:

lglle = / g7dp = lim / lgnl? dpa < 1|6]19 < oo,
X n—oo [p
If ¢ = o0, for any n € N we have

esssup [g(z)| = [|gnlleo < [|9]]-

xE Ly

Since E, is increasing and | J,, Er, = X we have that

esssup |g(x)| = supesssup |g(z)| < |||
zeX n $6En

Hence g € L™ and ||g[|oc < ||¢]|. Now we show ¢ = ¢,. For any f € LP, |f(1 - Xp )P =0
pointwise, and |f(1 — X )P < [f|P € L'. So by the Dominated Convergence Theorem:

15 = 1 I = [ 170~ g, )P die 0.

So by continuity of ¢ and the Dominated Convergence Theorem applied to |g, f| < |gf| € L!
(which follows from Hélder):

o) = Jim 6(7X,) = tim [ gufdu= [ ofd

e Case 3 (u is arbitrary and 1 < ¢ < o0): See Folland.
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2.3 Hilbert Spaces
“A Hilbert Space is a Banach Space with a norm induced by an inner product: ||z||? = (x,z).”
Definition 2.16. An inner product (on X, a vector space over C) is a function
() XxX—>C
with the following properties:

(i) (ax + By, z) = alz,z) + By, z) for all a, B € C, and z,y,z € X

(i) (y,2) = (z,y)
(iii) (z,z) > 0 whenever z # 0 and (x,z) = 0 when z =0

Notice:

(@, 0y + 52) L lay + Bz, 2) L afy,2) + Bz, 2) 2 alw,y) + Bla, 2).

Example 2.17. (Cauchy-Schwarz) Given x,z € X with z # 0, define
o(t) = o — tz|? teR

= (x —tz,x —tz)
= (z,x) — t{x,z) — t{z,x) + (—tz, —tz)

= ol = t ({2 + (227 ) + 2|2

We can further write
$(t) = [l2]* — 2tRe((z, 2)) + 2] ||*.
This is clearly non-negative as an upward facing parabola. Moreover ¢(t) > ¢(t*) for all ¢ where t*
is determined from
Re((z, 2))

0=¢/(t) = —2Re((z, 2)) + 2t||2])2 = t* = e

e (Re(x. )))?
Re({z, z
S(t*) = ||z||* —
12112
This ¢ is non-negative we obtain
[Re((z, 2))| < []|[|=]-

This holds for all z,z € X (the case when z = 0 is trivial). Notice we have equality if and only if
x = t*z, that is, x is a scalar multiple of z. We can upgrade this further. Let y € X be such that
(x,y) # 0. Take z = oy for some o € C. Then

(z,2) = (z,0y) = 7(z,y).

Taking o = \éi% yields

(2, o) = ( \z.9) ) (2.9) = (5.

[(z, )]
Hence
[z, )| < ll=lllloyll = =[]l
since o has unit norm. This is valid for arbitrary z,y € X (again the case when (x,y) = 0 is
trivial). Moreover, we have equality if and only if x = t*(oy) = (t*o)y, that is, x is a complex
scalar multiple of y. This is the Cauchy-Schwarz Inequality.
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Proposition 2.18. In this setup, ||z|| = \/(z, ) is truly a norm.
Proof.

e ||z]| > 0 for all x € X and with equality if and only if x = 0

o |laz|? = (ax, ax) = alz, ax) = aalz,z) = |af?||z|]?

e We note that ||z + y||? is ¢ from Example 2.17 evaluated at —1

lz + yl* = ll2]* + 2Re((z, ) + |yl
< Jllf® + 2|z, )] + Iyl
< [l + 2l + llyll*
= (Il + lly1)?
O

Definition 2.19. A Hilbert Space is a pair (X, (-,-)) where X is a complex vector space, (-,-) is
an inner product on X, and the norm ||z|| = \/(z, x) makes (X, | - ||) a Banach Space.

Proposition 2.20. (Parallelogram Laws) For all z,y € X we have
Iz + ylI* + [l =yl = 2(l|=[* + [|ly|*)-
Proof. Evaluating ¢ from Example 2.17 at £1 yields
lz +yl* = ll2]* + 2Re({z,9)) + lylI*  and  [la —y|I* = ||z]|* - 2Re((z,9)) + [ly]*.
Adding these together yields
lz +yl* + [l = yl* = 2(/|[* + [ly]|*)
as desired. O
Example 2.21.
(i) For any n > 1, let C" = {(21, 22,..., 2n) : zx € C} and define (y,2) = > )| yiZx.

ii) Extend to CN = {(z1, 20,...) : 2 € C} with (y, z) = > 72, yxZs. But this series may diverge!
k=1
So let 2 € CN be the set of complex sequences z for which

oo e}
121° =>azm =) lal
k=1 k=1

is convergent.

(iii) Let (Q, M, u) be a measure space, then LP(Q, M, n) with inner product (f,g) = [ fgdu
works. [One can view £? as a special case of this with Q@ = N and u the counting measure.]
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Proposition 2.22. Let X = LP(Q2, M, ) where 1 < p < oo, u(2) > 0 and p({z}) = 0 for all
x € ). Then X endowed with || - ||, is a Hilbert space if and only if p = 2.

Proof. One way to detect if there exists an inner product compatible with a given norm || - || is to
see if || - || satisfies the parallelogram law. Choose E, F € M with m := u(E) = p(F) and ENF = (.
Such E and F' always exist given our assumptions. Define f = X and g = X . When 1 < p < oo:

I££9ly = [ 1F£gPdu= [ If£gPdu=pu(EUF) =2m.
9) EUF
While on the other hand ||f||; = [, [f[P du = p(E) = m and similarly ||g||j = m. Hence

1 +gll7 + 11 = gl = 2m)*7 + (2m)*/? = 2(2)*/P (m)?/?

while
2(I£112 + llgll2) = 2(m*/? + m?/P) = 2(2)(m)*/?.

These two expressions are equal if and only if p = 2. In the case where p = oo, note that
|f £ glloc = | flloo = llgllc = 1 and that 1+ 1 # 2+ 2. So the only L” space that is also a Hilbert
space is L? and the norm satisfies ||f||3 = [, [f|*du = [o, fFdp. O

Definition 2.23. A set S C X is convex if s; := sg+t(s1 —sp) € S for all sg,s1 € Sand t € [0, 1].

Theorem 2.24. Let X be a Hilbert space. Let S C X be non-empty, closed, and convex. Then
given = ¢ S, there exists a unique § € S where ||z — §|| < ||z — s|| for all s € S. In other words,
there exists a unique § which is the nearest point in S to the given z.

Proof. Denote dg(z) = inf{||z — s|| : s € S}. For each k € N, let ry = dg(z) + +. By properties
of infimum there exists s; € S such that ||z — sg|| < rp. Now for arbitrary m,n € N apply the
parallelogram law to (x — sy,) and (x — sp,):

1z = sm) + (@ = sn)I* + | (& = sm) = (2 = sa)lI> = 2 (12 = 5m)* + [l — 5a|*)
which then becomes
lsn = sml® = 2l = smll* + 2/l — snll® = 4 |1z = (5m + 50) /2]
By convexity, (Sm, + $5)/2 € S so || — (sm + sn)/2]| > ds(x). Altogether we have that
|$n — sml|? < 212, + 212 — 4dg(z)?.

Now rp — dg(x) as k — oo so the RHS — 0 as m,n — oo. Namely {sg}ren is Cauchy. In
particular, as X is assumed Hilbert (hence complete), there exists § = limg_, oo . Firstly § € S
since S is closed. Moreover,

ds(2) < o — 8 = lim [l —sp] < lim re = ds(a),

50 ||z — §|| = ds(z) as desired. It remains to check uniqueness. Suppose that S, §1 € S both satisfy
ds(x) = ||z — 8;||. We can again apply the parallelogram law to, this time to (z — 5¢) and (z — §;),
to obtain that

180 — 51(|* < 278 + 277 — 4dg(z)?

for any 7; > || — 5;||. Choose 7; = dg(x) to obtain ||59 — 51| < 0 so that §; = 5. O
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Theorem 2.25. Let X be a Hilbert space. Let S C X be non-empty, closed, and convex. Let
§ € S and z € X. The following are equivalent.

(i) lx =8| <z —s| forall se S

(ii) Re{(x —§8,s—8) <Oforall se S
Proof. First a generic calculation (for any s € X):

lz = sl* = llo = 8+ 5 = s|* = o = 3]|* + 2Re(w — 3,5 — 5) +[|5 — s>
First (ii) = (i). The generic calculation implies
lz = sl* > o = 31> + 0+ |5 — s* > | - 3]|*.
Now (i) = (ii). Let s € S be arbitrary. By convexity, s, = § + t(s — §) € S for all t € (0,1]. By
applying (i) and then the generic calculation:
lz — 32 2 lz = sell® = ||z = 3I|* — 2Re(z — 8,50 — 8) + 1|5 — 5.
Then since s; — § = t(s — §) we can write
lz = 3lI* < fl = 3]1* — 2Re(x — 5, t(s — 8)) + [|t(s — )]*.

Since t > 0 we can then write ;
Re(z — 5,5 —§) < 5”8 — 3|12

Taking the limit as t — 07 yields Re{x — §,s — §) < 0 as desired. O

As a special case: if S is a closed linear subspace of X we can improve (ii). Pick an arbitrary s’ € S
and let 0 = (z — §,s') € C. Apply (ii) with s = §+ os’. Then

0 > Re(z — §,05") = Rez(x — 5,5') = Re|o|* = |o|*.
Since the complex modulus is non-negative, o = 0. That is (z — §,s’) =0 for any s’ € S.
Definition 2.26. We call v,w € X orthogonal when (v,w) = 0.

Theorem 2.27. If F is a closed linear subspace of X with é € F and « € X. The following are
equivalent.

(i) lx—¢é|| < |z —e| foralle e E
(ii) (z—é,e) =0foraleec E
Moreover, for any x € X, there exists a unique é € E satisfying (i)-(ii).
Proof. See above. O
Definition 2.28. For any non-empty S C X the orthogonal complement of S is defined to be
St={zecX:(x,s) =0forallscS}

(S is also pronounced “S perp”).
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One can show that S+ is a closed linear subspace of X, and that (S+)* > S and is the smallest
closed linear subspace containing S.

Example 2.29. Let E be a closed subspace of X and x € E. Let xp be the nearest point in
E to z. Define 2+ = 2 — . By Theorem 2.27 (ii) we have that (zr — xp,e) = 0 for all e € E
and so - € E+. For any y € E' we have y — 2t € Et since E' is a subspace. So we have
0= (zg,y —2%) = (x —2t,y — x1). Hence again by Theorem 2.27 (ii) we have that z* is the
nearest point of E+ to z. In particular, we can uniquely split z = 25 + 2 and write

X=E®Et={sg+at:zpecExtecE'}
Now we seek to describe the dual space X* when X is a Hilbert space. First a useful lemma.

Lemma 2.30. For ¢ € X* and x,z € X,
6(2) — B(2)a € ker().

Proof. By linearity ¢(¢(x)z — ¢(z)x) = ¢p(x)p(z) — ¢p(2)p(z) = 0. O

Example 2.31. First pick any v € X and let f, = (z,u). Clearly f, is linear. And if u # 0 then
by Cauchy Schwarz

|ful@)] _ Kz, u)| < ][] for all 2 # 0.
] [l ]
So || full« < ||u||, hence f,, € X*. Moreover fﬁiﬁ) = <|Qm> = % so in fact || fullx = |lul|. This shows

that an entire copy of X lives in X*. What about its other elements? Pick any ¢ € X*\ {0}.
Let E = ker(¢) (which is a closed proper subspace of X since ¢ is not the 0 map). In particular
E+ # {0} and we can pick z € E+ such that |z|| = 1. By the above lemma any arbitrary € X
yields ¢(z)z — ¢(2)x € E. And since z € E+ we have

0= (9(a): = 6(2)e.2) = (@) (2.2) —0(:) m.2).
ll2l?=1
In particular

o(x) = ¢(2)(x, 2) = (z,0(2)2).

So ¢ has the form f, with u = ¢(z)z. Namely
X ={fu:ue X}
and || ful[« = |Jul| for all w € X. Moreover one can check that

<fm fw> = <w’u>
is an inner product on X*. This is the Riesz Representation Theorem for Hilbert Spaces.

Proposition 2.32. (Pythagorean Theorem) Let x1,...,xy, € H a Hilbert space with x; L xj, for
all j # k. Then || 370%, [I* = 320%, fleell.

Proof. || 3 -3, zg? = (> kr Tk, Z;nﬂ Tj) = Dper (Te TH) = Dkl (B O

Definition 2.33. A subset {uq}aca of a Hilbert space H is said to be orthonormal if |lu,|| =1
for all & € A and (uq,ug) =0 for a # .
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Proposition 2.34. (Bessel Inequality) Let {uq}aca in a Hilbert space H be orthonormal. Then

for all x € H,
> K ua)? < 2.
acA

Note that for R 3 a, > 0 we define

Zaa :zsup{Zaa:FCAisﬁnite}.
acA aclF

And if ) 4 aq < 00, then {av € A: an > 0} is countable.
Proof. Let F C A be finite. Then

0< <x — Z(m,ua>ua,x — Z(x,ua>ua>

aclF acF
2

= HZL‘H2 - Z<$7ua><umx> - Z (T, ua) (T, Ua) + Z<$7Ua>ua

aEF acl acl
= [l = 2> [, ua) P+ D [, ua) [ HuozH2
acl acF
= [ll> = [, ua)?
ackF

S0 Y er (@, ua)? < ||z||? for any finite F C A. Taking sup over all such F completes the proof. [
Theorem 2.35. Let {uq}aca in a Hilbert space H be orthonormal. The following are equivalent.

(i) Completness: (x,uqs) =0 for all @ € A implies z = 0

(i

(iii) x

Parseval Identity: ||z||* = Y c4 (@, ua)|? for all z € H
= el ua)uq (and at most countably many (z,u,) are non-zero) for all x € H

i)
If (i)-(iii) hold we say that {uq}aca is an orthonormal basis of H.

Note that (i) means H = span{u, : @ € A}. Indeed, define M := span{u, : a € A}, so that M is
a closed subspace of H. Then H can be decomposed as H = M @& M~*. Then one can use (i) to
show that M+ = {0}.

Proof.
e (ii) = (i): Suppose (z,uq,) = 0 for all & € A. Then by (ii)

2> = [ ua)P =D 0 = z=0.

acA acA

e (i) = (iii): Fix z € H. Then by Bessel’s Inequality Y, 4 |[(z,ua)|* < [|z]|* < co. So
{av € A: |(x,uq)| # 0} is countable and we can index them as {a;}jen. For n < m we have
by Pythagoras and ||us|| = 1 that

2
m m

Z(x,uaj>uaj :Z\(x,uaj>\2—>0 as n,m — 0.
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Namely the partial sums are Cauchy and therefore converge to z € H. Define

o
Yy=r—z=c— Z(m,uaj>uaj.

j=1

Then for any o € A:
(Y, ua) = (T,uq) — Z(x,uaj><uaj,ua) = (x,uq) — (T, uq) = 0.
j=1
And so by (i) we have y =0, i.e.
xr = Z(x,uaj)uaj = Z(w,ua>ua.
j=1 acA

o (ili) = (ii): Let Sy = >0, (7, Uq,)Ua,- First of all

lz = Smll* = llz[|* — 2Re(x, Sm) + [[Sml|*

m

= [l = 2Re > (&, ua, (@, ua,) + D [, Ua,

J=1 J=1

m m
= llz* =2 [{, ua,) [ + Y (@, wa,)
j=1 j=1

m
= Jlall* = D {2, ua,)?
j=1

And by (iii) we have

m

L= Z<x7 uaj>uaj

j=1

2
—0 as m — 0o.

Sm

So we obtain (ii).

Note 2.36. A few remarks.

e Using Zorn’s Lemma (see the proof of Hahn-Banach) one can show that every Hilbert space
has an orthonormal basis.

e A Hilbert space is separable (i.e. it contains a countable dense subset) if and only if it has a
countable orthonormal basis.

e Every separable Hilbert space is isomorphic to £2.

Nathan Cantafio 27 Functional Analysis



3 Topological Spaces

3.1 Point Set Topology
Definition 3.1. Let X # (), then T C P(X) is called a topology if

e ),XeT

e T is closed under arbitrary unions

e T is closed under finite intersections
The elements of T are called opens sets and the pair (X, T) is a topological space.
Example 3.2.

e {(, X} is a topology on X

e P(X) is a topology on X

e When (X,d) is a metric space, and B,(z) := {y € X : d(y,x) < r} then

T ={U € P(X): for all z € U there is r > 0 such that B,(z) C U}
is a topology on X

Definition 3.3. Let (X, T) be a topological space.

e A set FF C X is said to be closed if F¢ € T. That is, if its complement is open.

e Let Y C X. The relative topology on Y is Ty = {UNY : U € T}. It is easy to check that
this defines a topology on Y.

e A basis of T is a family B C T such that for any non-empty U € T there is {Bgy}aca in B
such that U = |J,c 4 Ba-

e S C Tis called a sub basis of T if T is the smallest topology containing S. In this case: for
all open sets U € T, U can be written as a union of finite intersections of sets in .S.
Definition 3.4. Let (X, T) be a topological space. Let A C X.

e The interior of A is

UeT
UCA
e The closure of A is
A= () F
F' closed
FDA
e The boundary of A is
0A = Z\ A°

Definition 3.5. Let (X, T) be a topological space.
e A neighbourhood of € X is any N C X such that 2 € N°. [Note N need not be open!]

e A family N, of subsets of X is a neighbourhood basis at z if each N € N, is a neighbour-
hood of z, and for any M a neighbourhood of z, there is N € N, such that x € N C M

e We say that {x,}n,en converges to z if for any N a neighbourhood of z, there is ng € N
such that z,, € N for all n > ng
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Definition 3.6. Let (X, Tx) and (Y, Ty ) be topological spaces. We say f : X — Y is continuous
if f7Y(V) e Tx forall V € Ty.

Note 3.7. Let X # (). Topologies on X are partially ordered by
T<T < TcCT

in which case we say T’ is stronger than T or that T is weaker than T’. Notice that {(), X} is
the weakest topology and that P(X) is the strongest. Some topologies are not comparable. For
example on R one can define T = {0, R, (—00,0)} and T = {0, R, [1, cc] }
Definition 3.8. The topology generated by £ C P(X) is the smallest (weakest) topology con-
taining £. That is,
TE)= (] T
T topology
TDE
Equivalently T(€) = {0, X} U {unions of finite intersections of elements of £}.
Definition 3.9. Let (X,Tx) and {(Ya, Tw)}aca be topological spaces and let {f,}aca be a col-

lection of functions f, : X — Y,. The weak topology generated by {f,}aca is the weakest
topology on X so that all f, are continuous; i.e. it is the topology generated by

E={f71U,) : Uy € Ty, € A}.
Definition 3.10. Let {(X4,Ts)}acua be a collection of topological spaces and let X =[], c 4 Xa-

e The box topology on X is generated by the family

BBOX:{HUQ:UQETQ}.

acA

But the box topology has some problems with A is infinite.

e We define the product topology on X as the weakest topology such that the projection
maps 7, : X — X, [which map (z5)gca — xo| are continuous for all a € A. Equivalently, it
is the topology generated by

Ez{ﬁgl(Ua):Uae’]I‘a,ozeA}:{HUa:UC'YE']I"aandUﬁngforallﬁ#a’}.
acA

Example 3.11. (Why the box topology is bad)
Let X = RN = [,,ex R with the usual topology on R. An element x € X looks like 2 = (x1, 2, ...).

Define the sequence {z("™},,cn in X with

0 kE<m

2™ =(0,0,...,0,1,1,...), thatis 2™ = .
—_—— lotherwise

m zZeroes

We expect that (™) should converge to the sequence 0. But under the box topology we have
the open set U = [];cn(—1/2,1/2) containing the sequence 0, and yet for any m € N we have
x,(gm) =1¢ (-1/2,1/2) for k > m so ™ ¢ U. In particular (™) does not converge to the
sequence 0. In fact, one can show that 2™ does not converge to any {zk}ren = © € X with the
set U = [[pen(zr — 1/2, 23 +1/2).
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Note 3.12. (More remarks on the product topology)

e A basis for the product topology is given by the “cylinders” [],c 4 Ua where U, C X, is open
and U, = X, for all but finitely many a’s

e If X is topological space and A a set of indices, consider

xA=J[Xx={f:A-x}.
acA

For each «, the projection map is given by m,(f) = f(a). Then a sequence {fy}nen in X4
converges to f € X“ with respect to the product topology if and only if f,,(a) — f(a) in X
with respect to X’s topology for all a € A. [See Folland Proposition 4.12].

Definition 3.13. Let X be a topological space. A set Y C X is compact if for any cover
Y C UaEA U, of open sets U, C X there exist a1,...,a, € A such that Y C U?:l Uy,

Proposition 3.14. (Tychonoff Theorem) If {X,}aca is a family of compact topological spaces,
then [],c 4 Xo with the product topology is compact. [This is false for a general topology, e.g. it
is not true of the box topology]. [See Folland Theorem 4.42].

Definition 3.15. A topological space (X, T) is Hausdorff (or T») if for all x # y € X, there are
disjoint U,V € T such that z € U and y € V.

Proposition 3.16. Let (X, T) be a topological space.

(i) If (X, T) is Hausdorff, K C X is compact, and = € K¢ then there exist disjoint U, V' € T such
that z € U and K C V.

(ii) If X is compact and C' C X is closed, then C' is compact.
(iii) If X is Hausdorff and K C X is compact, then K is closed.
Proof. Exercise. O

Proposition 3.17. (Heine-Borel) A subset F' C R"™ is compact (under the usual topology) if and
only if F' is closed and bounded.

Proof. Exercise. O

Proposition 3.18. (Bolzano-Weierstrass) Let (X, d) be a metric space. F' C X is compact if and
only if every sequence in F' has a subsequence converging to a point in F' (in which case we say F'
is “sequentially compact”). [Note that compactness and sequential compactness are not equivalent
in general topological spaces and that either implication could fail].

Example 3.19. (Closed & Bounded does not imply Compact in Infinite Dimensional Space) Let
X = L*R) and B := {f € L*(R) : || f||2 < 1}, then B is closed and bounded but not compact.

Proof. 1t is immediate that B is closed (since || - || : X — R is continuous, B is the pre-image of
the closed set [0, 1], and the pre-image of a closed set remains closed.) and bounded (since B is a
ball). As L?(R) is a metric space, compactness is equivalent to sequential compactness (i.e. K is
compact if and only if every sequence in K has a convergent subsequence). Since L?(R) is complete,
it suffices to find sequences { fx}ren in B with no Cauchy subsequences. Any of the following will
work (where ¢ : R — C is L? and satisfies 0 < [|¢[|2 < 1):
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() fu(x) = oz — k)
(i) fr(z) = Vko (k)
(iii) fr(z) = %X[O,l] (x) sin(kmz)

One can verify that all of (i)-(iii) are in B, but that none have any Cauchy subsequences. The
verification of (iii) is the easiest. Indeed

1! 1 (11— cos(k
\fk”§:2/ sz(m)dx:/ L= coslhrz) 4
0 0

<1
2 2 -

=

so fi € B for all k € N. Moreover, for j # k we have (f;, fi) = %fol sin(jmx) sin(krz) dz = 0 and

1
15 = fell = 105 + 1fxll3 — 2Re(f, fi) = 16513 + [1fxll5 = 7

So no subsequence is Cauchy.

3.2 Weak, Weak*, and Operator Topologies

Definition 3.20. A directed set 7 is non-empty equipped with a relationship < such that
o i <ifor all i € Z (reflexive)
e i < jand j <k implies i < k (transitive)
e for all i,j € Z, there is k € Z such that i« < k and j < k (directed)

Note that not all indices need be comparable, but for any two indices we can find some other index
which is larger than both.

Definition 3.21. A net on X is a function z : Z — X where Z is a directed set. A net can also be
denoted {z;}icz. As an example, consider the directed set (N, <) with nets the sequences {z, } nen.

Definition 3.22. Let X be a topological space. We say a net {z;};cz on X converges to z € X
if for every open neighbourhood U of z, there is ig € Z such that x; € U for all ¢ > ig. In which
case we write x; — x.

Proposition 3.23. Let X and Y be topological spaces.
(i

) F' C X is closed if and only if for all nets {z;};cz in F' converging to x € X, we have x € F
(ii) If X is Hausdorff, then every convergent net in X has a unique limit
)

(iii) X is compact if and only if every net in X has a convergent subnet
(iv) Let f: X — Y be continuous. If {x;};c7 in X converges to z € X, then f(x;) = f(z) in Y

Definition 3.24. Let X be a normed vector space.

The topology on X generated by X* (i.e. the smallest topology on X such that all linear and
bounded f : X — C is continuous) is the weak topology on X.

We say that x; converges weakly to x, denoted x; — z if and only if f(z;) — f(x) for all f € X*.
Notice that Tyeax C TH-II since all f € X* are continuous with respect to the norm topology. If X
is infinite dimensional, then this is a strict subset (proof omitted).
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Example 3.25. Let ‘H be a Hilbert space. By the Riesz Representation Theorem we can write
f € H* as (-,y) for some y € H. Thus weak convergence in a Hilbert space is

i S x = (r,y) — (T,y) VyeH.

Example 3.26. Consider X = LP with 1 < p < 0o and ¢ conjugate so that % + % = 1. Then we
previously showed (LP)* ~ L7 via the map

angH/-ge(Lp)*.
So weak convergence in LP is
fi$f<:>/fig—>/fg Vge Ll
Example 3.27. Let 1 < p < oo. Then f, = X [k Jet1] is a sequence in LP(R) that is weakly

convergent to 0, and || fx||, = 1. It’s clear that f,,, has norm 1. Let ¢ > 0 and fix g € L?. Since
[ 1g]? < 0o we have that f‘x|>R |g|? < e for R large enough (one can use the D.C.T. to show this).

Now we use Holder to write:
k+1 k+1 1/q k+1 1/p
<[Trans ([ wr) ([ ) <e
k k k
(S A—

‘/gfk /:Hg
1

for k > R. Namely [ gf; — 0 for any g € LY and so fj = 0.

Definition 3.28. Recall we saw the map X — X** which maps x +— & where 2 denotes evaluation
at . That is # : X* — C maps & : f — f(x). The topology on X* generated by {# : x € X} is
called the weak* topology. (It is the smallest topology on X* such Z is continuous for all z € X).

We have weak™ convergence, denoted f; v, f if and only if f;(x) — f(x) for all z € X.

Note 3.29. Notice that {Z : z € X} C X**. Now the weak topology on X*, denoted Tyear(X™),
is generated by all functionals in X**. The weak™ topology on X*, denoted Tyeaks, 1S generated
by all the evaluations. Hence, when X is reflexive (i.e. X ~ X*), then all elements of X** are
evaluations and 80 Tyeaks = Tweak(X*). Otherwise Tyeaks C Tweak (X ™) strictly.

Theorem 3.30. (Alaoglu’s Theorem) Let (X, || - ||) be a normed vector space. Then
Br={feX":|fll <1}
is compact with respect to the weak* topology.

Proof.

e Embed B* into a “compact product”. For z € X, define D, = {z € C: |z| < ||z||} which is a
compact subset of C. Then by Tychonoff’s Theorem,

D= H D, ={¢: X — C so that |¢(x)| < ||z||}
zeX

is also compact. Now define the map J : B* — D as J(f) = (f(x))zex which is well-defined
(if f € B*, then ||f|| =1 and so |J(f(x))| = |¢(z)| < ||z||) and injective.
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e We now show the weak™® topology restricted to B* is the same as the subspace topology on B*
induced by D via J. Notice that Z(f) = ev,(f) = f(x) = m((f(¥))yex) = m(J(f)). Indeed,
the weak™ topology on X* restricted to B* is by definition the smallest topology on B* such
that ev, : B* — C is continuous for all z € X. And the subspace topology on B* induced by
D via J is the smallest topology on B* such that 7, o J is continuous for all z € X.

e J(B*) is closed in D. Let (J(fa))a be a net in J(B*) converging to ¢ € D. We want to
show that ¢ € J(B*). We have that f,(z) = mzJ fo — m2¢ = ¢(x) for each x € X. Define
f:X — Cas f(z) = ¢(x). We need to show that f € B*. That is, f € X* and || f|| < 1. First
it is linear since for z,y € X and a,b € C we have f, € B* so: fu(ax+by) = afo(z)+bfa(y).
The LHS converges to f(az + by) and the RHS converges to af(x) + bf(y). Moreover,
|f(z)| = lim|fa(z)| < ||z|| which implies ||f|| < 1. So f € B* and ¢ € J(B*). Namely J(B*)
is closed.

e We have that J(B*) is a closed subset of the compact D. Hence J(B*) is compact. Moreover,
since J is a homeomorphism we have that B* is compact.

O
Note 3.31.
(i) For M >0, MB* :={f € X" : | f|| < M} is compact with respect to the weak™ topology.

(ii) The map T : (X* Ty+) — (X*, Ty+) given by f +— M f is continuous with a continuous
inverse (given by g — ﬁg) So T is a homeomorphism.

Theorem 3.32. (Banach-Alaoglu) X is a separable normed vector space. Then any bounded
sequence in X* has a weak™ convergent subsequence.

Proof. Omitted. O
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4 Fourier Analysis

4.1 The Fourier Transform

Definition 4.1. For z € C, we define the complex exponential as
e Lm
=> 5
m=0

Note this series is absolutely convergent for all z € C (for example via the ratio test). One can
show that e*T¥ = e?e for any z,w € C. In particular

6a+bi — ebi
for all a,b € R. Moreover by splitting the even and odd terms one can write:
oo

m=0 m=0

oo mb2m . oo (_1)mb2m+1

~————— —cosb+isinb.
|
- (2m +1)!

Through rearrangement one also obtains

2 2
For z,y € R", with z = (x1,...,2,) and y = (y1,...,yn) we have the dot product
TYy=T1Y1+ -+ TpYn = |$Hy’0080,
where 6 is angle between the vectors z and y. Also |z|> =z - z.

Definition 4.2. Let f € L'(R"). The Fourier transform of f, denoted f : R™ — C, is given by
F&) = [ fla)e*™ " da.
Rn

It is sometimes also denoted .Z(f) = f.
Example 4.3.
(i) Define f(x) = X(_y3(z) on R. Then for £ # 0 we have

R . 1 ) —2mi€ _ 2mi€ : (2 g)
2 e sin(27
€)= / e T Qg = / e T qp = ... - = .
) RX[ L] ~1 —2mi§ m§

If £ = 0, then f(&) = [ X[y de=2.

(ii) Define f(z) = e~1*l on R. Notice that f is not differentiable at 0. Then

0 00
. . ) ) 2
_ —|z| —2miéx dr = / x —2mifx d / —x ,—2milx —- = =
= e Me T = e‘e T+ e e dz = =
f€) /R . 0 1+ 472g?

which is C°°.
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Proposition 4.4. Let a > 0 and z € R". Then
F (efmm?) (€) = a2l a,
In particular .7 (e*”mz) (&) = ek,
Proof. First we show that for z € R: if g(z) = e~™", then (&) = e ™. Let
W) = g(0) = [ e aa,
One can then differentiate under the integral sign (justifiable via the D.C.T.) to obtain

n (&) Z/ —Omige ™™ e 2T g

_ / a 77rx 727T’L§I dz

=i [e_ _27”&} —i/ e_”2(3x(6_2m&) dz
0
oo
= z/ e_”2(727ri£)e_2m‘5x dz
= —2m&h(§)

Solving this differential equation then yields h(§) = Ce=™. And since
1= /6”2 dz = h(0) = C,

we get that h(¢) = e ™. To extend the result to R, notice that

—7r|x\2 H —7ra:

2 2
The Fourier transform also factors (by Fubini). Hence .Z (e~ ™*I")(¢) = e=™¢I°. For a > 0, define

fa(z) = 7™ = f(\/ax).

Then use the substitution y = \/ax, dz = a~"/2 dy to obtain

fa(f) = /n e—mzlm\26_2m‘§m dr = a—n/2/n 6—7r\y|2 27”( ) dy —a Qf (%) _ a_%e_ﬁmg/a‘

Definition 4.5. Let f : R® — C. We define
(i) the translation: 7, f(z) = f(xz —y)

(ii) the modulation: M, f(z) = 2T f (1)
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(iii) for f,g € L' the convolution: (f *g)(z) = [p. f(z — y)g(y) dy

Definition 4.6. A multi-index in R" is a vector a = (o, ..., an) with elements o; € NU{0}. If
a is a multi-index and = € R™ we set

n n n
aal aa" 6%
la| = o al=11aq4! 0% = ==z’
J J i
) 3 I In N
Jj=1 Jj=1 Jj=1

Theorem 4.7. Let f,g € L'(R").
(i) feC®) and ||flleo < II£lh
(i) F (1, f)(§) = e 2™ f(&) and F (M, f)(§) = (& —n)
(iii) Z(f * 9)(€) = F(©)a(©).
(iv) If 2%f € L' for all multi-indices la| <k, then f e C* and 8af(§) F((—2miz)*f(x))(€)

(v) If f e CF, 0%f € L! for all |a| < k, and 9°f € Cp for all |a| < k — 1, then
F(0°£)(&) = (2i&)*F(€)
(vi) (Riemann-Lebesque Lemma): .Z (L*(R™)) C Co(R™)
Here Cy denotes the continuous functions vanishing at infinity.

Proof.

(i) For any £ € R™ we have

f(av)e_zmv'£ dz

1£(©)] =

< /If(w)ldw — 17l

This implies || f]los < ||f]l1. Now suppose & — €. Then e~ 27 ém 5 ¢=2miw for g]] 2 € R™
pointwise. Combined with |f(x)e= 2@ ¢m| < |f(z)| and f € L', the D.C.T. yields

fem) = [ 1@t ds s [ e man = fe)
(ii) Fix y € R™. Then using a change of variables z = x — y we obtain
F(ry f)(€) = f(w —y)e e d
— f( ) —27i( z+y)§dz
_ 6727rzy f(z)6727riz-§ dz
RTL
= e Ff(g),

Now fix n € R™. Simple algebra yields

F(M,f)(€) = / 2T f()e~2mER 1y / F(@)e2TENT 4y = f(e ).
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iii) We first show that f x g € L!. Indeed,
(iii) g

Jisa@iass [ [ ie-plswiasar= [ ([ 156 -nlde)lawlds= 171l <

Now we take the Fourier transform (which via change of variables becomes):

F(fx9)(€) = /Rm (/Rm flz—v)g(y) dy) e P dy
= /]R i /R f(2)gly)e T dy e

= f(z)e 2mie= dz> (/ g(y)e 2miey dy>
R’VV‘L m

= f(©)3(9)

(iv) Suppose z®f € L'(R™) for all multi-indices || < k. One can show that differentiating under
the integral sign is allowable (and in the process show that f € C*). Hence by properties of
the complex exponential we get:

o f©) = [ fog () ar = | fa)(-2mia) e dr = F(f()(~2min) ) E).

Proofs of (v) and (vi) are omitted.

4.2 The Schwartz Class
Definition 4.8. The Schwartz class is

S(R™) = {f € C*(R"™) : sup |a:o‘65f(x)| < oo for all multi-indices a,ﬁ}
reR™

Note 4.9. It is clear that S is closed under taking derivatives. One can further show that S is
closed under multiplication by a polynomial, i.e. f €S = z®f € S for any multi-index «.

Lemma 4.10. Let f € C*°(R"™). The following are equivalent.

(i) feSs, ie.
sup [2°90° f(x)| < oo for all multi-indices a, 5.
reRn?

(ii) For all multi-indices § and N > 0, there is a constant Cy g such that

Cnp

0% f ()| <
(L4 [lz[l2)™
for all x € R™.

Proof. First (i) = (ii). Fix 8 and N so that sup,cgn |220° f(x)| < oo for all a. Now we claim
that there is a constant Cy such that:

(1+[lzll2)Y < COn Z |z%| for all x € R".
la|<N
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Indeed, notice that ||z||2 < |z1]+ -+ + |z| and so

@+l < @A +laa]+-+|z)V = D Calz®l <Cx Y 27,
la]<N la]<N

where Cy = max|q|<n C|q|, proving the claim. Now we obtain

(1+z2)V10° f(@)| < Cx Y [a0°f(2)| < O Y sup [a°0° f(w)] < oo

la]<N la<N ZER"

Call this attained supremum Cy g, and so

8 Cns
I S T e

as desired. Now we show (ii) = (i). Fix multi-indices «, 8 and take N = |a|. Then there exists a
constant Cly g such that |07 f(z)| < (C% for all z € R™. Then notice that

1+ ||z[2)
| = [2§7] - Jagn] < Jlzllgt - lelsn = [lzls = el
henee Jolly O s
|x°‘85f(x)\ < W < Cpnp < 00.

O]

Note 4.11. C2° C S C CF°, where CZ° are the infinitely differentiable functions with compact
support and

CSO—{fECOO: lim f(a:)—O}.

[EFPRgES
Proposition 4.12. S(R") C LP(R") for 1 < p < 0.
Proof. By Lemma 4.10 (ii), for all N > 0 there exists a constant Cy such that

_ Ov
(1 + flzf]2)V

e For p = oo, take N = 0 to see that f is bounded and hence L.

[f(@)] <

e For 1 < p < oo, write

P _ Pdy = Pd Pdz.
il = [ 1p@par= [ if@pdes [ i@

The first term is the integral of a continuous function over a compact set, and is hence
bounded. For the second term we can write

Cy Cy
(L+ [Jzll2)NP = ||| 5P

[f(2)]P <

The second term can then be shown to be bounded via integration in spherical coordinates.

O
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Note 4.13. Fix 1 < p < oo. Since C° C S C LP, and we know that C2° is dense in LP [given
f € L? we can approximate fr = fXBR(O) so that || f — frllp — 0 as R — oo via the D.C.T. Then
using a “mollifier” p. € C2° we can show that ||p. * fr — fr|lp — 0 as ¢ — 0 and that p. x fr € C°].
We therefore see that S is dense in LP.

However S is not dense in L. For example take f =1 € L. For any ¢ € S(R™) we have
If = @lloo = 11 = @lloc = 1.

And so f & WH'HM.

Proposition 4.14. .Z#(S) C S

Proof. Let f € S. We need to show that supgcgn €20 f(€)| < oo. From Theorem 4.7 (iv) and (v)
we know

o 9. f(&) = Z((—2miz)’ f(2))(£)
o (2mi§)*g(&) = F(9°9)(E)
Applying these one after the other with g(x) = (—2miz)? f(x) we obtain
(2mi€)*9¢ f(€) = (2mig)* F ((—2miz)” f(2))(€) = F(9*(—2miz)” f(2))(£).

Taking the magnitude of both sides and rearranging yields.
€20 F(&)] = @m)PI7eT 7 (02" £ (2))(§)] < (2m)A171)|0°0 f(2) | 11 < oo
Where we use Theorem 4.7 (i) [[|A]loo < ||2]|11] and the fact that 027 f(z) € S € L' O

4.3 The Inverse Fourier Transform

Definition 4.15. For h € L}(R), the inverse Fourier transform of h is
h(zx) = / h(€)e*™ S dg.

It is sometimes also denoted .Z ~(h) = h.

Note 4.16. One can prove a version of the Riemann-Lebesgue Lemma which says
FHLYR™)) € Co(R™).
Theorem 4.17. If f € LY(R") and f € L*(R™), then
FUFEf) = f(z) for a.e. z € R™.
And moreover, # 1(Z f) € Co(R™).

Proof. Fix t > 0 and define

() =T L) = [ F@eTTeRe) de
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First we show that I;(z) — .Z (f)(z) for every z € R™. Since ®;(¢) — 1 for all £ as t — 0, and

F(©)eP™ 5D (€)| < (€)1,
with f € L'(R"), the D.C.T. implies
@) = | @S =F 7 ()(@).

Next we rewrite I; as a convolution. Substituting the definition of f we obtain
ne) = [ ([ swemray) emiae ag

/ / 727Tiy-5627rix-£(pt(§) dy dg

We can apply Fubini’s theorem since

// D2(E)] dy de = |11 |1B4]]1 < ov.

Li(w) = / ) < / ety 5<I>t(£)d£>

- f(y)Z (®1)(z —y) dy.

Thus

By Proposition 4.4 we know the Fourier transform of a Gaussian. Hence
F(@o)(x) =t e ™ = gy(a).

Therefore
Ii(z) = (f * g) ().

The family {g:};>0 is an approximate identity: g, > 0, [z, g:/(2)dz = 1, and the mass of g
concentrates near the origin as t — 0. Hence by the standard theorem on approximate identities
we obtain

fxgi— f  in LY(R™).

From convergence in L' there exists a sequence t; — 0 such that
I (z) — f(x) for a.e. z € R™.
On the other hand we already showed that
I, () = Z Y (f)(z) for all z € R".

Therefore

FZYf)(x) = f(z)  for ae. xeR"
Finally we show that .Z ~1(f) € Co(R"). For each t > 0 we have

L(z) = Z7(f @)(2).
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Since | f(&)®:(£)| < |f(€)] € LY, we have f®; € L*. By Note 4.16 we obtain
I; € Co(Rn)

Moreover

(@) = 7 () (@) =

| J©@i() - et
< [ 1F©lee ~ 1l
The right-hand side is independent of x and tends to 0 as t — 0 by the D.C.T. since

F©11®:(&) — 1] <2|f(§) € L,
Hence ||I;—.Z " 2(f)|loc — 0. Thus .Z~1(f) is the uniform limit of functions in Cy(R™) and therefore

F1(f) € Co(R™).

Proposition 4.18. Let g € L'(R") and suppose that % 1g € L'(R"). Then
F(F19)(€) = g(&) for a.e. £ € R™.
An moreover, .Z (% 1g) € Co(R") and also .Z ~1g € Cy(R").

Proof. Define §(¢) = g(—¢€). Since g € L'(R") we also have § € L'(R").
We claim that
F(G) =7 9.

Indeed for any x € R",
3?@)(:1;) :/ g(g)e—%imf df — A g(_g)e—Qm‘x-g df.

With the change of variables n = —¢ this becomes

F@@) = [ gemray = 7 (g)(a).

Thus
Z(9) =7 (9).
By assumption .#1(g) € L'(R"). Hence .Z(j) € L'(R"). Since § € L'(R") we may apply
Theorem 4.17 to obtain
FUF@G) =3 for a.e. x € R".

Using .7 () = .Z ~1(g) we get

Nathan Cantafio 41 Functional Analysis



Applying this with h = .Z~1(g) yields

F(F &) =Z T 9)(=&) =3(—¢) = g(&)

for almost every £ € R™.
Finally, since .# ~!(g) € L'(R"), the Riemann-Lebesgue Lemma implies

F(F1(9)) € Co(R").
Moreover, by Note 4.16 we also have
F1(g) € Co(R™).
O

Theorem 4.19. (Plancherel) If f € LY(R")NL2(R™), then f € L2(R") and ||f||2 = || f||2. Moreover,
the Fourier transform extends uniquely to an isometric isomorphism

F . L*(R™) — L*(R™).
Moreover: (F f,.Fg) = (f,g) for all f,g € L.

Proof. Let X = {f € L' : f € L'}. By Propositions 4.12 & 4.14: .Z(S) C S € L', which implies
that S € X. Also by Note 4.13: S is dense in L?. Together this implies that X N L? is dense in L?.

e Now let us show that (% f,.Zg) = (f,g) on X N L2 Let f,g € X N L? so that
g(z) = ﬁflyg(aj) = /g(g)e%izf d¢ and g(z) = /Q(f)e%m'é de.
Then

(t9) = [ f@lge)dz = [ fa) ( [tepeeie dg) do= [ 3¢ 2 = (75.79)

where the third equality follows from Fubini. Taking g = f yields || f|l2 = || |2

e We now extend to L?. Let f € L? and choose {fi}ren in X N L? be so that fi — f in L.
Then by linearity

I fe = Fnllz = 1fe = Fnllz = i = Fimll2

which can be made small for k,m large enough. In particular {f;}xren is Cauchy in L? and
so there exists h € L? such that f; — h in L? by completeness. We define .Z f := h. And
indeed this is uniquely defined .% since if {gx}ren is another such sequence in X N L? such
that g — f in L?, then

1fx = wllo = 15 — glla = Ifx — gnllz < I1fx = Fll2 + llgg — fll2 = O.

So h is unique.

e We now check that .# defined in this way is an isometry in L? and preserves the inner product.
Let f € L? and {fi}ren € XNL? be such that f;, — f in L?. By definition we have fo— Ff
in L2. We also know that ||f kll2 = || fxl|2 for all & € N. Taking limits and using continuity of
the norm yields [|.% f|l2 = || f2-
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Now let f,g € L? and let {fi}ren, {9k tren € X N L? be such that fi, — f and g — g in L%
Then <¢9?fk,ﬁgk> = <fk,gk:> for all k € N.

Since .Z fi, — Z f and Z g, — Fg in L?, continuity of the inner product implies
Similarly, since f — f and g — ¢ in L%, we have

(frsgk) — (f19)-

Passing to the limit in
(Z frs Z 9x) = {frs 9K)

yields
(Ff, Fg)=(f9)

e We now show that .# is a bijection. By the same construction as above (replacing . with
Z 1), the inverse Fourier transform extends to an isometry

F1 L2(R™) — L*(R™).
Moreover, on X N L? we already know that .# ! and .% are inverses.

Let f € L? and choose {fi}ren C X N L? such that fi — f in L2, Since .# is an isometry,
we have

F fk — F f in L2.
Applying .% ! and using that it is also an isometry, we obtain

FUWFEf) = FUFS) in L%
But for each k, # 1 (.Z fi,) = fi. Hence the left-hand side converges to f in L?. By uniqueness

of limits in L?, we conclude

FNTf) =1

A symmetric argument (starting with ¢ € L? and approximating by a sequence in X N L?)
shows that
F(F ) =g,

Therefore .7 is bijective with inverse .# ~!, and hence is an isometric isomorphism of L?(R™).

O]

4.4 Fourier Series
Definition 4.20. A function f: R™ — C is said to be Z"—periodic if
flx+ k)= f(x) forall =z € R"and k€ Z".

Definition 4.21. The torus T" = R"/Z" (where = ~ = + k for all x € R™ and k € Z") can be
identified with a representative @) = [—1/2,1/2)" in the sense that every point y € R™ can be
uniquely written as y = x 4+ k for some = € () and k € Z". We define

Tnf(ac)dxz/@f(w)dx.
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Example 4.22. The exponentials: fi(x) = >™*® with k € Z" are Z"periodic. Since
fk(l' + m) _ 627rik:~(x+m) _ 627rik~;te27rik~m _ eQm‘k-x _ fk(l')

Theorem 4.23. The exponentials, namely {e****}, 7., form an orthonormal basis of L?(T").
Proof.
e First, that they are indeed orthonormal. Let k, ¢ € Z™. Then

(of) = [ 007 a0 = [ [Tt an, =
Q Qi

When k; = £; we have f /2 1dz = 1. When k; # {; we have

n

1/2
H/ 2Tt~ gy
i1/ -1/2

1/2 emilkj—t;) _ o—mi(k;—t;) (=)=t — (=1)ki~4

/1/2 ok —t,) 4 e2mi(k;—4;)x; 0
e TR —4£5)Tj Ti—= ———r = " == s = U.
1) T 2mi(ky = 4) |y 2mi(kj — ¢5) 2mi(kj — ¢5)
Hence
12
/ e2miki—4i)e; dg; = Ok, = (fus fo) = H Okj0; = Oke.
1/2

e Now, that they span L?(T"). Finite linear combinations 3, c,e?™*% are called trigonomet-

ric polynomials. The Stone-Weierstrass theorem implies that these trig polynomials are
dense in C(T™). We also know that C(T") = C([—1/2,1/2)") is dense in L?([-1/2,1/2)") =
L?(T™). Hence the trig polynomials dense in L?(T"). Note that this is precisely what it
means to span in this setting [{finite sums Y, cxe2™ @ : k € Zn} = L*(T™)).

O]

Definition 4.24. For f € L?(T"), we write the Fourier Series of f,
f(ﬂ?) — Z <f, 62m'k-m>627rik-m in LQ(Tn)

kezZm

We denote the Fourier coefficients as f(k) := (f, e2™k7) = fQ f(z)e 2m*= dz. Note that this
representation of f was not pulled out of thin air, but comes from Thm. 2.35 for general Hilbert
spaces. The equality above is understood in the sense that

— Z f(k) 2mik-z — 0 as N — o0
for some norm on Z" (e.g. |k| = ||k||co). Moreover, Thm. 2.35 yields the Parseval identity for free
ST = 1120
kezn

In this setting, the Fourier transform defines an isometric isomorphism
F LT = (2",  fe {f(k) ez
Moreover, the inverse is given by

{f(k)hezn — > f(k)e*™ e,

keZm

with convergence in L?(T").
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Theorem 4.25. (Periodization Theorem) Let f € L'(R™) and define Pf : T® — C by
= fla-m)
mezn
so that Pf is Z™—periodic. Then
o [|[Pfllrirny < Ifllrmny and Pf is well-defined a.e.

e Defining
Pnf(z Z flx—m

lmlloc <N
mezZ™

we have Py f — Pf a.e. and in L*(T")

—~

o Pf(k) = f(k) for all k € Z"
Proof.
e By definition we write:

1PAl = [ 1PF@lde< [ 3 @-mi= 3 [ i@ —ma

mEZ” mezZm™

N Z /Q+m |dm_/Rn|f(x)|d$: 11l 22 meny-

mezm™

Where we have interchanged the order of summation and integration with an appeal to Tonelli.
In particular, g(z) := >, czn [f(z —m)| < oo a.e. and so Pf is well-defined a.e.

e As in the previous bullet, Pf(z) is absolutely convergent a.e., hence Py f(z) — Pf(z) a.e
Moreover,

[Py f(a) = Pf(x)| < [Py f(2)| + |Pf(2)] < 2g(z) € LY(T").
Via convergence a.e. and bounded by an L' function, the D.C.T. yields Py f — Pf in L*(T").

e Again we appeal to Fubini to write

/Pf Je=2mike 4y / S o —m)e ke dy

Q@ mezn
= Z / f T —m —27rzkmd Z / —27rik~z dx

mEZb mezm Q+m

A~

= [ f@e e = f(k).
RTL

Where we also use that e2™*m — 1,

Lemma 4.26. If f,g € L*(T") and f(k) = (k) for all k € Z", then f = g a.e. on T"
Proof. Omitted. O
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Theorem 4.27. (Poisson Summation Formula) Let f € L'(R™) be such that Y ,.zn |f (k)| < oo
and Pf(x) =), czn f(x —m) is continuous at z = 0. Then

Sty = 3 fk).
mezn keZm

Proof. By the preceding theorem, Pf is well-defined a.e. and Pf € L'(T™). Moreover

Gla) = 3 Fk)emits

kezn

is absolutely and uniformly convergent on T™ (which follows from >, ;| f(k)| < o0). Looking at
partial sums which are (continuous functions) on the torus (a compact set), uniformly converging
to G(z) we have that G is continuous. Now, G has Fourier coefficients f(k) and the Pf has Fourier
coefficients J/DTf(k) = f(k). By Lemma 4.26 we have that Pf = G a.e. on T". This combined with
the continuity of G and the fact that Pf is continuous at 0 implies that G(0) = Pf(0). Finally,

> fk)=GO)=Pf0)= > f0—m)= Y f(m).

kezb mezn mezn

Note 4.28.
(i) One can show that Schwartz functions satisfy the hypotheses of Theorem 4.27

(ii) One can prove an even more general result:
If Sz [F(m)] < 00 and yegn |F(K)] < oo then 3 f(m) = 3 f(k).

(iii) As an example of the Poisson Summation Formulas’s utility, consider f(z) = e~27*l on R.

One can show that f(&) = m Hence
1 1 £ —2m|m - —2m\m 627r+1
Ly L oS = X ) = X e — 14 3y - L
™ +k — e 1
¥/ k€EZ meZ MEZL m=1

where one should first verify both the LHS and RHS are absolutely convergent (as they are).
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5 Further Topics

5.1 Van der Corput’s Lemmas
First some motivation. Write

b
F(R):/ @) 4y

where f : R — R, we are interested in finding conditions on f so that F' is bounded. First of all
notice that f027r e dz = 0 and that therefore fON ¢ dz is bounded. What if we ask for which f is

the integral N'¢if(@) 4z bounded? This can be answered by analyzing F'(R) as R — oo.
0

N - .2
IN:/ e dz.
0

Example 5.1. Define the integral

Can we bound |Iy| independent of N?

e First we peal off

T 1
/ew dz </ ldx = 1.
0 0
e Now for N > 1

/N emz dp = /N L i <eiz2) de IBP eir? [N
1 1 2ix |dx 2ix
~—

We can then bound

and

Altogether we see that
1
<2+ 3 VN eN.

N 22
/ e dx
0

Lemma 5.2. (Van der Corput [1]) Let a < b, f € C*([a,b]), f/ > 1 and f’ be strictly monotonic.

Then )
/ GRF(@) gy
a
Proof. Since f is C'! we may write:

F(R) = /: e FI@) qg = /ab [cﬂn (ein(r)ﬂ inl/(m)dx

Then integrating by parts yields:
b b
B Ry el N SR Y
iRf'(x)], iR J, dz \ f'(x)

I II

IN

(RS (@)
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We may assume that R > 1. Now since f’ > 1 we write

iR (b)
iRf'(b)

GiRf(a)

1= iRf(a)

_|_

And since f’ is strictly monotone we have that % < f’%x)) is always the same sign (therefore we can

pull out the absolute values and appeal to the Fundamental Theorem of Calculus).

1 [’ d 1 1] [0d 1 1
I < = — | ——)|dz == — | —— | dx| ==
<z [ ()l o= 2l & () vl - 7

We can easily extend this to suppose that f/(x) > 6 > 0. In which case

/ eFI@) g | = / ePRT dg
a a

Lemma 5.3. (Van der Corput [2]) Let a < b and f € C?([a,b]) with f” > 1, then
S -

b
iRf(z) q
e x .
/a VR

Proof. Notice that f” = (f’)’ > 1 and hence f’ is strictly increasing. Namely there can be at most
one xg such that f’(z¢) = 0. Then, assuming z is neither a nor b, we can decompose the integral

b z0—0 xo+6 b
/ @) 4z = / eBI@) qg 4 / e @) 4 4 / eR@) qg
a a zo—0 zo+9

I 11 111

1 b

f(x)

1 1

f16)  f'(a)

_1
"R

<

E-

a

O]

4
< —.

10

for any 6 > 0. Now, appealing to the MVT, for any = € (z¢ + 6,b) we may write

f(x) = fi(z) = f'(wo) = f(n) (& — 20) > 0.
>1 >4

Hence by Van der Corput [1] we have [III| < 4/R§. Similarly one can show that |I| < 4/Rd. We

also have the bound
zo+0
11| < / 1dz = 26.

0—90
’ iRf(x) 8

Rf@) o] < — 4+ 26 = —
/ae dx 5 ) =

where we chose § = R~1/2. [Note that if xg = a or £y = b a similar idea can be applied to decompose
the integral that achieves an even better bound). O

Taken together we obtain
10

Note 5.4. One can prove the following “m—Van der Corput Lemma”. Let a < b and f € C™([a, b])

with f(™ > 1. Then
b
/ ezRf(x) dx

cannot be improved.

< Cm
- Rl/m’

And moreover the decay rate R~Y/™
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Example 5.5. Consider the unit circle S' in R? ~ C. Let o be the arc length measure on the unit
circle. We define

27 ) )
5‘(5) = /S1 e—mef dO‘(:U) — / e—2m(cos€§1+sm9§2) do =: I.
0

We seek a bound of the form
6(&) < C(A+1Eh™
for some vy > 0. We write things in such a way as to apply Van der Corput’s Lemmas:

I — /27r ei§2(727r) (cos@(%)Jrsin 9) a0
0

where we identify £ with R and —2« (cos@ (%) + sin 0) with f(6). Now

() =—-2rm < sin 6 <£1> + cos 9) and  f7(0)=2x <cos€ <£1> + sin 9)
&2 &2

both of which may vanish, making the Van der Corput lemmas difficult to apply. However, one
can show the following:

(i) there exists a ¢ > 0 such that max{|f’(0)|,]f"(0)|} > c for all 0
(ii) using (i) and the Van der Corput lemmas, one can show that |6(¢)] < C(1 + |€]2)~ /2.

If & = 0 then (ii) yields are desired bound with v = 1/2. We can appeal to rotational symmetry
to finish the argument. Let A be any rotation and denote w := (cos#,sin ). Then

21 ) 21 ) 21 o
6(Af) =/ e~ 2miw AL 4y :/ e 2miE(ATw) gy :/ e 2 q = 4 (€).
0

0 0

Here we use the fact that
w-Af=w A= (A)Tw=¢"ATw=¢-(ATw)

and that w traces around a circle and so rotating w does not affect the value of the integral. We
can then choose the rotation A so that A¢ = (0, [¢]), and then by (ii) we have

6(&)] < C(1+¢))~1/2

as desired.

5.2 Interpolation Theory

Definition 5.6. Let {2 C C be open. A function f : 2 — C is said to be holomorphic if at every
point zg € 2 the following limit exists
f(z0 +h) — f(20)

li .
hlg%) h

In which case we denote its value f/(zp).
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Lemma 5.7. (Hadamard three-line) Let F : S = {z € C: 0 < Re(z) < 1} = C be holomorphic on
S ={z¢€ C:0 < Re(z) < 1}, continuous and bounded and S, and suppose there exist constants
Ap, Ay such that |F(it)| < Ag and |F(1 +it)| < A; for all ¢ € R. Then

|F(6+it)| < AY?AS
for all € [0,1] and ¢t € R. In particular, by letting t = 0, we have |F(0)| < A}~ A{ for all § € [0, 1].

Theorem 5.8. (Riesz-Thorin Interpolation Theorem) Let (X, u) and (Y,v) be o-finite measure
spaces. Let 1 < pg,p1,q0,q1 < oo and let T : LPO(X) N LPY(X) — LP(Y) N L2(Y) be a linear
operator. Suppose there exist My, M1 € R such that

1T fllpaovy < Mol fllzroxy — and | Tfllpa vy < Ml fllen (x)

for all f e LPo(X) N LP*(X). Now let 0 € [0,1] and define pg and ¢y via

pe P01 4 @ @

1 1-6 6 1 1-6 4
= + = +

Then T extends to a bounded linear operator T': LP¢(X) — L% (Y') and
IT £l oo vy < Mo~ MY || 1l 7o )

Proof. Let f € LP*(X) and g € L%(Y) where gy denotes the conjugate exponent of gg. By duality

we may write
/ T(f)gdv
Y

By density it suffices to assume that f and ¢ are simple functions with finite measure support.
Now write f(z) = | f(x)[e’*®) and g(z) = |g(z)|e”’®) where a and j are appropriate rotations. For
complex z such that 0 < Re(z) < 1 we define

IT fllzse vy = lléTll =  sup
IIQHLqé(Y)fl

f2(x) := |f($)‘pe/p(z)em(x) and g-(x) := yg(x)|qé/qf(z)eiﬁ(a;)

where p(z) and ¢(z) are defined via

1 _ 1 —Re(2) n Re(z) and
p(2) Do p1 q(2) o Q

and ¢'(z) is the conjugate exponent of ¢(z). Now define

F(2) = /Y T(f.) g- dv

for which one can check the conditions of Hadamard. Indeed, since f, and g, depend analytically
on z, and T is linear, it follows that F'(z) is holomorphic in the strip 0 < Re(z) < 1, and continuous
and bounded on the closed strip. Now at the boundary. If Re(z) = 0, then p(z) = pg and ¢(z) = qo,
and hence

F(2)] = \ /Y T(L2) g2 dv| < 1T 192 ey < MollF= oo )l
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Now by construction we have

%

ql
elloe =00y and el = ol

Thus

[F(2)] <M0HfHLpg )|!9|!Lq9
Similarly, if Re(z) = 1, then p(z) = p1 and ¢(z) = q1, and hence

’
Py ki)

q/
|F(2)| < M1HfHLPe(X)HgHL{I/B(Y).

Thus, by the Hadamard three-line lemma, we obtain that for 6 € [0, 1]

’ 1-60 0
Py qG Py q9
[FO] < | MollfllZ5 ) lall M1l z3o (19l

) )

/

—o)Zetore (1= —0)% 9%

1-0 p1 @ 9
= MM ey gl

Now by the definition of py and gy we have

Q-2 12 =1 and (1-0% 0 g% _ 1.
Po p1 (Jo Q1
and hence
PO < MEMI oIl

Finally, observing that F(0) = [, T(f) g dv, we obtain

[ rea

Taking the supremum over all g such that || g||Lq/9 = 1, we conclude that

(Y)
T f | poo vy < My~ " MY f1l 1o (x)

< MM F ool

This completes the proof. ]

5.3 Distribution Theory

Theorem 5.9. (Riesz-Markov Representation Theorem) Let X be locally compact (every point
in X has a locally compact neighbourhood), and Hausdorff (points can be separated with disjoint
open sets). Consider Cp(X) (the set of complex valued functions on X which vanish at infinity)
equipped with the supremum norm || f||cc = esssup,cx |f(z)]. If L : Cp(X) — C is a continuous
linear functional, then there is a unique complex Borel measure p on X such that

L(p) = /Xsodu

for all ¢ € Cp(X) and ||L|| = |u|(X). Moreover if p is absolutely continuous w.r.t. the Lebesgue
measure, then by R-N we may write L(¢) = [, ¢du = [y ¢f dz for some f € L',

Proof. Omitted. O
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Note 5.10. Now some motivation for Distribution Theory: we can recover functions in L] _ (almost
everywhere) by using convolutions with “bump” functions.

o Let f € LL (R") and ¢ € CF(R") such that ¢ is “concentrated” near 0, ¢ > 0, and

J ¢(x)dx = 1. Then we can see the convolution

(f = @)(x) = A fy)e(z —y)dy
as a weighted average of f near x.

e For € > 0 we define the “bump functions”
1 T
eele) = 50 ()

where the inside scaling factor % concentrates . in a ball of proportional to €, and the outside
scaling factor 5% ensures . still integrates to 1.

e Recall that a point x is Lebesgue for f if

1

11“;0|B( )| B.( )|f(y)—f(:v)|dy:()

and that for f € L]
point we have

o> almost every point is a Lesbesgue point. In particular, if z is a Lebesgue

. XBT 1
Tlglolo’ )dy — f(z)| = lim |Br($‘/ y)dy — f(x)
@ o
(z)dy
~ | 1B@) r< I
< lim / fly dy =0
lim s W)= 5@
And so, a.e. Lloc functions are asymptotically equal to the average of their nearby values.

e In particular we have

i (f + oc)(x) = f(x)

e—0

for almost every z. And it is in this sense that {p.}.~o is called an “approximate identity”.
We can write

fla) = lim f(y)¢ea(y) dy,
E—0O0
where ¢, ;(y) := p(x — y) is CF.
e This motivates looking at functions associated with f

F:0 —C

given by

instead of f evaluated at points.
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Definition 5.11. Let © C R" be open. The space of test functions is D = D(2) = CZ(Q2), the
set of smooth functions ¢ : 2 — C with compact support contained in 2. We say that ¢, — ¢ in
D if
(i) there exists a compact K C Q such that supp(¢y,) C K for all m € N
(il) 0%pp — 0%p uniformly on K as m — oo, for every multi-index o
A distribution on €2 is a linear functional
F:D(Q)—C

such that F(¢m,) — F(p) whenever ¢,,, — ¢ in D. The space of all distributions on € is denoted
D'(Q).
Note 5.12.

(i) We saw that any f € Li can be identified with a distribution.

loc
(ii) The space of distributions on 2 is a linear space.

Example 5.13. (A distribution not am’sing from f € Lloc) Let 1 be a Borel measure that is finite
on compact subsets of Q. Then F(p) = [ ¢(z is a distribution on 2. Clearly it is linear.
Now suppose ¢, — ¢ in D. Then supp(npm) C K compact and [|¢m — ¢/ (xy — 0. So

|F'(pm) — F(p)] = '/K Om — @du‘ < lom — @llpee (gyn(K) = 0

as desired. Without loss of generality, assume that 0 € €2, and take u = dg. Then

Flp) = /cp(x) dp = ¢(0).

By way of contradiction, suppose there exists some f € L such that

loc

2(0) = F(p) = / f(@)p(x) da

for all ¢ € D(€2). Since 2 is open and contains 0, there is a ball B, (0) C Q. Fix n € D(2) satisfying
n(0) =1,0<n <1 and supp(n) C B1(0). Then

om () =1 (2m

" x) € D(Q) Vm €N,

¢m(0) =1 and supp(pm) C B_= (0). But then

1= lom(0)] = | [1@en@ | < [1@)- 102 -0

as m — oo. A contradiction.

Example 5.14. Let Q C R” be open Let [ eC>®(Q), ¢ € CF(Q), and let o be a multi-index.
Define the distribution F(p) = [ f(z)¢(z) dz. How do we take the derivative of F? By integration
by parts || times (and notlng the boundary terms vanish since ¢ has compact support) we obtain

/ (02 f(2)) pla) da = (1)l / f(2) (@2 p(x)) dz = (—1)F (@),

This motivates the following definition.
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Definition 5.15. Let @ C R™ be open and let F' € D'(Q2) For a multi-index « define the distri-
butional derivative of F'

(0°F) () = (~1)*IF(8%) V¢ € D(S).

This is well-defined since ¢ € D(Q2), so is 9%p. One should also verify that 9% F is again linear and
sequentially continuous, hence a distribution.

Example 5.16. We show that the distributional derivative is distinct from the derivative of the
underlying function. As an example, consider the Heaviside function

h(m)—{l .CC>0'

0 =<0

As a function h'(z) = 0 a.e. except at x = 0 where the derivative does not exist. But as a
distribution:

Hp) = [ ho)pla)do = [ pla)da
and so

H'(p) = —1H(¢') = - /OOO ¢'(x) = —p(@)5” = 0 = (—¢(0)) = ¢(0)

Proposition 5.17. Let Q@ C R™ be open, D(f2) the set of test functions on 2 and let F' be a
distribution on  arising from a function f. Let ¢, € D(2).

e Let 7, denote translation by h, i.e. (7,f)(z) = f(z — h)
e Let s, denote dilation by a for a > 0, i.e. (sof)(x) = f(az)
e Let Ty, denote (Trf)(x) = f(Lz) where L : R* — R™ is linear with det(L) # 0
o Let Ty denote (T4 f)(x) = f(Az) where A(x) = Lx + b with det(L) # 0.
e Let My denote multiplication by 1 € D(Q), i.e., (My f)(x) = ¥ (x) f(z).
For any transformation 7', let (T'F)(¢) = [(Tf)p. Then
(i) (mF)(p) = (T he)
(i) (saF)(p) = gz F(s1/a)
(iti) (TLF)(p) = |det L7 F(Tp-19)
(iv) (TaF)(p) = |det L| 7' F(Ts-1¢)
(v) (F)(¢) = F(¢e)

(i) By the change of variables y =z — h — dy = du:

(ThF)( /f x—h dx—/f oz + h)dz = F(1_pp).
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(ii) By change of variables y = ax = dy = o™ da:

:/f(ax)gp /f o(y/a)d alnF(sl/aso)-

(iii) By change of variables y = Lv — dy = | det L| dx:
(TLF)( /f (Lz)p(x) dz = |det L|~ 1/f o(L™Yy)dy = |det L| "' F(Tp-1¢).

(iv) By change of variables y = Ax = Ly +b = z = A~y = L™!(y — b) and dx = | det L|~'dy:
(TAF)( /f (Az)p(z)dx = |det L|~* / f)e(A™ y)dy = |det L| 7 F(Th-1¢).

(v) By the associativity of multiplication:

(YF) () = /(w(ﬂf)f(fﬂ))@(fc)dﬁﬂ = /f(w)(¢($)¢(w))dw = F(¢p).

O
This motivates the definition for general distributions F' not necessarily arising from a function f.

Definition 5.18. Let 2 C R™ be open, D(2) the set of test functions on €2 and let F' be a
distribution on 2. Then

(i) (maF)(p) = F(1-ne)
(ii) (saF)(0) = wF(51/a9)
(iii)

)

(
(
(TLF) () = | det L7 F(Tp-19)
(
(

S

s

(iv) (TaF)(¢) = |det L| 71 F(T4-1¢)
(v) (YF)(p) = F(¢p) for any 1 € D(Q).

Definition 5.19. The support of a function f:Q — R, denoted supp(f), is the closure of the
set of points where f is non-zero:

supp(f) = {z € Q: f(x) # 0}.

Equivalently it is the smallest closed set outside of which f is identically zero.

Definition 5.20. The support of a distribution F' is the complement of the largest open set U
such that F(¢) = 0 for all test functions ¢ with supp(p) C U. Equivalently, = ¢ supp(F) if there
exists an open U 3 x such that F(¢) = 0 for all test functions ¢ with supp(yp) C U.

Let ¢ be a test function and with supp(¢) = K compact. Then define ¢, (y) = ¢(x — y) so that
supp(¢z) =z — K ={z—k: ke K}

is compact also.
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Definition 5.21. Let 2 C R" be open. Let F' be a distribution on {2 and ¢ a test function on €.
The convolution is a function F' * ¢ : R™ — R given by (F * ¢)(z) = F(pg).

This definition is consistent with when F' arrises from a function f. Indeed:

(F+0)(x) = Flipy) = / £ () pa(y) dy = / F)o(e —y) dy = (f ) (@),

Theorem 5.22. Let Q C R™ be open, F € D'(2) a distribution, and ¢ € D(Q) a test function.
Then F * ¢ : R®™ — C is smooth, and for every multi-index «,

O%(F x @) = F * (0%p).
Proof. First of all,
oz —y) = (0%)(z —y) = (0%¢)2(y).

By induction, it suffices to show 0;(F x ¢) = F * (0;p). Let e; be the i-th unit vector. For h # 0,
the linearity of F' gives:

(Fxp)(@+he) — (Fxp)(x) _ <90x+hei - %) '

h h

As b — 0, the quotient W converges to (0;¢), in the topology of D(2). Since F is a

distribution (and thus continuous on D(f2)):

F +)(e) = fim F (£ =E5)  F(0p),) = (F # 0ip) (o)

Repeating this for higher orders yields 0%(F % ¢) = F  (0%p). O

Theorem 5.23. Let 2 C R™ be open, F € D'(Q), and ¢ € D(2). Then

supp(F' * ¢) C supp(F) + supp(),
where A+ B ={a+b:a€ A, be B} denotes the Minkowski sum.

Proof. Let C = supp(F) and K = supp(y). It is equivalent to show that (C+K)¢ C (supp(F * ¢))°“.
Let g ¢ C 4+ K. We need to show that z¢ ¢ supp(F * ¢). Since C' is closed and K is compact,
C'+ K is closed. Hence there is an open neighbourhood W of xy such that WN(C'+ K) = (). It now
suffices to show that (F'x¢)(z) =0 for all z € W. Fix any x € W, then CN (2 — K) = () (otherwise
there would exist ¢ € C such that ¢ = x — k with k£ € K which would imply x = c+ k € C + K,
contradicting W N (C + K) = (). Since C is closed and x — K is compact, there is an open U D C
such that UN (z— K) = 0. Now supp(¢,) = x — K is disjoint with U, namely supp(y,) C U C C°.
And so F(p;) = 0 since C° is by definition the largest open set such that F'(¢)) = 0 for all test
functions 1 satisfying supp(y) C C°. O

Definition 5.24. Let F be a distribution. We define its reflection, denoted F, by

F(p) = F(9)

for any test function ¢. Here ¢(z) = ¢(—x) is the reflection of ¢ in the function sense. Note this
can be shown compatible with the case where F' arises from a function f via change of variables:

/ F@)p(—z) de = / F—2)o(@) d.
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Proposition 5.25. supp(F) = —supp(F).
Proposition 5.26. It suffices to show that supp(F) C —supp(F). Indeed, this would allow writing:

F=F — supp(F') = supp(]%) C —supp(F) = —supp(F) C supp(F).

To that end, it suffices to show that (supp(F))¢ D (—supp(F))¢. Suppose z ¢ —supp(F), that is,
—x & supp(F'). By definition there exists an open neighbourhood of —z, U, such that F'(¢) = 0
for all test functions ¢ with supp(¢) C U. Now, —U is open and contains z. Moreover, if
supp(¢) € —U, then supp(zﬁ) = —supp(¢)) C U. Hence F(w) F(w) = 0. Therefore x & supp(F)
as we have found an open set (namely —U) such that F(¢)) = 0 for all ¢ with supp(y)) ¢ —U.

Definition 5.27. Let Q@ C R™ be open, F € D'(Q), and G € D'(?) a distribution with compact
support. The convolution F x G € D'(Q) is defined by

(F % G)(p):=F(Gxg) forall p e D),

where G(v)) = G(TZ) is the reflection of G, and (G * p)(x) := G(g,) with ¢, (y) = p(z — y). One
can verify that G x ¢ € D(Q), so the right-hand side is well-defined.

Note 5.28. We verify that the distributional convolution F'xG agrees with the classical convolution
f * g when F and G arise from LllOC functions f and g respectively, with g compactly supported.
Let ¢ € D(Q2). First of all, for any € R", using the definition of convolution of a distribution
with a test function and then the definition of G:

(G 9)(a) = Glen) = G(Za).
Now 9:(y) = p2(—y) = (2 +y), so
(G x o)) =Glola+ ) = [ gwele+v)dy

Now by definition of F' as integration against f:

(P+G)¢) = FGro)= [ f@(@re)@dr= [ @) [ o) ete+)dyda

We now verify the conditions for and apply Fubini. To interchange the integrals, note that g has
compact support K1 C R" (so y € K1) and ¢ has compact support Ky C R™ (so z+y € Ko, hence
x € K9 — K7, a compact set). Therefore, with ||¢||s < o0:

n

/ [F @) gl e(z +y)l dedy <[ fllLr(ro—r) 1911 i1 [#lloe < 00,

so Fubini’s theorem applies. Substituting u = = + y (with z fixed) gives:

| st ydy= [ gu-o)pwdn
and therefore

(F * O) / [ u—x)dw(u)du—/ (f * 9)(u) plu) du,

which is exactly the action of the distribution associated to the classical convolution f *x g on ¢.
The below two results are stated without proof.

e The convolution of two distributions cannot be defined in complete generality without assum-
ing that one has compact support.

e If F" and G are distributions that both have compact support, then F x G = G x F.
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